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ON SOME EQUALITIES FOR GENERALIZED
RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS OF
ABSOLUTELY CONTINUOUS FUNCTIONS WITH
APPLICATIONS

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. In this paper we establish some equalities of interest for the gen-
eralized Riemann-Liouville fractional integrals 1§, gf and " gf for the ab-
solutely continuous functions f and for g being a strictly increasing function

on (a,b) and having a continuous derivative g’ on (a, ). As applications, some

flog—l
glog—l

are provided. Examples for the Hadamard fractional integrals are also given.

inequalities in the case when the function

is convex on (g (a), g (b))

1. INTRODUCTION

Let (a,b) with —co < a < b < 0o be a finite or infinite interval of the real line
R and a a complex number with Re(a) > 0. Also let g be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b). Following [15, p.
100], we introduce the generalized left- and right-sided Riemann-Liouville fractional
integrals of a function f with respect to another function g on [a, b] by

(1.1) f@) = = (la) /: ; (g;)(tzj;((tt))ﬁt—a’ a<z<b

and

(1.2) I @) = = (1a) /wb - eql)(t_) j; Ei))]dfa, o<z <bh.

For g (£) = ¢ we have the classical Riemann-Liowville fractional integrals
(1.3) Je @) == (1a) / (xf_(?)‘fta, a<z<b

and

(14) st = s [ St as <

while for the logarithmic function g (t) = Int we have the Hadamard fractional
integrals [15, p. 111]

(1.5) H. f(x) Fga)/gﬂ [hl (%)r‘lf(i)dt, 0<a<z<b
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and
1/ AN AGY
1. HY = In(— < .
(1.6) o f(2) F(a)/L {D(xﬂ n ,0<a<x<b
One can consider the function g (¢t) = —t~! and define the "Harmonic fractional
integrals” by
A f@t)dt
1.7 RY, f(x) := / ,0<a<z<b
( ) + ( ) F(a) a ([E*t)l_ata+1
and
zle /b ft)adt
1.8 RY f(x) := ,0<a<z<b
( ) b f( ) F(Oé) . (t_x)l—octa+1
Also, for g (t) =P, p > 0, we have the p-Riemann-Liouville fractional integrals
P TPl () dt
1.9 J = 0< <b
( ) (z-‘,—,pf(x) F (Oé) /a (l‘p B tp)l_aa > a <z =
and
b 1
D P f () dt
1.10 J = 0<a< b.
( ) bf,pf(x) T (O[) [ﬂ (fp _ xp)l_a, Sasr<

For some recent papers on various equalities and inequalities for the Riemann-
Liouville fractional integrals see [1], [3], [4], [13]-[28] and the references therein.

If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers

a,bel as
Mg (a,b) = g—l (g(a‘) ;_g<b)) .

If I =R and g (t) = t is the identity function, then M, (a,b) = A(a,b) := £,
the arithmetic mean. If I = (0,00) and g (t) = Int, then M, (a,b) = G (a,b) := Vab,
the geometric mean. If I = (0,00) and g (t) = then Mg (a,b) = H (a,b) =

M,

%, the harmonic mean. If I = (0,00) and g (¢ ) =P, p # 0, then

(a,b) =
M, (a,b) :== (%)Up, the power mean with exponent p.

In this paper we establish some equalities of interest for the generalized Riemann-
Liouville fractional integrals I, ,f and I* _f for the absolutely continuous func-
tions f and for g being a strictly increasing function on (a,b) and having a con-
tinuous derivative ¢’ on (a,b). As applications, some inequalities in the case when

f/og—l

g/og—l

is convex on (g (a),g (b)) are provided. Examples for the

the function ’

Hadamard fractional integrals are also given.

2. GENERAL IDENTITIES

We have the following equalities of interest, see also [11]:

Lemma 1. Let f : [a,b] — C be an integrable function on [a,b] and g be a strictly
increasing function on (a,b), having a continuous deriwative g’ on (a,b). Then for
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any € (a,b) we have the equalities

Lo [ Jdraf@) G
(2.1) =T'(a) [(g @) —g ()" + (g (b) —g(x))a]

2

1
_ %/ s [fog T (sg (@) + (1=5)g () + fog " (1 -s)g(x) +sg (b)) ds
0
and
1 12, f(b) I3, f(a)
(22) 3mt )[<g<b>g<z>>°‘ - <g<z>g<a>>°‘]
1

= 5/ s [fogT (sg(@) + (1—5)g (b)) + fog™ (1-5)g(a) + sg(2))] ds.
0

We also have

I'(2) [I§+,gf(b) + Iz?_,gf(a)]
(9(b) —g(a)” 2

1

1
= 5/ s*H[fogT (sg(a)+ (1=5)g () + fog™ (1 -s)g(a)+sg (D)) ds.
0

(2.3)

Proof. For the sake of completeness, we give here a short proof. Using the change
of variable u = g (t), then we have du = ¢ (t)dt, t = g~ (u) and

oty L[ fogTt (wdu
Bl @ =505 [ o

fora < x <band
o _ 90 fogt (u)du
ol = 1) /gm [w—g ()"

for a < x < b.
Further, if we change the variable u = (1 — s) g (a) + sg (x) , with s € [0,1], then
for a < x < b we have

(24) 13 4f (@)
1 o ! ae _
— @@ - g@)" [ (=9 Fog (1= 9)g @) + 9 () ds
I (a) 0
1 1
= =7 (9(x) —g(a)) / s* 1 fogT (sg(a) + (1~ s)g(x))ds
I (a) 0
where for the last equality we replaced s by 1 — s.
If we change the variable u = (1 —s)g(z) + sg(b), with s € [0,1], then for
a < x < b we also have

1

(2.5) Lt f(z) = (o) (g(b)—g (x))a/o s* 1 fogT (1 —5)g(2) +sg (b)) ds.

(
By using (2.4) and (2.5) we get (2.1).
Now, if we replace x with b in (2.4) and a with z, then we get
1 1

24 0) = gy (90~ (@)° / 21 o g™ (sq (2) + (1 5) g (b)) ds.
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Also, if we replace  with a and b with z in (2.5), then we get

(2.6) I;_ o f(a) = () (g () = g(a))a/ s" 1 fogT (1= 5)g(a) +sg(x))ds.

0

By using these two equalities, we get (2.2).
Now, if we take z = b in (2.4), then we have

ol 0= 1y 0O =@ [ 5 Fog™ (sg (@) + (1= )9 () ds

and if we take x = a in (2.5), then we also have

I gf(a) = T (a) (g(b)—yg (a))a/ s* 1fog (1 —s)g(a)+sg(b))ds.

0

If we add these equalities, we then get (2.3). O

Corollary 1. With the assumptions of Theorem 1, we have

20 (0) o T PO

@7 T g (@ Harad Mo (@) + I o f(My (a.D))]
L [ e (sg@ + (- 9) g (70 a.1)
0
7097 (1= )9 (7(My (1) + sg (4))] s

and

20717 («
28) o (e ol O+ B @)

=5 [ e o (0 @) + (1= 99 )

+fog (1= s)g(a) + sg (Mg (a,1)))] ds.

Using the above equalities we can obtain the following results for absolutely
continuous functions:

Theorem 1. Let f : [a,b] — C be an absolutely continuous function on [a,b] and
g be a strictly increasing function on (a,b), having a continuous derivative g’ on
(a,b) . Then for any x € (a,b) we have the equalities

F@EIO) Lp oy Tead@ i/

(2.9) 2 2" “)[<g<w>—g<a>>”<g<> 7 @)
N AR LYl (LR PTG RSV TOI
=500 g(’)/o 7og <<1fs>g<x>+sg<b>>

gy [ o @ 0 0)
3 (9(@) 9”)/0 7 og(sg(a) +(1_s)g(@)"
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and
1 o Ing,gf(b) I$,7gf(a) — x
(2.10) ST ( +1){(g(b)_g(:ﬂ))“+(g(x)—g(a))“} J)
1 ot 1Saf’og*1(sg(x)-l—(l—s)g(b)) s
=5 (9(0) —g( >)/0 7 og T (sg(@) - (1—s)g(b)"
_ L x)—g(a 1Saf’og—1((1—3)g(a)—|—sg(33)) s
(0@ —g (@) [ s D2 NI

We also have

F@+f®)  Tla+l) [1.f0)+IE  f)
1) = ‘<g<b>g<a>>a[ B

ar f7097 (1= 5)g(a)+sg(

360 —g(@) [ -9 s,

b)
g'og ' (1 —5)g(a)+s9 (b))
Proof. Since f is absolutely continuous, then the functions defined as [0,1] >
fog=t(sgla)+(1—s)g(z)) = Cand [0,1] > fog ' ((1L—s)g(z)+sg(b) —C
are also absolutely continuos and the following derivative over s exists almost every-
where on [0, 1]

= f"og7  (sg (@) + (1= 5)g(2)) (97" (s9(a) + (1 = 5)g ()’
fog7 (sg(a) + (1= 5)g (x)) = 5)g ()
79’09‘1(sg(a)+(1—8)9(x))(Sg(aH(l o)
(o(a) — a(en L9 (9@ + (A =s)g(x

=(g(a) —g(x)) g og 1t (sg(a)+ (1—35)g(x))

and, similarly

(fog ™ ((1—5)g(x)+sg(b)

) oy fe g (L= 9) g (@) + 59 (1)
=(g(b) —g(x)) g og  ((1=5)g(x)+sg (b))

where z € (a,b) .
Utilising the integration by parts formula, we have

/0 s tfog™?t (sg(a)+ (1 —s)g(z))ds
1
- ésaf og ' (sg(a)+ (1—s)g(x))

0

Lo [ af e (sg(@) + (1) g (@)

2@ =) [

_1 1 P ol o9 (sg(@) +(1—5)g(x)
~ 3 0= b@ =9 [ T o)™
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and
1
/ S o g7l (1— 5) g (x) + 59 (b)) ds
0

1

_ ég‘)‘fog_l (1= s)g(x) + 59 (b))

0

_1 oty [ sedeg (=9 g(@) +s9(b)

S0~ () [

B 1 W og (1= 8)g(x)+sg (b))
—Ef(b)*a(g(b)*g(x))/o dog i (1—s)g (x)+sg(b))d8

where z € (a,b).
If we add these equalities and divide by 2 we get

1
: / s fog ! (sg (@) +(1L=9)g (@) + fog™ (1 —5)g(x)+s9 (b)) ds
S oo [

@ 2 2a
S o (190 () +59(8)
oo [ o e e

S

and by (2.1) we get

L[ Ll I @)
o (@) [<g CEPIOARCI0 —g<x>>“}

Lf@) 7B 1 U Pog (sgla)+ (1 s)g(x))
S ‘m{@(“)‘g“”/ e s @ T =5 s (@)

o fog T (1= s) g (x) + sg (b))
“g“)‘g@”/o ; gfogl((ls>g<x>+sg<b>>ds]

and by multiplying both sides with o > 0, we get

L a 18, ,f (@) L oI ()
ptatl) {(g @ —g@) G —g(x))a}
@O L0y [l

2 2 g og-

sy

(s

f’ogil((lfS) () +sg(b)
+(g(b)*g(l’))/0 g og (1 —s)g(x)+sg(b)

that is equivalent to the identity (2.9).
Also, we have

S

(@+(01-5)g@)
@+ (1= 5)g(@)

:

S

59
)
)
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and
— !
(fog " ((1=15)g(a)+sg(x)))

oy Fog T (1= 8) g (@) + 59 (2)
=(g(z) —g(a) g og 1 ((1—38)g(a)+ sg(z))

where z € (a,b) .

