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INEQUALITIES BETWEEN IDENTRIC MEAN AND CONVEX
COMBINATIONS OF OTHER MEANS

CHAO-PING CHEN

ABSTRACT. By using the asymptotic expansion method, Elezovi¢ conjectured inequalities be-
tween identric mean and convex combinations of other means. In this paper, we prove certain
conjectures given by Elezovic.

1. INTRODUCTION

Throughout this paper we assume that the numbers x and y are positive and unequal. Let

2 _ 1 Yy 1/(y—=)
_ 2 G- ag, L= TY 1_(y> ’

x4y’ Inz —Iny’ e \ z%
A:m+y7 Q= ac?—ky27 N:x2+y2
2 2 Tty

be the harmonic, geometric, logarithmic, identric, arithmetic, root-square, and contraharmonic
means of z and y, respectively. It is known (see [14,17]) that

H<G<L<I<A<Q@<N.
Séndor [12] proved that

2 1
—A+ - 1. 1.1
3 +3G< (1.1)

Alzer and Qiu [1] developed (1.1) to produce a double inequality. More precisely, these authors
proved that the inequalities
aA+(1-—a)G<I<BA+(1-75)G (1.2)
hold if and only if
a<2/3 and [ >2/e=0.73575....

Zhu [19, Theorem 2] also considered (1.2). Subsequently, Zhu [20, Theorem 2] (see also [21,
Theorem 5.4, Eq. (5.5)]) established a more general result and proved, for 0 < p < 6/5,

QAP + (1 — a)GP < IP < BAP + (1 — B)GP (1.3)

holds if and only if « < 2/3 and 8 > (2/e)P. The choice p =1 in (1.3) yields (1.2).
Trif [16] proved, for p > 2,

aA? + (1 —a)GP < IP < BAP + (1 — B)GP (1.4)
holds if and only if a < (2/e)P and § > 2/3.
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2 C.-P. CHEN
The choice (p, 8) = (2,2/3) in the right-hand side of (1.4) yields
P<lipeyle (1.5)
3 377 '

which has been presented by Séndor and Trif [13].
Let p > 0. Kouba [10] proved that the inequality

2 1
P < AP 4+ —GP 1.6
547+ 3 (1.6)
holds if and only if p > In(3/2)/1In(e/2) = 1.3214. . ., and the reverse inequality holds if and only
if p<6/5.
Zhu [19, Theorem 3] proved that the inequalities
aA+(1—a)L<I< A+ (1-p)L (1.7)

hold if and only if « < 1/2 and 8 > 2/e. Subsequently, Zhu [21, Theorem 1.3] established a more
general result and proved, for 0 < p < 8/5,

QAP + (1 — a)LP < I? < BAP + (1 — B)LP (1.8)

holds if and only if « <1/2 and 8 > (2/e)P. The choice p =1 in (1.8) yields (1.7).

There is a large number of papers studying inequalities between linear combinations of means
(see, for example, [3-5,9,11,15,17,18]).

Recently, Elezovi¢ [6] proposed a new approach to this subject, using the concept of asymp-
totical expansion of means. More precisely, the author established inequalities of the form

aMy + bMs + cMsz >0 (19)

where a,b, ¢ are constants and My, (k = 1,2,3) are chosen from the class of elementary means
given above. The inequality (1.9) is called optimal by the author if for any other choices of
constants a*, b*, ¢* such that (1.9) is valid, it follows that

a* My + b* My + c¢*Ms > aMy + bMy + cMs > 0.

In order to formulate such inequalities the author considers the asymptotic expansion of the
means as follows:

02(57t)+63(5,t) +

Mz +s,z+t)=x+c1(s,t) + =

By comparing the coefficients it is possible to derive several candidates for optimal inequalities.
These possible optimal inequalities are systematically studied. The author obtained some critical
values and also formulates several conjectures in connection with optimal inequalities.

Conjecture 1.1 (see [6, Conjecture 2.3]). The following inequalities are valid:
N+4+6I<TA, Q+3I<4A, A+L<2I, 2A+G<3I and 5A+ H >6l.
Conjecture 1.2 (see [6, Conjecture 4.2]). The following inequalities are valid:

(e—2)N+e-I>2(e—1)A (typo corrected),
(e—2)Q+ (V2 —1)el > (eV2-2)A, 24+ (e—2)L>e-I

2A+(e—2)G>e-1I and 2A+(e—2)H <e-1I.
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Conjecture 1.3 (see [6, Conjecture 4.3, (4.11)-(4.15)]). The following inequalities are valid:

N+4+(e—1)L>e-1I,
N+(e-1)G>e-I,
N+ (e—1)H <e-1I,
V2-Q+(e—V2)L>e-I,

V2-Q+(e—V2)G>e-I

(1.10)
(1.11)

(1.12)
(1.13)

(1.14)

The typos of (1.10)-(1.12) have been corrected. See [7,8,17] for more details about comparison

of means using asymptotic methods.

The aim of this paper is to offer a proof of Conjectures 1.1, 1.2 and 1.3. We also develop

(1.10)-(1.14) to produce double inequalities.

Remark 1.1. Let \/z/y = €', and suppose x > y. Then t > 0, and the following identities hold

true:
H(I,y) _ 1 L(x7y) — sinh¢ I(J?,y) — etcotht—l
G(z,y) cosht’ G(z,y) t 7 G(z,y) ’
Alz,y) _ Qz,y) _ N(z,y) _ cosh(2t)
Gy cosht, Gy v/ cosh(2t), Glay) ~ coshit

The numerical values given in this paper have been calculated via the computer program

MAPLE 13.

2. PROOFS OF CONJECTURES 1.1 AND 1.2

Theorem 2.1. The following double inequalities hold true:

1 6
“N+-I< A< ¢ ¢

-2
N I
7T e—1) " 2e—1)
and
1 3 e—2 (ﬂ — l)e
-Q+-I1<A< + I.
4Q 4 eV2 - ZQ eV2 —2
Proof. By Remark 1.1, (2.1) and (2.2) can be written, respectively, as
1 e—2
= t fi t>0
7<f1()<2(e—1) or t>
and
1 e—2
=< fo(t) < —=——= for t>0,
1 fa(t) o3 2
where
cosht — et cotht—1 cosht — et cotht—1
h (t) = cosh(2t) and f2(t) =

_ etcotht—1 /cosh(2t) — etcothi—1 '
cosh t
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Elementary calculations reveal that

. 1 . e—2
. 1 . e—2

In order prove (2.3) and (2.4), it suffices to show that f1(t) and fa(t) are both strictly increasing
for ¢t > 0.
Differentiation yields

2
( cosh(2t) — etcothi=1cosh t)

FI(t) = eteotht=1 _ 2coshtsinht
tcosht + sinht 1 tcosht + sinht’
We claim that
tootht—1 2COShtSiI.1ht >0, £ 0. (2.5)
tcosht + sinht
It suffices to show
2coshtsinht
g1(t) = teotht — 1 — In — om0 0, t>0.

E— >
. tcosht + sinht
Differentiation yields

(1) = )

(tcosht + sinht) sinh? ¢ cosh t’

with
hi(t) = —tcoshtsinht — t? cosh® t 4 cosh® t — 1

1 1 1 1 1 1 5
_§t sinh(2t) + ( - 2t2> cosh(2t) + 3 cosh(4t) + B cosh(2t) — —t* — =

2 2 8
& 22n—1 —(2 2 )
_ Z (2n "*‘ n )22n—2t2n < 0.
o (2n)!

We then obtain gi(t) > 0 for ¢ > 0. So, g1(¢) is strictly increasing for ¢ > 0, and we have
g1(t) > ili%gl(x) =0 for t>0.
Thus, the claim (2.5) is proved.

We then obtain f{(t) > 0 for ¢t > 0. Hence, fi(t) is strictly increasing for ¢ > 0.
Differentiation yields

2
sinh® t1/cosh(2t) <\/Cosh(2t) _ gteoth t—1)
92(t)

s1.3
tcotht—1 sinh” ¢

J3(t) = e OR

where!
g2(t) = 2t cosh® t — sinh t cosht — t — y/cosh(2t)(t cosh t — sinh t) > 0, t>0. (2.6
We now prove

fot) >0, t>0,

1The inequality (2.6) is proved in the appendix.
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it suffices to show that

inh® ¢
ho(t) =tcotht —1—Inr 'S0, ¢>0.
92(t)
Differentiation yields
A(t)

hy(t) =

92(t)+/cosh(2t) (/cosh(2t) + cosh t) ’
with
A(t) = 2cosh® t — (2t2 + 2) cosh? t — tsinht cosht + t2
1 1 1
= —t*cosh(2t) + 1 cosh(4t) — itsinh(Qt) ~1

o qn 4n717 2
Sl Gt ) JE S
(2n)!

n=3

We then obtain h5(t) > 0 for ¢t > 0. So, ha(t) is strictly increasing for ¢ > 0, and we have, for

>0,
ha(t) > lim ha(z) = 0= fi(t) > 0.
xr—

Hence, fa(t) is strictly increasing for ¢ > 0. The proof is complete.

Remark 2.1. The inequality (2.5) can be rewritten as

2AL

[ AL
ZAYL

This shows that I is larger than the harmonic mean of A and L.

Theorem 2.2. The following double inequality hold true:

2 1 2 -2
SA+SG<I< A+ =g,
3 3 e e
1 1 2 -2
SA+ SL<I<ZA+ "7
2 2 e e
2 -2 1
2 2 cr<2as i
e e 6 6
Proof. By Remark 1.1, (2.8) can be written for ¢ > 0 as
2 2
2 Ft o
5 <F(t) <~
where
€t cotht—1 __ 1

Flt) = ———.
(*) cosht —1

Differentiation yields
SinhQ.t(cosht -1 Fl(t) =
sinht +¢
For ¢ > 0, let

sinht +¢

sinh ¢(1 + cosh )
sinh¢ 4 ¢

Fi(t)=In — (tcotht —1).

sinh#(1 +cosht)  ; opnst
—e .

(2.9)

(2.10)
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Differentiation yields

Fa(t)
Fll(t) ) . )
sinh” ¢(sinh ¢ + t)
with
2 2 27N (n—2)
F5(t) = —2cosh”t 4 tsinhtcosht + 2 4+ t° = nEZS Wt "> 0.

We then obtain Fy(t) > 0 for t > 0. So, Fy(t) is strictly increasing for ¢ > 0, and we have, for
£>0,

Fi(t) > lir%Fl(x) =0 and F'(t)>0.
z—

Hence, F(t) is strictly increasing for ¢ > 0, and we have
% = lim F(x) < F(1) < lim F(x) = %
for t > 0. Hence, (2.8) holds.
In fact, (2.8) = (2.9). More precisely, the following inequalities are true:
e—2 e—2
e

1 1 2 1 2 2
A+ L< A4 - z ‘ . 1
2A+2L<3A+3G<I<6A+ G<€A+ L (2.11)

Obviously, the last inequality in (2.11) holds. The first inequality in (2.11) can be written as
A+2G
3
which was proved by Carlson [2].
By Remark 1.1, (2.9) can be written for ¢t > 0 as

1 etcotht—l _ &tht 9

< - < —.
2 cosht — %ht e

L <

We find

tcotht—1 __ sinht
t

lim —
t—0* cosht — =522

e tcotht—1 _ sinht 9

. e t
=— and lim = =
2 t—oo  cosht — %t

Hence, (2.9) is valid and optimal.
By Remark 1.1, (2.10) can be written as

5

2
- <u(t) < =, t>0, 2.12
~<ult) < ¢ (2.12)
where
etcothtfl _ 1
u(t) — (iOSht .
cosht —

Elementary calculations reveal that
5 2
limu(t) = - = 0.83333333..., lim u(t) = - = 0.73575888....
t—0 6 t—o0 e
In order prove (2.12), it suffices to show that u(t) is strictly decreasing for ¢ > 0.
Noting that (2.5) holds, we find
_ e(tcosht 4 sinht) (et cotht—1 _2sinhtcosht )

I
t) = ikttt
wit) sinh* ¢ tcosht + sinht
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This proves that u(¢) is strictly decreasing for ¢ > 0. Hence, (2.10) holds. The proof is complete.
O

Remark 2.2. In [1]. the left and right sides of (2.8) were proved, respectively. We here provide
a unified proof.
3. PROOF OF CONJECTURE 1.3

Theorem 3.1. The following double inequalities hold true:
7 e—1

%N+§L<I<2N+ —L (3.1)
§N+5G<I<§N+e_1G, (3.2)
%N+e_1H<I<15—2N+%H, (3.3)
%Q+ %L <I< ?Q%— e_eﬁL, (3.4)
%Q+ gG <I< gcﬂ < 76\/50. (3.5)

Proof. We point out that (2.10) and (3.3) are the same, by identity N + H = 2A.
By Remark 1.1, (3.1), (3.2), (3.4) and (3.5) can be written for ¢ > 0 as

1 12 11 V2 o1 V2
- < Ut - =< Uyt -, —<Us(t —, - < U4t —
g < 1()<e7 g < 2()<e’ 5 < 3()<e7 3 4()<e7
respectively, where
et cotht—1 __ sinht et cotht—1 __ 1
_ t _
U1 (t) " cosh(2t) __ sinht ’ Uz(t) B WM7
cosht t cosht
et cotht—1 _ sinht et cotht—1 __ 1
Us(t) = .tht, Uy(t) = ——.
cosh(2t) — =52+ cosh(2t) — 1
Elementary calculations reveal that
. 1 . 1
%gr(l) Ui(t) = 3= 0.125, tlg]élo Ui(t) = o= 0.367...,
. 2 . 1
: [N V2
: [ V2
fmUa(t) = 3, Jlim Ua(t) = =~

In order prove (3.1), (3.2), (3.4) and (3.5), it suffices to show that Uy (t) (k = 1,2, 3,4) are strictly
increasing for ¢ > 0. Following the same method as was used in the proof of Theorem 2.1, we can
prove the monotonicity properties of Ug(t) (k =1,2,3,4). Here we only prove the monotonicity
property of Us(t). The proofs of the monotonicity properties of Uk (t) (k = 1, 3,4) are analogous.
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Differentiation yields
(cosht —1)(2cosht + 1)2sinh® ¢ Uit
2t cosh® ¢ + cosh® tsinh t + ¢ cosht + cosh#sinh ¢ + sinht ~
B (cosht 4 1)(2cosh®t + 1) sinht 4 cotht—1
 2tcosh®t + cosh? tsinh ¢ + ¢ cosh ¢ + cosh ¢ sinh t + sinh ¢ o '
In order prove Uj(t) > 0 for t > 0, it suffices to show that

Va(t) > 0, t>0,

where
(cosht +1)(2cosh®t + 1) sinh t
VZ(t) =1In D) 5, - ] B
2t cosh”t + cosh” tsinht + ¢ cosht + cosh ¢ sinh ¢ + sinh ¢
Differentiation yields

>—(tcotht—1).

(2cosht + 1)Wa(t)
sinh? ¢(2 cosh? t + 1)(2t cosh® ¢t + cosh® t sinh t 4 t cosh t + cosh¢sinh¢ + sinh t)’

Vi (t) =
with?
Wa(t) = —2cosh® t + 2t cosh® tsinh ¢ + (2¢2 — 2) cosh® t — t cosh? tsinh ¢
+ (t* +4) cosht + 2tsinht > 0 for ¢ > 0. (3.6)

We then obtain V4 (t) > 0 for t > 0. So, Va(t) is strictly increasing for ¢ > 0. and we have, for
t>0,

Vo(t) > lim Va(t) =0 and Us(t) > 0.
t—0

Hence, Us(t) is strictly increasing for ¢ > 0. The proof is complete. O

Appendix A: A proof of (2.6)
Elementary calculations reveal that

2 2
(Zt cosh?t — sinh t cosh t — t) — ( cosh(2t)(t cosh t — sinh t))

1 1
= sinh? ¢(2t% cosh? t — cosh? t — t? + 1) = t? cosh(2t) + 575 cosh(2t)

_ i": (2n +1)(n — 1)22”*1t2n ~0
= (2n)! '

Noting that

2t cosh? t — sinh t cosht — ¢ = t cosh(2t) — % sinh(2¢) = %cosh(Qt) <2t - tanh(2t)) >0
and

tcosht —sinht = cosht(t — tanht) > 0
holds for ¢ > 0, we obtain, for ¢ > 0,

g2(t) = 2t cosh® t — sinh ¢ cosh t — t — \/cosh(2t)(t cosht — sinh t) > 0.

Appendix B: A proof of (3.6)

2The inequality (3.6) is proved in the appendix.
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1 1 .
Wh(t) = ~3 ( cosh(5t) + 5 cosh(3t) + 10 cosh t) + Zt smht(cosh(4t) + 4 cosh(2t) + 3)

1 1 1
+ <2t2 . 2) (cosh(?)t) + 3cosh t) . 5tsinht<cosh(2t) + 1)
+ (t* 4 4) cosh t + 2t sinht

1

1 9 5 ) 9
=3 cosh(5t) + (21?2 — 8) cosh(3t) + (2t2 + 4) cosht + ztsinht

1 1
+ Zt sinh t cosh(4t) + §t sinh t cosh(2t)

1 1 1 1 9
= gt sinh(5t) — 3 cosh(5t) + gtsinh(3t) + (2t2 - 8) cosh(3t)

+ 2tsinh t + <Zt2 + Z) cosht

> 0.

B i (18n — 45) - 25™ + (80n? — 10n — 405) - 9" + 360072 — 360n + 450 2
B 360 - (2n)!

n=3

REFERENCES

[1] H. Alzer and S.-L. Qiu, Inequalities for means in two variables, Archiv der Mathematik, vol. 80 (2003), no.

2, 201-215.

[2] B.C. Carlson, The logarithmic mean, Amer. Math. Monthly, 79 (1972), 615-618.
[3] Y.M. Chu, Y.F. Qiu, M.K. Wang and G.D. Wang, The optimal convex combination bounds of arithmetic

and harmonic means for the Seiffert’s mean, J. Ineq. Appl. 2010 (2010), Article ID 436457, 7 pp.

[4] Y.M. Chu, M.K. Wang and W.M. Gong, Two sharp double inequalities for Seiffert mean, J. Inequal. Appl.

2011, 2011:44, 7 pp.

[5] Y.M. Chu, C. Zong and G.D. Wang, Optimal convex combination bounds of Seiffert and geometric means

for the arithmetic mean, J. Math. Inequal. 5 (2011), 429-434.

[6] N. Elezovié, Asymptotic inequalities and comparison of classical means, J. Math. Inequal. 9 (2015), no. 1,

177-196.

[7] N. Elezovié¢, Asymptotic expansions of gamma and related functions, binomial coefficients, inequalities and

means, J. Math. Inequal. 9, 4 (2015), 1001-1054.

[8] N. Elezovi¢ and L. Vuksi¢, Asymptotic expansions of bivariate classical means and related inequalities, J.

Math. Inequal. 8, 4 (2014), 707-724.

[9] S.-Q. Gao, H.-Y. Gao and W.-Y. Shi, Optimal convex combination bounds of the centroidal and harmonic

means for the Seiffert mean, Int. J. Pure Appl. Math. 70 (2011), 701-709.

[10] O. Kouba, New bounds for the identric mean of two arguments, J. Inequal. Pure and Appl. