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PROOFS OF CERTAIN CONJECTURES OF VUKSIC CONCERNING THE
INEQUALITIES FOR MEANS

CHAO-PING CHEN* AND NEVEN ELEZOVIC

ABSTRACT. By using the asymptotic expansion method, Vuksi¢ conjectured inequalities be-
tween Seiffert means and convex combinations of other means. In this paper, we prove certain
conjectures given by Vuksié.

1. INTRODUCTION

For z,y > 0 with & # y, the first and second Seiffert means P(z,y) and T(x,y) are defined
in [13] and [14], respectively by

rT—y r—y
Play) = g4 and T(ay) = ——L
arcsin 7= 2 arctan oty

In what follows we will assume that the numbers x and y are positive and unequal. Let

2 — 2 2 2 2
H = xy7 G=\zy, L= r—y ’ A:x+y7 Q= ery’ N:x +y
z+y Inzx —Iny 2 2 z+y

be the harmonic, geometric, logarithmic, arithmetic, root-square, and contraharmonic means of
x and y, respectively. It is known (see [15]) that

H<G<L<P<A<T<Q<N.

There is a large number of papers studying inequalities between Seiffert means and convex
combinations of other means [4-6,11,12,15,16]. For example, Chu et al. [4] established that the
double inequality

pA+(1—pwH<P<vA+(1-v)H
holds if and only if p < 2/7 and v > 5/6. Liu and Meng [12] proved that the double inequality
1-p)G+uN<P<(1-v) G+VvN
holds if and only if 4 < 2/9 and v > 1/m. Chu et al. [5] proved that the double inequality
pQ+ 1 —wWA<T<vQ+(1-v)A (1.1)
holds if and only if 4 < (4 — 7)/(w(v/2 — 1)) and v > 2/3. The inequality (1.1) was also proved
by Witkowski [16].

Recently, Vuksié¢ [15], by using the asymptotic expansion method, gave a systematic study of
inequalities of the form

(1 - /J,)Ml + uMs < My < (1 — V)Ml + vMs,
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2 C.-P. CHEN AND N. ELEZOVIC

where M, are chosen from the class of elementary means given above. For example, Vuksié¢ [15,

Theorem 3.5, (3.15)] proved the double inequality
1-—pwH+puN<T<(1-v)H+vN

holds if and only if p < 2/m and v > 1/3. See [8-10] for more details about comparison of means
using asymptotic methods. Also Vuksié¢ [15] has conjectured certain inequalities related to the

first and second Seiffert means P(z,y) and T'(z,y).

Conjecture 1.1 ( [15, Conjecture 3.4]). The following inequalities hold:

" 20 acpalas i

s 3 3
§G+%Q<P< fG+£Q,
%P+3Q<A< (gw_l);PJr \/7;7:72262,
§L+%Q<P< \[L+£Q,
Tl

Conjecture 1.2 ( [15, Conjecture 3.6]). The following inequalities hold:

1 3 4—m s
ZH+ZT<A<TH+ZT’

1 8 —2v2 2v/2
,H+—Q<T<7T \fH+ IQ,
9 9 T T

—2 9 1. 2
T g iN<T<-H+ 2N,
T T 3 3

1 5 — 22 24/2
Sa+20<Tr< \fG+ \[Q,
6 6 T T

27 "2 4 477

1 4 —2v2 2v/2
,L+7Q<T<7r \[L+ \[Q,
5 5 T s

o —4 4 2 1
T4 WN<T<§A+7N,

T T 3

(2—V2)r V21 —4 3 1
T N ST+ =N.
S R A L

The typos of (1.12) and (1.13) have been corrected.

The aim of this paper is to offer a proof of these inequalities.

(1.2)

(1.3)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)
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Remark 1.1. Let (v — y)/(z +y) = z, and suppose x > y. Then z € (0,1), and the following
identities hold true:

P(z,y) _ T(z,y) _ z H(x,y) 122 G(z,y) 1 =
A(x,y) arcsinz’ A(x,y) arctanz’ A(z,y) Az, y) ’
Llz,y) 22 Qa.y) _ e N@w) 2
=1 .
Awy)  WIE Ay VT Ay T
The following elementary power series expansions are useful in our investigation.
) o N $2n+1
sine = Z(—l) @nr) |z| < o0, (1.15)
n=0 :
> xZn
cosx = Z(—l)”m, |z] < o0, (1.16)
n=0 ’
- 22"(22" —1)|Bon| 951 T
an 2 @) x ) lz] < 5 (1.17)
R B
cotx—f—z | 2"‘ =t 0<|z| <, (1.18)

where B, (n=0,1, 2, ...) are Bernoulli numbers, defined by

oo

Lt
et—liz "l

n=0

The following lemma is also needed in the sequel.

Lemma 1.1 ( [2,3]). Let —00o < a < b < o0, and let f, g : [a,b] = R be continuous on [a,b],
differentiable on (a,b). Let ¢’ () # 0 on (a,b). If ' (z) /g’ (x) is increasing (decreasing) on
(a,b), then so are
f(x) = f(a) f(x) = f(b)
2 and ——————.
g9(x) —g(a) g9(x) =g (b)
If f'(z)/g (x) is strictly monotone, then the monotonicity in the conclusion is also strict.
The numerical values given in this paper have been calculated via the computer program
MAPLE 13.
2. PROOF OF CONJECTURE 1.1
The inequalities (1.2) have been proved in [16]. We here provide an alternative proof.

Theorem 2.1. The following double inequality hold true:
T —2

2 1 2
—A<P<= —A. 2.1
G+7r <P< 3G+3 (2.1)

Proof. By Remark 1.1, (2.1) may be rewritten as

2 pP-G L£- Z_ —\/1-22 2
1

G
Z arcsin z
- < = = < -, 0<z<1. 2.2
T A-G -< 1 -1 22 3 (2.2)
By an elementary change of variable z =sinz (0 < x < 7/2), (2.2) becomes
2 SBT_cosp 2

T
Sow TOT 2 T 2.
7r< 1—cosx <3’ 0<:c<2 (2:3)
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For 0 <z < /2, let

sin x

—cosx, z#0
filz) = x 7 fo(x) =1 —cosuz,
0, xz =0,
and let
filz)  #F —cosw T
= = 0 —. 2.4
/(@) fo(z) 1—cosx ’ STS3 (24)
Then,
fl(z) €2 —80F fsing  geotz — 1+ f3(@)
fa@) sin N x2 = J3l

Using (1.18), we find

7_222 |B2n| 2n 2

Differentiation yields

= (21 — 2)22"|Bay| o,
fila) ==Y ( (Q)n)l Panl s <
n=2 :

Therefore, the functions f3(z) and fi(z)/f4(x) are strictly decreasing on (0,7/2). By Lemma
1.1, the function

A R - F0)
I = 5@ = R~ 0
G

,m/2), and we have

is strictly decreasing on

w — CcosxT

2
R | 2
1—cosx <t£%f() 3

2 T
S=1(5) < f@) ==
T 2

for 0 < 2 < w/2. The proof is complete. O

Remark 2.1. Let f(z) be given in (2.4). By the monotonicity property of f(x), we here provide
a proof of (1.1).
By Remark 1.1, (1.1) may be rewritten as

z

—z
po< Aadanz o, 0<z<1.

V1i+22 -1

By an elementary change of variable z = tanx (0 < x < w/4), we find

ta;w -1 sil;m — CcoSx f( ) 0 T
< = — =Jlx)<v <xr < —.
B secz—1 1—coszx ’ 4

Since f(x) is strictly decreasing on (0,7/4), we obtain, for 0 < x < w/4,

4—7 T tanz_l 2

m:f<z> flz) = lim f(t) =

secx — 1 tﬂOJr 3
Hence, (1.1) holds if and only if p < (4 —7)/(7(vV2—1)) and v > 2/3.
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Theorem 2.2. The following double inequalities hold true:

-V2_, V2

§G+%Q<P< G+— (2.5)
and

3 1 (V2 -7 T2

-P+-Q <A< P+ . 2.6

TR ar—2 -t e —2Y (2.6)

Proof. By Remark 1.1, (2.5) and (2.6) may be rewritten for 0 < z < 1 as

1 < arcsin z vV1-— 22 < @ and 1 < 1 - arc:inz T—2

< )
\/1+22—\/1—z2 m 4  J1422- = Vor—2

arcsin z

respectively. By an elementary change of variable z = sinz (0 < x < 7/2), these two inequalities
become

1 2 1 -2
§<F(a:)<£ and Z<H(J;)<7T7 for 0<$<E,
T

Vor—2 2

where

ST _ oog g ] — sinz
F(z) = z and H(x) = z

\/W—cosx \/1+sin2x—51%.
Elementary calculations reveal that
1 2 1 -2
lim F(z) =<, F(3)= V2 i m@w =L w (f) _ =2
z—0+ 3 2 ™ z—0+ 4’ 2 \/571' -2

In order prove (2.5) and (2.6), it suffices to show that F(z) and H(z) are both strictly increasing
for 0 <z < m/2.
Differentiation yields

Gi(x) — (x — sinzcosx)\/1 +sin’z
222 cosx\/m(vl +tan?x — /1 + sin® z) ,

F'(z) =

where

Gi(z) = xcosz — 2sinz + sinx cos? x + 2z% sinx

1 7
=zcosz + 1 sin(3z) + 22% sina — 1 sin

>z (1 - ;ﬁ) +i <3a: - %(3@«) + $(3x) - %(Sx) )

1 7 1 1
2 3 5
+ 2z (x—?)'x>—4(x—3'x —|—5|x>
2 19 243 ™
3(# 2 4
<3+120x 2240x>>0 for 0<x<2.

For 0 < x < 7/2, let

(Gl(x))2 — (z — sinzcos 1)2(1 +sin? z) = 2sin2G(x),
where

G(x) = 223 cosx + sinx cos® x + (222 — 3) sinz cos? z + (22* — 522 + 2) sinz.
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In order to prove F'(z) > 0 for 0 < z < /2, it suffices to show that

G(z) >0, 0<z<m/2
We find
’ 2z) + 1
G(z) =22 cosz +sinz <COS(4$) i 48(:08(2:8) i 3) + (22% — 3)sinx (COS(;)+)
+ (22" — 52% + 2) sinw

1 7
=223 cosx + A sinz cos(4z) + (z° — 1) sinz cos(2z) + <2x4 —4z% + ) sinx

- 1 1 9 9 11
=223 cosx + 16 sin(5x) + (2332 - 16) sin(3x) + <2x4 ——x? 4 > sinx

2 8
> 14 223 187 173471
— _1I’Ln — 9 _ 11 13 15 e 2.7
;( ) un(®) = 3357~ 155 T 1gooo”  130077000° T (2.7)
where
n () = (15 -25™ — (320 + 16n + 81)9"

2n+1
+ 15360 — 2304n° + 48002 + 1008 + 66) m

48 - (2n + 1)1
Elementary calculations reveal that, for 0 < < 7/2 and n > 6,

Unpr(x) 322 ap 3(7/2)% o,

un(z)  2n+3 B,

—_ < 7’
2n+3 B, Bn

where

Q= 125 - 25™ — (9612 + 240n + 387)9™ + 512n* + 12800 + 928n? + 400n + 262
and

Bn =2(n+1)(15- 25" — (32n® + 16n + 81)9"

+1536n* — 2304n® + 480n° + 1008n + 66).
We find, for n > 6,

B — an = (30n — 95)25" — (64n> — 46n — 225)9™ + 20253302 + 17631188(n — 6)
+ 6106496 (n — 6)% 4 1051840(n — 6) 4+ 90112(n — 6)* + 3072(n — 6)°
> (30n — 95)25™ — (64n® — 46n — 225)9"

25\"  64n3 — 46n — 225
— _ n == _ 0.
(30n — 95)9 {( 5 ) S0 0F } >

The last inequality can be proved by induction on n, and we omit it.
Hence, for all 0 < < 7/2 and n > 6,

un+1($)

<1

Therefore, for fixed x € (0,7/2), the sequence n — u, () is strictly decreasing for n > 6. We
then obtain from (2.7) that

G(x)>x9<14 223 , 187

14223, . 173471
135 4725

— ) >0 and F’ 0
18900 130977000x)> and - F(z) >
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for 0 < x < 7/2. Hence, F(x) is strictly increasing for 0 < x < 7/2.
Differentiation yields

sinz(1 + sin®z) — 2 cosz(1 + xsinz) — (sinxz — zcosx)y/1 +sin’ x

V1 4 sin? x(x2(1 +sin?z) + sin® z — 2z sin /1 + sin? x)

H'(z) =

We now prove that
H'(x) >0, O0<z< g, (2.8)
Noting that!
sinz(1 +sin®z) — xcosz(1 + zsinz) > 0, 0<z< g (2.9)
holds, it suffices to show for 0 < x < w/2 that
sinz(1 + sin?z) — zcosz(1 + xsinz) > (sinz — zcosz)V 1 + sin’ (2.10)

and
22(1 + sin® x) 4 sin® z > 2z sinz V1 4 sin” . (2.11)

Here we only prove (2.10). The proof of (2.11) is analogous.
Elementary calculations reveal that

2
(Sin z(1 +sin® z) — zcosz(1 + xsin a:)) — (sinz — z cosx)?(1 + sin® z)

sinx
= 223 cos? x + sinz cos? & + 222 sinx cos® © + (2? — 2% — 3)sinx cos® x

— 22?sin(2x) 4 2sina

1 1 1
= — sin(bx) + 11'2 sin(4x) + E(4x4 — 42% — 9)sin(3z) — ;1’2 sin(2x)

16
1 .
+ §(2x4 — 222 + 11)sinx + 23 cos(2z) + 3
_ 8 o 83 2 IB0ST o 65647
135 4725 75600 174636000 13621608000
577 > )
~ orsteooo” T 2 ("M en(a). (212)

n=10

where

wy(x) = (135 225" — 54n(2n + 1)16™ + (64n* — 64n® + 128n% + 88n — 729)9"

:E2n+1

—432n(2n 4+ 1)(n — 2)4™ + 1728n* — 1728n> + 648 594)7.
432n(2n + 1)(n = 2)4" + 1728n OO e en 1 1))

Elementary calculations reveal that, for 0 < x < 7/2 and n > 10,

Wit (x)  92%c,  9(w/2)%c,  23c,

W () dy, dy, d, '

1The inequality (2.9) is proved in the appendix.
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where

Cn = 375-25" — 96(2n + 3)(n + 1)16™ 4 (64n* + 192n> + 320n* + 408n — 513)9"
—192(n — 1))(2n + 3)(n + 1)4™ + 192n* + 576n> + 576n> + 264n + 138

and

dp =2(n+1)(2n+3) (135 - 25™ — 54n(2n + 1)16"
+ (64n* — 64n> 4 128n2 + 88n — 729)9"
— 432n(2n + 1)(n — 2)4" + 1728n* — 17280 + 648n + 594).

Elementary calculations reveal that

dp — 23¢, = (540n? + 1350n — 7815)25™ — 12(2n + 3))(n + 1)(18n? 4 9n — 184)16"
+ (256n° 4 384n° — 1216n* — 3168n> — 8628n? — 16146n + 7425)9"
—96(2n + 3)(n + 1)(18n* — 27Tn? — 64n + 46)4™
+6912n5 + 10368n° — 11328n* — 2102413 — 4392n? + 3756n + 390.

For n = 10, we have dig — 23¢9 = 966320930464183296 > 0. We find that for n > 11,

d,, — 23c,
> (540n? + 1350n — 7815)16™
y { < 25 >" ~432n* +1296n° — 3228n% — 107160 — 6624}
16 540n2 + 1350n — 7815
+ (256n° 4 384n° — 1216n" — 3168n> — 8628n? — 16146n 4 7425)4"

y { <9) " 34561° + 3456n* — 20064n> — 29664n2 + 3648n + 13248 } 0

4)  256mS + 384n° — 12161+ — 316803 — 8628n2 — 16146n + 7425

We note that, for n > 11, the inequalities

>0

25 " 432n* 4+ 1296n° — 3228n2% — 10716n — 6624
16 540n? + 1350n — 7815

and

— 0.
256n08 + 384n° — 1216n* — 3168n3 — 8628n2 — 16146n + 7425 -

4

(9)” 3456n° + 3456n* — 20064n3 — 29664n2 + 3648n + 13248

can be proved by induction on n, and we omit them.
Hence, for all 0 < < 7/2 and n > 10,

Wn+1 (x)

wn (@) <1.
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Therefore, for fixed x € (0,7/2), the sequence n — wy,(x) is strictly decreasing for n > 10. We
then obtain from (2.12) that, for 0 < z < 7/2,

2

2
(Sin x(1 4 sin®x) — x cos (1 4 z sin x)) — (sinz — z cosx)?(1 + sin® z)

sinx
8 53 23 65647
9 2 13 4
> S — —_
v (135 4725" ) e (75600 13621608000 " )
13087 577
15 4
- > 0.
e (174636000 1047816000 )

Hence, (2.10) holds for 0 < 2 < 7/2. We then obtain H'(z) > 0 for 0 < x < 7/2. So, H(z) is
strictly increasing for 0 < x < /2. The proof is complete. O

Theorem 2.3. The inequalities

(1—/11)L+,U1Q<P< (1—V1)L+V1Q (213)
and
(1—[},2)L+,U/2N<P< (1—V2)L+V2N (214)
hold if and only if
1 V2 1 1
p < 57 vy > 7, 2 < ga vy > ; (2~15)
Proof. We first prove (2.13) and (2.14) with py = %,m = g,uz = %, vy = %, namely,
4 1 2 2
i loopo (12 1 Y20 (2.16)
) 5 T T
and
1 1 1
ZL+*N<P< 1-—]L+—=N. (2.17)
8 8 us s
We claim that
2 2 2 2 1 1
(1—\[>G+\[Q<<1—\[>L+IQ<<1—>L+N. (2.18)
T T T T T T

This claim shows that, among the second inequalities in (2.5), (2.16) and (2.17), the upper bound
2 2
<1 — f) G+ iQ
0 ™

is the best, in the sense that it is the smallest one among the three upper bounds in (2.5), (2.16)
and (2.17).

Obvious, the left-hand side of (2.18) holds. We now prove the right-hand side of (2.18). Noting
that G < L holds, we have

(1;>L+;N{(1f)“f¢2}
= {(Va-nr+N-v3Q} > {(Va- 16+ N -vaQ}.

s
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In order prove the right-hand side of (2.18), it suffices to show that
(V2 -1)G + N > V2Q,

which can be written, by Remark 1.1, as

(V2 = 1)V1 = 224 (14 2%) > V21 + 22, 0<z<1,

(V2-DVI—t+(1+t)>V2v/1+t, 0<t<l. (2.19)
We find
((V2-vT=i++n) - (Vavizs)’
=2(V2-1)(1+t)V1I—t— (2vV2-2+1)(1 —t)
and

(Q(x/i— (1 +t)v1 —t)2 - ((2&—2%)(1 —t))2
=t(1—){f + (T-4V2)t +40-28V3} >0 for 0<t<1.

Hence, (2.19) holds. The claim (2.18) is proved.
By Remark 1.1, the first inequalities in (2.16) and (2.17) can be written for 0 < z < 1 as

4 2z 1 z
———+ -1 2L — 2.20
5111%—'_5 TS sin (2.20)
and
7T 2z 1 z
= —(142° 2.21
81n 1£2 +8( +Z><arcsinz’ (2.21)
respectively.
We first prove (2.20) for 0 < z < 0.7. From the well known continued fraction for In 1%
(see [7, p. 196, Eq. (11.2.4)]), we find that for 0 < z < 1,
2x(15 — 4a? 2 1
2(15 ”;C): SIS N Y (2.22)
3(5 — 322) 14— 11—z
1+4115;

Using (2.22), we have
z 4 2z 1 z 43(5-32%) 1 1
B V1 22 B S (14222
arcsin z (5111}1‘; tyvits ) ” arcsinz {5 15422 "5 T37

z _ 150 — 6522 — 42*
arcsin z 10(15 — 422)

In order to prove (2.20) for 0 < z < 0.7, it suffices to show that
6(2) >0 for 0<2<0.7,

where

z — 22
(2 = 102(15 — 422)

T 150 65:2 41 M
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Differentiation yields
o(2) = 10(2250 — 82522 + 4402* — 1625) B 1 .
(150 — 6522 — 424)2 V1—22

Elementary calculations reveal that, for 0 < z < 0.7,
(10(2250 — 82522 + 4402* — 1626))2 1
(150 — 6522 — 424)2 1—22

1

(1 — 22)(150 — 6522 — 424)"

[120937500 — 25128750022 4 1122093752*

— 259300002° + 2®(1066400 — 4224022 — 25624)} > 0.

We then obtain 6’(z) > 0 for 0 < z < 0.7. Hence, 0(z) is strictly increasing for 0 < z < 0.7, and
we have

10z(15 — 422
9(2):150;2_(6522_'24)24—arcsinz>9(0):0 for 0<2<0.7.

Therefore, (2.20) holds for 0 < z < 0.7.
Second, we prove (2.20) for 0.7 < z < 1. Let

w(z) = wi(z) + wa(2),

where

4 2z 1 z
w1(2)< i T e 1+22> and  wy(z) =

5ImiE 5 arcsin z

Let 0.7 <r < z < s < 1. Since wy(z) is increasing and ws(z) is decreasing, we obtain
w(z) > wi(r) + wa(s) =: o(r,s).

We divide the interval [0.7,1] into 30 subintervals:

29
k k41
0.7,1] = 0.74 —,0.74+ —— f k=0,1,2,...,29.
[0.7,1] kL_JO[ + 700" +100] or 1,2,

By direct computation we get

k k+1
O'(O.7+100,0.7+100>>0 for £k=0,1,2,...,29.
Hence,
k E+1
w(z) >0 for 26{0.7—1—100,0.7—1—100} and k=0,1,2,...,29.

This implies that w(z) is positive on [0.7,1). This proves (2.20) for 0.7 < z < 1. Hence, (2.20)
holds for all 0 < z < 1.
We now prove (2.21). We first prove (2.21) for 0 < z < 0.7. Using (2.22), we have

z T 2z 1 z 73(5-32%) 1
. S(1+2%)] > IR TR L (14 22
arcsin 2 (81n}j§+8( e )> arcsin 2 {8 1512 Tt
oz 73071322724
arcsin z 2(15 — 42?)
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In order to prove (2.21) for 0 < z < 0.7, it suffices to show that
O(z) >0 for 0<2<0.7,

where
22(15 — 422
O(z) = M — arcsin z.
Differentiation yields
o'(2) 2(450 — 16522 + 9721 — 42°) 1
z) = — .
(30 — 1322 — z4)2 V1= 22

Elementary calculations reveal that, for 0 < z < 0.7,

2(450 — 16522 + 972 —426)\* 1
(30 — 1322 — 24)2 1—22

(247500 — 4773002%) + 2*(212235 — 501282%) + 2°(2274 — 11622 — 2*) =0

(30 — 1322 — 24) (1 — 22)

We then obtain ©'(z) > 0 for 0 < z < 0.7. Hence, O(z) is strictly increasing for 0 < z < 0.7, and
we have
22(15 — 422)
0(z2)= ————
()= 513
Therefore, (2.21) holds for 0 < z < 0.7.
Second, we prove (2.21) for 0.7 < z < 1. Let

—arcsinz >0(0) =0 for 0<z<0.7.

y(2) = y1(2) + y2(2),
where

7 2z 1

z
yl(Z):* <81nl+z+8(1+22)> and yg(z):
1—=z

arcsin z

Let 0.7 < r < z < s < 1. Since y;(2) is increasing and ys(z) is decreasing, we obtain
y(2) = ya(r) + ya(s) =: p(r, s).

We divide the interval [0.7,1] into 30 subintervals:

29
k k+1
0.7,1] = 0.74 —,0.74+ —— fi k=0,1,2,...,29.
[0.7,1] ;90[ + 100" *100] or 1,2,

By direct computation we get

k k+1
T+ —,074+ —— f =0,1,2,...,29.
p<07—|—100,07—|— 100 ) >0 for k£=0,1,2,...,29

Hence,

k E+1
0 f 0.7+ —,0.7T4+ —— d £=0,1,2,...,29.
y(z) > or ze[ +100, + 100] an 1,200
This implies that y(z) is positive on [0.7,1). This proves (2.21) for 0.7 < z < 1. Hence, (2.21)
holds for all 0 < z < 1.
We then obtain (2.13) and (2.14) with yy = £, 1y = %,,@ =1 n=1
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Conversely, if (2.13) and (2.14) are valid, then we get
_z 2z 2 _ 2z
P—-L arcsinz ~ 1In % d P—L arcsin z In %
<r; and pg < = < vy,
N—-L 1+22- In%

< =
M1 Q_L /1+Z2_1nzlzj
1—=z

The limit relations
z 2z z _ 2z
- 1tz 1 arcsin z In % \/é
=

arcsin z In T 1
- lHll 2 2z

z— \/1+Z - niE e
1

lim
2=0 /1 + 22 — 1n21z+z 5
1 —z

z 2z z _ 2z
arcsin z In itj 1 . arcsin z In iirz 1
lim ———— =, lim 0 = =
zao1+22_++2 8 211422 — = T
In ;22 In 1=
yield

1 V2 1 1
m<z, 22—, <3, V22—

5 T 8 s

O

The proof is complete.

3. PROOF OF CONJECTURE 1.2

Theorem 3.1. The following double inequality holds true:
2r —4 4— 2 1
T A+ IN<T<ZA+:N. (3.1)
T T 3 3
Proof. By Remark 1.1, (3.1) may be rewritten as
(3.2)

Z —

4— 1 1
7T<ar°“"“§ <= for 0<z<l

s z 3
By an elementary change of variable z = tanz (0 < x < 7/4), (3.2) becomes

4— 1
7T<U(ac)<§ for O<:c<%7

T
where
tanz _ 1
U(x)=—= .
(z) tan? x
Differentiation yields
Ui(x)
Ul'x) =— ,
@) 22sin? z tan
where
Uy(z) = ztanx — 222 + sin® v = rtanz — 3 cos(2x) — 22 + =
oo 92n—l (2(22" —1)|Ban| — (—1)")
>
= (2n)!
It is well known [1, p. 805] that
2(2n)!
( n) n > 1.

2(2n)!
(2m)2n <[Ban| < (2m)2n(1 — 21-2n)’
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By the first inequality above, we find

2(2n)!
2(22" — 1)|By,| > 2(22" — 1 1 >
(" = DIBanl > 22"~ NG > 1 w23
We then obtain
Ui(z) >0, 0<z< I, (3.4)

4

So, we have U'(z) < 0 for 0 < x < w/4. Hence, U(x) are strictly decreasing on (0,7/4), and we
have

4—7 T m% — . 1
—=U(3) U@ =t <l =3
for 0 < < w/4. The proof is complete. O

Remark 3.1. Noting that H + N = 2A holds, (3.1) can be written as (1.9).
Theorem 3.2. The following double inequalities hold true:

1 3 4—7 s
ZH + ZT <A< 1 H+ ZT’ (3.5)
1 8 — 22 2/2
CHy <1< V2, n \FQ, (3.6)
9 9 T s
1 ) —2v2 2v/2
“G+2Q<T< ™ V20 f@ (3.7)
6 6 T m
(2 —V2)7r V21 —4 3 1
Cy— T+ 27T_4N<Q<4T+4N. (3.8)
Proof. By Remark 1.1, (3.5), (3.6), (3.7) and (3.8) may be rewritten for 0 < z < 1 as
3 22 ™ 8 arCtzanZ B (1 B 22) 2\/5
S < — —~ <, - < : < ,
4 arctanz_(l_z) 4 9 \/1+Z—(1—Z) m
)

z —vl—z2<2\/§ Vor—4 V1422 - 2 1

arctan z arctan z < Z
)

6 V14+22-y1-—22 T 2mr—4 1422 - —2— 4

arctan z

respectively. By an elementary change of variable z = tanz (0 < z < 7/4), these four inequalities
become

3 T 8 2v2 5 2v2  V2r—4 1
S T 2oy N2 2y V2N R g -
1< 1(x)<4, 5 < 2 (x) < 5 < 3(x) < pt 27r74<4(m)<4
for 0 < z < w/4, where

tan® x tanz _ (1 — tan?x)
J = 5 J = = )
1(@) tans _ (1 — tan®x) 2(7) secr — (1 —tan? )

tanz /1 —tan?2 S22 _ | /cos(2x) secy — ARz

J3(z) = —= =& Jy(x) = -

- ’ 4 .'L') - t N
secr — V1 —tan’x 1 — /cos(2x) sec?p — 0L

Elementary calculations reveal that

) 3 s T ) 8 T 24/2
Smone =3 a()=%  Jmoreo=g R(G)="
. 5 T 24/2 . 1 T 2m — 4
Jm ) =g S(7) =0 dmos@ =g A(]) =5
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In order prove (3.5), (3.6), (3.7) and (3.8), it suffices to show that Jy(z), Jo(x) and J3(z) are
strictly increasing and Jy(x) is strictly decreasing for 0 < = < /4.
Differentiation yields

T (x) = SWUZS(;C;A(»@)? 0<w<t,
where
Ui(z) = rtanz +sin’x — 222 > 0 (see (3.4))
and
Us(z) = 2zsinz cosz — (4a% — 1) sin® z cos? z — 4z cos® wsin x + z2.
We find
Us(z) = —% (332 - i) (1 — cos(4z)) — %m sin(4x) + x2
oo oo
=D i) = - et + R (3.9)
where
4n—5
on(@) = 2’11'(27(ln— 2?') "
Elementary calculations reveal that, for 0 < < w/4 and n > 5,
Vpy1(z) 8(n — 1)z 8(n —1)(n/4)?
vp () m+1)2n—1)(n—2)  (n+1)2n—-1)(n—2)
8(n—1)

<1

<
(n+1)(2n—1)(n—2)
Hence, for all 0 < x < 7/4 and n > 5,
Unt1()
U ()
Therefore, for fixed x € (0,7/4), the sequence n — v, (z) is strictly decreasing for n > 5. We
then obtain from (3.9) that

<1

16 64
Us(x) > 5 <—x2> > 0, O<z<™.
Thus, we have

Ji(z) >0, O<x<£.

Hence, Ji(x) is strictly increasing for 0 < x < /4.
Differentiation yields

22(1 — cosx)*(1 4+ 2cos )2 Jh(x)

= 2sinz cos® z + 222 sinx cos?  — sinz cosz + % sinz — sinz cos? z — x + x cos® x

1 21 1 32 1 3
=1 sin(4x) + (g; - 4) sin(3x) + i cos(3z) + (; - 4) sina + JcosT— @

1, 1 4 53

15° 7 105° 25200

2 (1) Vo (2), (3.10)
n=6
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where

616" — (4n® —n+3)9" —36n° —9n+3 o,
6(2n +1)!

We find that for 0 < < 7/4 and n > 6,

Va(z) =

Vo) 52(32-16" = (1202 + 210 + 18)9" — (1202 + 270 + 14))

Va®@) (04 1)(2n +3) (616" = (4n2 = n+ 3)9" — (3602 + 9n - 3))

g(gf (32 16" — (1202 + 21n + 18)9" — (1202 + 27n + 14))

<
(n+1)(2n + 3) (6 167 — ( 4n2—n—|—3)9"—(36n2—|—9n—3)>
32-16™ — (12n? + 21n + 18)9™ — (12n2 + 27n + 14)
(n+1)(2n + 3) (6 167 — ( 4n2—n+3)9"—(36n2+9n—3)>
32 16"
<
(n+1)(2n +3) (6 167 — ( 4n2—n—|—3)9"—(36n2—|—9n—3)>

 (n+ )(2n + 3)(6 — )’

where
9\" 36n%+9n -3
= (4n” — _—
= (4n° ”+3)<16> * 167
Noting that the sequence {x,,} is strictly decreasing for n > 6, we have
0<z <= 37465917
" =0T 8388608
We then obtain that, for 0 < < 7/4 and n > 6,
2
V‘";rz(;;) < g sTago1T L
n T —
(n+1)(2n+3) (6 8388608 )

Therefore, for fixed x € (0,7/4), the sequence n — V,(z) is strictly decreasing for n > 6. We

then obtain from (3.10) that, for 0 < & < 7/4,
1 1 53
2 1— . 2 1 9 2 77 7 _ 2
(1 —cosx)?(1+ 2cosx)*Jy(x) > x 5~ 105% ~ 28200

Hence, Jy(x) is strictly increasing for 0 < x < /4.
Differentiation yields

z%y/cos(2z)(1 — cos(2x))2J§(x) = Do(z) — D1(z),

x4) >0 and Jh(x) > 0.

where

Dy(x) = (sinx — z cos ) cos(2z) + z(x — sinx) sin(2z) > 0
and

D, (x) = (sinx — x cosx)+/cos(2x) > 0

for 0 <z <m/4.
We now prove J5(z) > 0 for 0 < z < /4, it suffices to show that Da(z) > D;(x).



INEQUALITIES FOR MEANS 17

Elementary calculations reveal that
Dj(x) — Di(z)

55 = —223 cos® z + sin x + 2sin x cos* z + 4x2 sin x cos®
sinx

x
+ (221 4 2% — 3) sinx cos® = — x? sin(22)
. 1 1 1
= —2% — 2% cos(2z) + (214 + ZxQ + 2) sin
1 1 3 1 1
+ (2334 + 13:2 - 8) sin(3x) + 53:2 sin(4x) + 3 sin(5x)
13 o 1 37 . 108961
= —X X — X ————X
5407 ' 9450 20160 349272000
1864237 4, 493 5
-7 ___— " __ —1)" X, (2), 3.11
ToRoTa6a000° Seareazn” | T 2 (" Xn(@) (3.11)

n=10

15

where
X, (z) = (135 225" — 54n(2n + 1)16™ + (64n* — 64n> — 88n? — 20m — 243)9"

2n+1
— n — 3 — 2 — - v
+108n(2n — 1)(2n + 1)4™ + 108(2n — 1)(8n® — 4n® — 5n 1)) T RCTESYE
We find that for 0 < z < 7/4 and n > 10,
Xn+1(x) _ <9I2> Y, 9 (E)z ﬁ 3Y,

X (2) 2 )z, ~2\1) z,~ 7,
where
Y, =375 25" — 96(2n + 3)(n + 1)16™ + (64n" + 192n° + 104n® — 132n — 351)9"
+48(2n 4 3)(2n 4 1)(n + 1)4™ +12(2n + 1)(8n> + 20n? + 11n — 2)
and

Zn = (n+1)2n+3) (135 - 25" — 54n(2n + 1)16"
+ (64n* — 64n> — 88n? — 20n — 243)9™ + 108n(2n — 1)(2n + 1)4"
+108(2n — 1)(8n° — 4n® — 5n — 1)).

Elementary calculations reveal that, for 0 < < 7/4 and n > 10,

Zy — 3Y, = (2700 + 675n — 720)25" — 18(2n + 3))(n + 1)(6n* + 3n — 16)16"
+ (128n° — 1162n* — 879n — 496n* + 324 — 1248n + 192n°)9"
+36(2n +3)(2n + 1)(n + 1)(6n* — 3n — 4)4"
+ 345615 + 5184n° — 5328n* — 9504n> — 162012 + 1260n + 396
> (270n2 + 675n — 720)25" — 18(2n + 3)(n + 1)(6n* + 3n — 16)16"

25\"  18(2 1)(6n +3n — 1
:(270n2+675n—720)16”{<12) _ 18@n+3)(n+1)(6n” + 3n 6)}

270n2 + 675n — 720
> 0.

The last inequality can be proved by induction on n, and we omit it.
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We then obtain that, for 0 < z < /4 and n > 10,

XnJrl(x)
7Xn(x) < 1.

Therefore, for fixed x € (0,7/4), the sequence n — X, () is strictly decreasing for n > 10. We
obtain from (3.11) that, for 0 < 2 < 7/4,

D3(x) — D} (x) — 29 E + 1 22— 37 24
2sinx 540 9450 20160
15 ( 108961 1864237 9 493 4> 50

349272000 108972864000 583783200

We then obtain that for 0 < x < /4,
Ds(z) > Di(z) and Ji(z) > 0.

Hence, J3(x) is strictly increasing for 0 < x < /4.
Differentiation yields

~
S~—

i) =149,

where
I(z) = 2? sinz — sinz cos z + sinx cos® x + 2z cos® x — xcos® . —
and
1 4 8 164 184
Iy(z) = 2* — xsin(2z) + 1 sin?(2z) = §a:6 - 4—5358 + 47253010 - 425253312 +-e

We now prove Jj(z) < 0 for 0 < z < 7/4, it suffices to show that I (z) > 0 and Iz(x) > 0 for
0O<z<m/4
Elementary calculations reveal that

1 1 1 3 1
Li(z) = <x2 + 4) sinx — 3 sin(2zx) + 1 sin(3x) — qrcose + x cos(2x) — 1 cos(3x)

oo

7 27— 1
_ ) WL ( 12
~ 90" 1890 Z (z), (3.12)

where

(n—1)9" —4n - 4" +8n% + Tn + 1 I
2-(2n+1)!

Wh(x) =
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We find that, for 0 < < 7/4 and n > 5,

Wit (z) 32 (9n -9" — (16n + 16)4™ + 8n® + 23n + 16)

Wale) (n+1)2n+3)((n— 197 — 4n 47 + 802 + T +1)

1(z)2 (9n -9" — (16n + 16)4™ + 8n® + 23n + 16)

<
(n+1)(2n + 3)((n —1)9" — 4 - 47 + 802 + Tn + 1)

9n - 9" — (16n + 16)4™ + 8n® + 23n + 16
(n+1)(2n+3)<(n7 1)97 — dn - 47 + 8n2 + Tn + 1)
9n - 9™ + 8n? + 23n + 16
(n+1)(2n +3) ((n —1)9" — 4n - 4n)

2
on 8n +£2)2n+16

Noting that the sequences {8"2*'3#} and {4n (%)n } are both strictly decreasing for n > 5,
we have, for n > 5,

_ 8n’ +23n+16 _ [8n® +23n + 16 331
9 - 9gn s 59049

4\" 4\" 20480
O<dn (=) <l|dn(= ===

We then obtain that for 0 < z < 7/4 and n > 5,
W1 () < 9n + 55019 <1
Wa(@) (4 1)@n+3)((n - 1) - 2458)

Therefore, for fixed z € (0,7/4), the sequence n — W,,(z) is strictly decreasing for n > 5. We
then obtain from (3.12) that, for 0 < & < 7/4,

7 41
I o '
(@) > (90 1890 ) >0
Following the same method as was used in the proof of I;(x) > 0, we can prove Iy(x) > 0 for

0 <z < /4, and we omit it. We then obtain Jj(z) < 0 for 0 < z < 7/4. Hence, Jy(z) is strictly
decreasing for 0 < x < 7/4. The proof is complete. O

<

Ol

(n+1)(2n—|—3)((n— 1) — 4n (

0

and

Theorem 3.3. The inequalities

(]. — /j,g)L +usT < A< (]. — Vg)L + v3T (313)
and
(I —pa) L+ @ <T < (1 —vg) L4+ v4Q (314)
hold if and only if
1 7r 4 2V/2
< — > — < = > —. 1
HeS gy W3Z o, S vz (3.15)
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Proof. We first prove (3.13) and (3.14) with pg = % vy =T, s = %, vy = %, namely,
1
§L+§T<A<(1—Z)L+4T (3.16)
and
1 4 2 2v/2
L+ -Q<T< <1 - f) —‘f@. (3.17)
) 3 s
In fact, (3.5) = (3.16) and (3.6) = (3.17). More precisely, the following inequalities are true:
1 1 1 3
§L+§T<ZH+1T<A<(1——)H+4T<(1——)L+4T (3.18)

and

1L+4Q<1H+8Q<T<<l_2f> MQ<<1_M> L2,
) ) 9 9 s T

(3.19)

Obviously, the last inequalities in (3.18) and (3.19) hold. The first inequalities in (3.18) and
(3.19) can be written, respectively, as

H+T H+4
;>Land¥

We now prove that
H+T 5H+4Q

> L.

L. 2
5~ 9 > (3.20)
The first inequality in (3.20) can be written as
H
+8Q o

which is the left-hand side of (3.6). The second inequality in (3.20) is mentioned in [8, Table 2].
It can be written, by Remark 1.1, as

18
5(1—2%) +4V1+ 22> jz : (3.21)

1 z

For 0 < z < 1, let
142 18z
5(2):1n1_z - S0 2 AV 2
Differentiation yields
2((5 722 4521+ 22— 5+ 4522 — 4024)
(1—22)(4 —4224+5v1+22)2/1 4 22
By an elementary change of variable z = \/3427—1 (1 <y <+/?2), we find
(5 —72% 4+ 522)V/1 4 22 — 5 + 452% — 402*
= 52y° — 40y* — 111y° 4 125y* + 64y — 90
=81(y — 1)+ 72(y — 1)% +249(y — 1)® +220(y — 1)* + 52(y — 1)° > 0.

§'(2) =
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We then obtain £'(z) > 0 for 0 < z < 1. Hence, £(2) is strictly increasing for 0 < z < 1, and we

have

1+2 18z B B
P TR a7 0=

This means that (3.21) holds. Hence, the second inequality in (3 20) holds.

We then obtain (3.13) and (3.14) with pu3 = 1,03 =%,y = 2,04 = 2\7{5.
Conversely, if (3.13) and (3.14) are valid, then we get
1— 2z z 2z
A—-L In % d T — L arcsinz  In 1+Z
Hy < = 5 < VY3 an e < < V4.
The limit relations
1— 2z 1— 2z
A-L In 2 1 A-L In 22 T
lim - - = 2 lim 7= L ~ 5 = 1
=0T L arctanz  In 1= S arctanz L
2 2
I T— L aTCjinZ In lz"'z 4 I T — L arcginz In 1Z+z 2\/§
1m = -, 1im —
z—>0Q L \/1+z27h12é 5 z—>1Q L ‘/1+Z271n2é T
yield
1 n 4 2v/2
H§§ VBZZ, ,u4§5, vaZ ——

The proof is complete.

Appendix A: A proof of (2.9)
Elementary calculations reveal that
sinz(1 + sin?z) — 2 cos (1 + xsin z)

1 3 2 5 ]‘ 1
- Sl )" h(
3V T T T R 1134 +nz5

where
32t — (2p? 4+ n)227 L 4+ 8n — 3 ey

fin(@) = 4-2n+1)!

Elementary calculations reveal that, for 0 < < 7/2 and n > 5,

Bt () _ 2ay, - (7/2)%a, - ?wﬂ?
hn(x) by, by, bn

where
Uy = 27-9™ — (1612 + 40n + 24)4" +8n + 5

and
by = 2(n+1)(2n + 3) (3 L™ — (4n? + 2n)4" + 8n — 3).



22 C.-P. CHEN AND N. ELEZOVIC

We find, for n > 5,
by — 3a, = (12n% + 30n — 63)9™ — 4(2n + 3)(2n — 3)(n + 2)(n + 1)4"
+32n% + 68n? — 6n — 33
> (12n2 4 30n — 63)9"™ — 4(2n + 3)(2n — 3)(n + 2)(n + 1)4"

9)” 4@2n+3)(2n -3)(n+2)(n + 1)} > 0.

= (12n% +30n — 63)4" { ( =
(12n” + 30n — 63) {(4 12n2 + 30n — 63

The last inequality can be proved by induction on n, and we omit it.
Hence, for all 0 < z < 7/2 and n > 5,

hn-i-l(m)

Therefore, for fixed x € (0,7/2), the sequence n — h,(x) is strictly decreasing for n > 5. We
then obtain, for 0 < z < 7/2,

< 1.

12 1 1
. 1+sinZz) — (1 i Slo+ =2 — <2t — ——af 0.
sinz(1+sin®2) — zcosz(l + wsinz) > o (3+ 57 2" st )7
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