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FURTHER OSTROWSKI AND TRAPEZOID TYPE
INEQUALITIES FOR THE GENERALIZED
RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS OF
FUNCTIONS WITH BOUNDED VARIATION

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. In this paper we establish some Ostrowski and generalized trape-
zoid type inequalities for the Generalized Riemann-Liouville fractional in-
tegrals of functions of bounded variation. Applications for mid-point and
trapezoid inequalities are provided as well. Some examples concerning the
Hadamard and Harmonic fractional integrals are also given.

1. INTRODUCTION

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a,b]. The Riemann-Liowville fractional integrals are defined for o > 0 by

R L
for a < x < b and
b
TP f (@) = %a) / (t— o)™ f (1) dt

for a < x < b, where I is the Gamma function. For a = 0, they are defined as

T f (@) = J0_f (2) = f (2) for o € (a,b).

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [1]-[6], [17]-[28] and the references therein.

The following Ostrowski type inequalities for functions of bounded variation
generalize the corresponding results for the Riemann integral obtained in [9], [11],
[10] and have been established recently by the author in [15] :

Theorem 1. Let f : [a,b] — C be a complex valued function of bounded variation
on the real interval [a,b]. For any x € (a,b) we have

1991 Mathematics Subject Classification. 26D15, 26D10, 26D07, 26 A33.

Key words and phrases. Generalized Riemann-Liouville fractional integrals, Hadamard
fractional integrals, Functions of bounded variation, Ostrowski type inequalities, Trapezoid
inequalities.

1

RGMIA Res. Rep. Coll. 20 (2017), Art. 84, 20 pp


e5011831
Typewritten Text
Received 16/06/17

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 20 (2017), Art. 84, 20 pp


2 S.S. DRAGOMIR

(0% (03 f(x) « o
D) RS @+ @) - m e - @ - 2)°]
x x b t
gp%) / (z 1) l\t/(f)d“/w (t—2) 1\£/(f)dt]
1 oy oy
<farp |@ V00— \!(f)]
< 1
“TI'(a+1)
[3(b—a)+ o= Vo ()
ap apy\1/p x q 0\ /4
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(12) RSO+ IS @) = o e =)+ (- a)7)
b t T T
Sr%) / b=\ () dt + / <t—a>“\t/<f>dt]
1 oy’ oy
<farp @9 V00— \!(f)]
1
13 =taD
[3(0—a)+ |z = =" Ve ()
ap ap\1/p x q 0\ /4
way x] @@= (VI (Vi)

with p, ¢ > 1, %—&—%:1;

() +4

Vi =V (0[] (@ =)+ e -a)).

The following mid-point inequalities that can be derived from Theorem 1 are of
interest as well:
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@ a+b a a+b 1 a+b
(1.5) Ja+f< 5 >+Jb—f( 9 )2“—1F(a—|—1)f( B >'
1
~ I'(a)
S a4 b a1 b b\t
X /a <2 —t> \t/(f)dt—k/a;b(t— 2) a\é(f)dt
1 b
SQO‘F(O[—I—I)( a) \/(f)v
and
«a o 1 a+b
(1.6) a+b+f(b)+<]a+b f(a)Qa_ll_‘(a—i—l)f( 5 >‘
1 ’ a1\ =R s
=T [M(b—t) \/ (#)dt + (t—a)* "\ (f)dt

In order to extend this result for other fractional integrals, we need the following
definitions.

Let (a,b) with —co < a < b < 0o be a finite or infinite interval of the real line
R and a a complex number with Re («) > 0. Also let g be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b). Following [19, p.
100], we introduce the generalized left- and right-sided Riemann-Liouville fractional
integrals of a function f with respect to another function g on [a, b] by

(1.7) 12, f (@) = (1a) / - 9;)(t)1;((tt))]dlta, a<z<b
and

b /
(18) li= g/ (@) = (1a) /z g ft)(t—) ]; ch))]dlta’ esrsh

For g (t) = t we have the classical Riemann-Liouville fractional integrals defined
above while for the logarithmic function ¢ (¢) = In¢ we have the Hadamard fractional
integrals [19, p. 111]

(1.9) H?, f(z) ::F(la)/: [ln (f)r_lf(t)dt7 0<a<z<b

and

(1.10) HE f(x) ;1/: {m (tﬂa_lw, 0<a<a<b.
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One can consider the function g (t) = —t~! and define the "Harmonic fractional
integrals” by

o A A L
(1.11) Ry f(z) = () /a PP 0<a<z<b
and

o A M A O
(1.12) Ry f(x):= () /£ PRIy 0<a<z<hb.

Also, for g (t) = tP, p > 0, we have the p-Riemann-Liouville fractional integrals

xT p—1 d
(1.13) Jo f(x) = Fi’a) / (’;p _ftit))l’;, 0<a<z<b
and

b op—1
(1.14) e ) = F?oz) / (ttp J;Sf))ldi, 0<a<az<b.

Motivated by the above results, in this paper we establish some new Ostrowski
and generalized trapezoid type inequalities for the Generalized Riemann-Liouville
fractional integrals of functions of bounded variation. Applications for mid-point
and trapezoid inequalities are provided as well. Some examples concerning the
Hadamard and Harmonic fractional integrals are also given.

2. SOME IDENTITIES OF INTEREST

We have the following results:

Lemma 1. Let f : [a,b] — C be a function of bounded variation on [a,b]. Also let
g be a strictly increasing function on (a,b), having a continuous derivative g’ on

(a,b).
(i) For any z € (a,b) we have

21) LGy f @)+ I, f (2)

- F(a1+ 1) [(9 (x) = g(a))* f(a) + (g (b) — g ()" f ()]
x b
+ﬁ /a (g(a:)_g(t))“df(t)—/z (g(t)—g(x))“df(t)].

(ii) For any x € (a,b) we have

(2.2)  IZ f(a) + Iy 4 f ()

T (a1+ 5 (9@ 9 (@) + (9 0) =9 @)1/ (@)
b x
+F(a1+1) /z<9<b>*9<t>>“df<t>f / (g(t)g(a))adf(t)]
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(iii) We have the trapezoid equality

03 I o (@) + 124, ()

a+,9

1 ") =g (1))~ (9(t) — g (a))"
+F(a+1)/a 2 d (1)

Proof. (i) Since f : [a,b] — C is of bounded variation on [a,b] and g is continuous
on [a,b], then the Riemann-Stieltjes integrals

T b
[ @@ -g)dr@) md [ ()~ g@)"d 0
exist and integrating by parts, we have

24ty [ @@ a0 d
1

5 [ @ -a0r 01 0d - s

—

(0% 1 (03
= Ia+,gf (z) - m (9(x) —g(a)” f(a)
fora <ax <band
b
29 gy ) @O -9@) F O
1 . o 1t a1 , J
T OO -9 @) 0~ i [ a0 —0@) T O O
1

“TlatD) (g(b) =g (@)* f(b) = I~ ,f ()
for a < x < b.
From (2.4), we then have

2ol () = Fagg 0@ —s(@)" @

1 * o
et MUCERORNI0

for a < & < b and from (2.5) we have

+

g ()" f(b)
I (a

for a <z < b, which by addition give (2
(ii) We have

NEESIAA
1 b
+1)/$ (g

).

e (@) = ——— (g () — g (2))"
() — g (@) df (8).
Nl

a 1 ’ a—1
B 0= i [ 0O o) g ) F )
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for a < x < b and

100 = i | @@ —0@) g @) F

for a < x <b.

Since f : [a,b] — C is of bounded variation on [a, b] and g is continuous on [a, b],
then the Riemann-Stieltjes integrals

/ " (0(t) — g(a))” df () and [ a®-g@ o

exist and integrating by parts, we have

20 gy [ @0 9@y
T @ @) f @)~ [ W@ O
1

fora < x <band

b
2N gy | @O -9 @0
1 b a—1 1 a
~ 7 | @O O O F Ol = s (a0 =9 () T @)
— 12, (b !

for a <z < b.
From (2.6) we have

23 It @) = gy @) =9 (@) @)
v [ e -s@r g
for a < x < b and from (2.7)

(2.9) IEAp 0 p—

b
v GCRTIONICE
for a <z < b, which by addition produce (2.2).

(iii) For = b in (2.8) we have

Iy gf (a) =

1 a
T 0 —9@) )

1 b o
T | O -s@) a
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while from (2.9) we have for x = a that
1

I'(a+1)
1 b o

+m/@ (9 (b) — g (8)" df (2).

If we add these two equalities and divide by 2, we get (2.3). O

134 of (b) = (g (0) =g ()" f(a)

Corollary 1. With the assumptions of Lemma 1, we have

(210) I3 ,f <‘12+b> + 1 f <¢12+b>
et [(0(252)-0) 19 - (=52)) 10
+F&;H)L%b@(“jb)—guﬂa#a>

—F(;41)/Zb(g@>—g(“;b))a¢wﬂ
and

(211) T2 f(a)+ 120, f (D)

et [ 5) ) o () )

1 b a
T+ JARGCEIOIRI0

a+b
2

! (9.(t) — g (@) df (1)

CT(e+1) /o

If ¢ is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers

a,bel by
b
Mg (a,b) = g—l (g(a’) ;—g( )) .

If I =R and ¢ (t) =t is the identity function, then M, (a,b) = A(a,b) ==
the arithmetic mean. If I = (0,00) and g (t) = Int, then M, (a,b) = G (a,b) :=
the geometric mean. If I = (0,00) and g (t) = 1, then M, (a,b) = H (a,b) :=
2ab " the harmonic mean. If I = (0,00) and g (t) = 7, p # 0, then M, (a,b) =

a+b
2
ab,

a+b’
M, (a,b) := (w)l/p7 the power mean with exponent p. Finally, if I = R and
g (t) = expt, then

MﬂmszMEmﬁy:m(“WHfﬂw»

2
the LogMeanEzp function.
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Corollary 2. With the assumptions of Lemma 1, we have

(2.12) Ig—i—,gf (Mg (a,b)) + Il?—,gf (My (a,b))
1 o f(a)+ f(b)
:m(g(b)—g(a)) - 9

1 Ma(@9) /g (a) + g (b) °
T /a (2 -9 (t)> df (t)

1 b 9@ +g90)\"
[(a+1) /Mg(a,b) <g Q 2 ) 4 (0
and

(2.13) IJO\‘/[g(a,b)_,gf (a) + I]?@(a,b)ﬁgf (b)

= m (g(b) —g (a))a f (Mg (a,b))

1 b X
+ T(atl) /Mg(%b) (g(b) —g(t)"df ()

Mg (a,b)
e ww-s@rae.

From a complementary view point we also have:

Lemma 2. With the assumptions of Lemma 1, we have

It(zl—&-,gf (z) + Il?—ﬂf(w) } _ f(a)+ f(b)
(9(x) —g(a)® "~ (g(b) —g(x)" 2
1

2@ *g(a))a/a (g (x) =g (£)"df (1)

(2.14) %r (a+1) [

and

) I ,f (a) Ll (0)
215) ST+ D oy @ T oo —g(x))a}

for any x € (a,b).
Proof. By the above equalities (2.4) and (2.5) we have

B 1
@@ —g@r  Tarn @

1 @ .
e oo ARG
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for a < x < b and

Il?:,gf (:L’) _ 1
G® -s@r  Tarn

1 b o
R rEsvrioEicy S RGNS

and a <z < b.
If we add these two equalities and multiply by %l—‘ (a+ 1) we get (2.14).
By the equalities (2.6) and (2.7)

(9 (z) —g(a)®
1 1 @ N
- o O FeT e ), GO -s@ @
fora < x <band
5, )
(g(b) —g ()"
1 1 b .
= mf (w) + T(at1)(g() —g@)° L (g(b) —g(t)" dft
for a < x <b.
If we add these two equalities and multiply by %1" (a+1) we get (2.15). O

Corollary 3. With the assumptions of Lemma 1, we have

w0 jrien | e Gy - 1
s () ) e
00 _lg(azb))a /i <g(t) _ <a—2|—b)>adf(t)
and
e green [ o oy - ()
2w _19 (222))° /b (9(b) =g (1) df (1)
" sy /fb (9) ~ g ()

for any x € (a,b).

Remark 1. If we take v = My (a,b) = g+ (M) in Lemma 2, then we get

the same equalities that have been stated in Corollary 2.
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3. SOME GENERAL INEQUALITIES

The following lemma is of interest in itself as well [2, p. 177], see also [12] for a
generalization.

Lemma 3. Let f, u: [a,b] — C. If f is continuous on [a,b] and u is of bounded
variation on [a,b], then the Riemann-Stieltjes integral f; f(t)du(t) exists and

b t b
</ f(t)ld(\/(u)> < masc | ()] (u)

where /!, (u) denotes the total variation of u on [a,t], t € [a,b].

We have:

b
(3.1) / £ (t) du (1)

Theorem 2. Let f : [a,b] — C be a function of bounded variation on [a,b]. Also
let g be a strictly increasing function on (a,b), having a continuous derivative g’
on (a,b). Then we have

(32) |y of (@) + I o f ()

1 @ [e%
D ) 9 @) F @)+ (5 (0) g (@) f(b)}‘
1 z L t b ) b
ST Va 9@ g O™ g’(t)\a/(f)dtJr/z (g(t) —g(z)*" g'(t)\t/(f)dt]
1 o * o b
< Tarp [0 9@V D+ -@) \!(f)]
(L9 0) —g(@) + | (2) — 2220\ ()
(g(@) =g @)™ + (s (b) g ()" ")""
1 » q b a\1/4
< < (v + (VR
" o+ wizf(hp,q>1, ;(—i—(ll:)l;
Vi +L Vi -V
(9 () —9.(@)* + (g () g (2))*)
and
f@+f0) 1. 12, ,f (x) Ip f (@)
o 2 Pt ) |G G e
a x et t
SSGw @ ], @O OV (e
a b . b
@ ), WO @ OV (e
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for any z € (a,b).

Proof. By using Lemma 3 we have

Lm@uwﬂﬂmaﬁaﬂg%f@@g_ﬂoyd<

D<w
—
=

N———

fora < x <band

b
/(ﬂﬂ—ﬂ@fﬁ@)_

and a <z < b.
Integrating by parts in the Riemann-Stieltjes integral, we have

and

for any x € (a,b).

11
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By taking the modulus in the equality (2.1) we have

{a+g +Ib gf()

rar 0@ - 9@) 1@+ 0 - 90" £ 0]
1 x o b N
< rars || 6@ -swrao)|+ [ wo-ge) df(t)]

N

<o | (g(x)—g(t))“d<\2(f)>
A (Y )
=r(1a>/;<g<$>— \/
1 sy

b
+m/m (9(t) g

for any x € (a,b), which proves the first part of (3.2).
Moreover, since \/! (f) < \/? (f) fora <t < x and \/i’ (f) < \/Z (f) forxz <t <b,
then

for any « € (a,b), which proves the second part of (3.2).
The last part of (3.2 is obvious by making use of the elementary Holder type
inequalities for positive real numbers ¢, d, m, n > 0

max {m,n} (c+d);

me+nd <
(mP +nP)P (¢ + d1)Y? with p, ¢ > 1, % + % =L
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By the equality (2.14) we also have

L@ IO _Lp

Livgf (@) I o f (2) ]
(g (@) =g(a)®  (g(b) —g ()"

L?u@—gmfﬁaﬂ

which proves the inequality (3.3). O

Remark 2. The inequality (3.2) was obtained by a different technique in the earlier
paper [16].

Corollary 4. With the assumptions of Theorem 2, we have

fl@+f@) 207 (a+1)
2 (g(b) —g(a))®

ga—1, Mgy (a,b) g(a) + g(b) ~ a—1 ) t
S(g(b)—g(a))“l/a (2 g(t)) g(t)\a/(f>dt

' IORTTONINY
ef (s 20 ngUW]

(3.4 \ (12,7 (M, (a.5) + I, F (M, (a.b))]

The proof follows by either the inequality (3.2) or (3.3) by taking z = z =
— a b
Mg(a7b):g 1(9( )‘59())
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Theorem 3. With the assumptions of Theorem 2, we have

(3:5) |17 of (@) + I3y o f (b)
1

Tlat 1) (g (z) = g(a)™ + (g (b) — g ()] f (x)

1 r a1 z b ot t
Nwll<ﬂﬂ—ﬂ®> gwyuﬁm+L<mw—wm gﬂwYUm4

<

x b
=T (a1+ oy |9 @) —g @) \a/ () + (g (0) = g (2))" \x/ (f)]
[3(90) = g (@) +]g () — 225201/ ()
<@@»—gw»”+uum—3@»Wf”
L (it (Ve
[(a+1) wz‘thp,q>1,%+%:1;
BAGERIAGEA]
(9 () —9.(@)* + (g (b) — g (2)))
and
1 2 ,f(a) o f ) ]
I T B ad o Eee R
a b ot t
oo RGO CAGL!
G g@ ), 0 e @ O e
1 b

for any © € (a,b).

Proof. By using Lemma 3 we have

/%@uo—gm»“#uﬂ</mw@wﬂﬂ@fd<VLﬂ>

and

b
[ 6 -9 ar
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Integrating by parts in the Riemann-Stieltjes integral, we have

/ (g(t) - g(a)d (\/ (f)>

- a/ (g(t) =g () tg 1)\ (f)dt
®)\/ (f) at

a

g(a
(h-af () - g (@)

and

for any z € (a,b).
Using the equality (2.2) we have

(3.7 |y f (@) + I3y 4f (b)

T V@ —s@) + 6 ) -9 @) @
< sy || GO -swrar ]+ /;(g(t)—g(a))adf(t)H

< m/@ (g(t)—g(a))ad(\!(f)>
1 b o [\
T / (9(b) — 9(1) d(\z/(f)>

+
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1 z a—1 ’
SW/G (9(t) - g(a)) g(t)\/(f)dt
1P ad g\
+m/$ 00 =9 OV ()
x b
< (Of+ 5 |0@ 0@ V) + 60 -9 @)V ()

for x € (a,b), which proves (3.5).
By the equality (2.15) we also have

O SO 98

W@ -g@)” GO -g@)]

which proves (3.6). O

Remark 3. The inequality (3.5) was obtained by a different technique in the earlier
paper [16].



OSTROWSKI AND TRAPEZOID TYPE INEQUALITIES 17

Corollary 5. With the assumptions of Theorem 2, we have

20710 (e + 1) {

38) ’<g B —g(@)"

Tat, (@097 (@) +I?4_q<a,b)+,gf(b)} — [ (M, (a, b))'

The proof follows by either the inequality (3.5) or (3.6) by taking © = z =
M, (a,b) = g1 (g(a);g(b)> )

4. SOME EXAMPLES

If we take g (t) = ¢, ¢ € [a,b] in (3.2) and (3.5), then we recapture the inequalities
from Theorem 1. From (3.3) we get for the classical Riemann-Liouville fractional
integrals the following inequalities

(4.1) ‘f(a);—f(b) — %I‘ (a

ik
“Slaar [0y

m—a)a+ —x)”

apf (@) S (I)}
C
)

b b
(f dt—i—(b_lx)a/ (t—x)al\/(f)dt]

while from (3.6) we get

Jo_fa)  JF (b
w—aF (-2

a 1 * ac1y 1 ' a-1y\
<3 [atar [woorywas gl Loyl

21“(044—1){ }—f(x)

for any x € (a,b).
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Consider the function g (¢t) = Int, t € [a,b] C (0,00), then by (3.3) we have for
Hadamard fractional integrals

(4.4)

for any z € (a,b).
If we take the function g (t) = —t~1, t € [a,b] C (0,00), then by (3.3) we have
for Harmonic fractional integrals

(4.5)

f(a)+ f(b)
2

— yP a1y [CHELD TS )

@—a ' (b-a)r

et a® ¢ (g )t ? b bop_ gyt Y
§2[(m_a)a/a : tth)l \!(f)dt+(b—x)a/gc ( taJr)l \t/(f)dt‘|
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while from (3.6) we get

(4.6)

RS  PIESB]
el (b_x)a] f (@)

;I‘(a—kl)xo‘{

az® b bo-)t a Tp_ ) @
< (b_x)a/z ( ta+)1 \/(f)dt—k(x_a)a/a ( ta+)1 \ (f)dt

x

for any z € (a,b).

(1]
2]

(3]

[15]

[16]

[17]
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