Utilising the integration by parts formula, we have
1
| s irog o @)+ (1= s) g b)) ds
0

1 1 P og T (sg(@) +(1—-s)g (b))
_Ef(x)—a(g(x)—g<b))/o S g,og—l(Sg(x)Jr(l—s)g(b))dS

and

L1 ey (- 3
= f@) = —(g(@)—gl ))/O g og 1 ((1—s)g(a)+sg(x))
where z € (a,b) .

If we add these equalities and divide by 2, we get
1

1
5 | s g sg @) (=8 g B+ Fog (L= 9)g(a) + 9 ()] ds
0

N
—
S
N
»
s}
—~
8
N
=
QU

and by the equality (2.2) we get

L 12,50 )

ol et h) Lg(b)g(a:»”(g(x)g(a))“

B i U Pogl(sgle) - (1—5)g®)

=1 @ =5 lo@ 9 0) [ s 7 o0 (s @) T (L —)g )"
| P eg (1 s)g(a) + sg ()

- 5(9(35)_9(@))/0 S dog 1 ((1—3s)g(a +sg(x))ds

)
where = € (a,b), that is equivalent to the identity (2.10).
Finally, we have

(fog™ (sg(a)+(1—s

~
<
—
=
=
~—
~—
~

and
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Integrating by parts, we have

1
jﬁ %1 f 0 g7 (sg(a) + (1 — 5) g (b)) ds

1 1 P af o9 (s9(a) + (1 5)g(b)
—af(a)—a(g(a)—g(b))/o s g'og*l(sg(a)—k(l—s)g(b))ds

1 1 ! o [ o7 (1= 5)g(a) + 59 (b))
—&f(a)—a(g(a)—g(b))/o (1 ) g/og—l((1—s)g(a)+sg(b))ds

and

If we add these equalities and divide by 2 then we get

1

1
5/ s [fog (sg(a) + (1 —5)g(b) + fog™ ((1-5)g(a) +sg(b))] ds
0

_1f @)+ /)
« 2

1

1 .
_%(g(a)—g(b))/o [(1_S)a—sa}f g (1 )

gog t((1=s)g(

Q |
—
SRS
~— |
@ | ®»
Q|
—~|—
=
~
U
»

and by the equality (2.3) we get

I (a+1) {mmf@+%agm>

(96) —g ()" 2
[+ )
2

which is equivalent to (2.11).

Corollary 2. With the assumptions of Theorem 1 we have
fl@+f®) 27T (a+1)
2 (9(b) —g(a)®
1
=1 90) ~9(a)
flogl ((1—8)9(a);-(1+s)g(b)) flogl ((1+s)y(a)-2-(1—8)g(b))

1
X / s - ds
0 g ogl ((173)g(a);(1+8)g(b)> g ogl ((1+S)g(a);r(178)g(b))

(2.12) (154 o f (M (a,b)) + I}, f (M (a,b))]
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and

213) T 1 e ol O+ Iy iy (@] = £ (0 (0.1)

flogl (sg<a>+<§—s>g(b)> flogl ((2—s>g(;)+sg(b)>

1
X / s - ds.
0 g og-l (sg(aH(;*S)g(b)) g ogl ((Z*S)Q(Z)Jrsg(b))

Proof. 1If we take x = M, (a,b) = g~ ! (M) in (2.9), then we have

f@+10) 2T+ o a,b) + It a
2 (g(b) —g(a)® (I, f(Mg (a,b)) + Ig , f (M (a,b))]

) 1 flog -1 (Sg (a) ( ) 9(“)-&-9(”)

- 1 (g (b) —9 (a))A s g og~ (sg (a) ( ) Q(a)+9(b) ds
. f’Og 1(1 s)g(a)+ 1+8)9(b>
:1@(@_9(@))/ Ry (e b))ds
1 f/ og ! ((1+8 q(a)+ (1—s q(b))
j<g<b>fg(a>>/ 1<1+5>ga>+1 Sg(b>ds

( (0) = g(a))

Flog? ((1—5)9(a)42r(1+5)g(b)) Flogt ((1+S)g(a)-2F(1 S)g(b))

1
X/ s (1=s)g(a)+(1+s)g()\ (+s)g(a)+(1=s)g(b) ds
0 g/ogq( 2)o(a)(1+s)g ) glog—l( 2)a(a)t g )

and

m [Izam(a,b)+,gf(b) + Iﬂg(a,b)ﬂgf(a)} = (M (a.5))
| o (4 40
= (g(b)—g(a s
1 (9(0) —g( >>/O s og (swﬂl—s)g(b))
Frog ((1-8)g(a) + suelga)
g og (1= s)g(a) + s223200)

ds

1

160 @) [

ds
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. 1 flog ! (M)
:,(ga,)_g(a))/ 5 -
4 0 gogt (M)
fogt (g

1 ((2—s>g<g)+sg<b)) ds

- 1@®-g@) [ s

gog

g'og-1 (sg(aH(g*S)g(b)) g og-1 ((278)9(;)“9(12))

L [fogt (sa@tCo09®))  prg -1 ((2=sde@tsg(d)
o) roeney),
0

which prove the corollary. O

3. SOME PARTICULAR EQUALITIES

If we take g (t) =t, t € [a,b] in Theorem 1, then we get the following equalities
for the classical Riemann-Liouville fractional integrals

sy L0210

STt ) [Jéuf(x) Ji?_f(x)}

@—a)  G-o)"
1

1 1
= 2(b—a:)/0 saf’((l—s)x+sb)ds—%(m—a)A s*f (sa+ (1 —s)x)ds

and

e fO) @] L
(b_x)mt(x_a)a} f(z)
1

1 1
:2(b—x)/0 so‘f’(sx—i—(l—s)b)ds—%(w—a)/o s*f (1 — s)a+ sx)ds,

(3.2) %F (a+1) {

for any x € (a,b).
We also have

F@4F0)  Tlat1) [Jad 6+ 5 fa
33 N

:%(b—a)/o 5% — (1= $)°] f' (1= 5) a + sb) ds.

This equality was obtained in [22].
By Corollary 1 we also have

o B3I 5 (250 s (-5)

Zi“"“)/olsa {f,((l_s)a;ms)b)_f,(<1+s)a-2+(1—s>bﬂds
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and

(35 G .

=10 g [ 7 (G - p (Bt g,

If we take g (t) = Int, ¢t € [a,b] C (0,00) in Theorem 1, then we get the following
equalities for the classical Hadamard fractional integrals

w[ S J(0) + T80 (a)} —f(a+b)

(3.6) M ~ST(at D)

HY f(x)  Hy f(x)
i (2)] " {m(ﬁz)]‘”]

_ 1 b ! o, 1—s1.58 ¢/ 1—s1.8 1 z ! o, 1—s s p/ 1—s s
21n<x)/osx v (x b)dsf§1n<g>/osx a’f' (z'%a®) ds
H f0) | HE f(a)

n(2)]"  [n()]"
1 1
— %ln (z) A Samsblfsf/ (xsblfs) ds — %hl (2) /0 Sazsalfsfl (zsal—s) ds.

We also have

(3.7) %F (a+1)

|-so

fla)+f(®) T(a+1)
o Z RO

- %m (b) /01 [ — (1= )] a' =" f' (a"*b%) ds.

Hg, f (b) +H§‘_f(a)]
2

a

By Corollary 1 we also have
fl@+f®) 207'T(a+1)
2 [ (2)]"
1 /b\ [!
= _Inl = «a \/ 1—spl+s ! \/ 1-spl+s _\/ 1+spl—s ! \/ 1+spl—s d
(5) [ o [varmsomsss (Varsomss) - varssy (Vi) s

(3.9) [H2, S (Vab) + Hi f(Vab)]

4 a
and
(3.10) Q[hf((f)f” (S () + HY_f(a)] — f (Vab)
= (8) [ [ (v vy (Vi) s
0
4. SOME INEQUALITIES
We have:

Theorem 2. Let f : [a,b] — C be a differentiable function on (a,b) and g be a
strictly increasing function on (a,b), having a continuous derivative g’ on (a,b). If



)]

'(b)
g’ (b)

[ (a)
g’ (a)

b) we have the inequalities

il

(

f' ()
g (z)

€ (a,

+2(o¢+1

Yy x
1

a+1

DRAGOMIR

g (v)

< |12

{bo)-g@n |

on (g (a),g (b)), then for an

2(a+2)

o9 i is conver
Proof. By taking the modulus in the equality (2.9) we have

We also have

—
&
N
<
Il
— % = 2 3
3 = = =
D\l/\./\l/)\l/)\l/)
2B SIS E3E S BE
/%\((/l\(/l\/.\((/l\
| o o IS SN
Ow_ SS\»/\wSS\v/\w
sll—~ F[+ 2|2 +|+ @
Sl (. []]
= ww B|&
S b Nasig RS
D> D>
Dl®w o~~~ RN~ ~
T EE ]SS
— ~ ~[—
ST P
B D e s 2l&
R R
SY | |
! ole ols sls o s
val.a\w/oo o|lo ©Ooflo oo
la\dNJ/nglgﬂJlnglg
~— 3 -
[EEEREEE 3
= ex e
— o = —
(=}
3 = = » ~
~— 8 3 = [}
F ~— S~— ~ N’
— e w _g 2 >
B
- — —
= G
— > > > =
o ~ = = )
Tl 7N HIN =N 4
~ VI + VI +
N~—

=
N
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Sin ‘f ) nvex on (g (a),g (b)), hence
frogt (1 —s)g(z)+sg(b)) g @] )
e riaram ol ROEl e el ra)

and

and

f' ()
g (z)
[ (@) ]
g (z)|]

a+1
1
a+1

2

- {o®) -5
)
)

for any x € (a,b), which proves the first part of (4.1). The second part is obvious.
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By the convexity of ‘5:25: ‘ on (g (a),g (b)) we also have

IA N = O =
=

+
I N e
)
—~
8
~
|
Q
—
2
8 <
[y
v
—
—
—_
|
w
—~ ~ =

which proves the first part of (4.2). The second part is obvious.
Finally, we have

(4.5)

(@ +f() _Tla+) [fé’+ ZAVAL G ]
> (9(0) —g(a)"
1 —qg(a lsa, f'o gl —5)g(a)+sg(b))
<5 (9(0) g())/ol |‘ —s)g(a)+ sg (b))
1 —g(a lsa— —5)“ I ) L)
<5a®-g@) [ I =0-5 [ ‘ @ ‘ga))

Observe that

/01|s“—<1—s>“| a-s| 2

-/ s a-a|%

GRS (e

g’ (b)

+ s

+s ‘
(a)
' (a)
f'(a)
g (a)

ro),

£ ()
g' (b)

£ ()
NP0

| as
| as

d

J .

S
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@] [ e |S@]
~lg@| ), @O sa-ad
HOINES o oY
+ 0 /0 (1—35)"sds — 7 ) /0 s2tds
P@] [ iy g [T@] [ ey,
@) e 08 |G| f a9
PO g IO [y e
- g’ (b) /1/2 I g’ (b) /1/2 (1= a)"sd
= B.
Also 2 .
/0 (1—3s) Sd8:/1/2 (1 —wu)u®du
and ) o
/1/2 (1—35)"sds = /0 (1 —w)u®du
Then
B f’(a) 1/2 et B f’(a) 1/28a o ds
~|g@l ), o) s a-ad
OIS ar _|SO] [V .
+ 7 ) /1/2(1—8)5 du — FI0) /0 s ds
F@ [ i aae [ F@] [ e,
- g (a) /1/28 a )d g’ (a) /1/2 S ) I
PO g [FO 70 edu
| L e | ], a9

By performing the required calculations we obtain
121 @] |f )
B = ,
a+l 2 \|g(a)] |g(b)
which proves the desired result (4.3). O

Corollary 3. With the assumptions of Theorem 2 we have

fla)+f(b) 20710 (e + 1)+, " o "
ag) [HP IO BT e L f0y (0.0 + B 1O, 01|
i L [P @h) |1 (@] (£
< sarnv® 00 7 Farem 1 (v 7 6]
and
2T (a+1) [, .
4T | e e [Tl O+ T o (@)] = £ 0y 1)
| oL@ 1 (|f@] |0
< sarm b0 00| T | sarn (7| )]

The following particular cases are of interest:
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Proposition 1. Let f : [a,b] — C be a differentiable function on (a,b). If |f'| is
convex on (a,b), then for any x € (a,b) we have the inequalities for the classical
Riemann-Liouville fractional integrals

A
1

2
Ssarm (-9 @ o)+ e-o i @+ i@

< 5[50 e Y] [ @1+ s 0 @l ]

and

(4.9) ';F(QH){J?J(Z)) 21 (@)

T ] @)
1

<5y (00 [P @+ S0l e o iF @+ 1 @]

1 b—a a+b , 1
Sa+2[ 2 ‘x_ 2 H {'f @+ 3o

(f @]+ 17 <b>|>}

We also have, see [22] where this inequality was obtained earlier

Fl@)+f0) Tlat1) [Jo7®)+ 70 fa)
“"“’)‘ 2 ‘<b—a>“[ e H
1 201 , ,

< 2 o0 0@l o).

In particular, we have

o 30 (o2) i o10)]

< (ba){1

(5] 50 @l o]

2 (a+2) a+1 2
and
S e a
(4.12) W{J%JJ(@—#J%L (a)}—f< ;Lb>

IN

1
2(a+2) (ba)[

P50 s (@l 17 @]

The following results for the classical Hadamard fractional integrals HZ, and
H{* also hold:

Proposition 2. Let f : [a,b] — C be a differentiable function on (a,b) C (0, 00).
If the function ¢ (t) := |(f' o exp) (t)| exp (¢) is conver on (Ina,lnbd), then for any
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x € (a,b) we have the inequalities

fa)+f0) 1 i) H _f<x>]
2 2 [ O T

<5z {(0(2)) [l @1+ b )]
+(w(2)) [lor @1+ 4 ler <x>|} }

<[5 (3) i (Go)|| [a5tler @1+ 5 o @1+ lof @)

T'(a+1)

(4.13) ‘

and
(4.14) }F(a [ g)(]b ﬁf;?&]
N {(m(b)) |+|bf()|}

(10(2)) [lef @I+ A lor' @ >|}}
n(22)]] [a:f L o @1+ laf @)

<ai2[ (>+

We also have

fl@+f(®) T(a+1) [H3+f(b) +H§‘_f(a)}
O 2

(4.15) ‘

1 2¢-1
< _ -z -
T a+1 20+l

i (2) o' @1+ los” ).

In particular,

(4.16) f(a);rf(b) 2 1F§ [ Vab) + Hf f(\/>b)}

< ( )[ (Va)|+ 5 (as’ @1+ s )]
and
(4.17) W (S () + HY o f(a)] = 1 (Va)

< 2(a1+ 2" (Z> {M 7 (Vab)| + 2(a1+ py e/ (@)l [bf (b)D] '
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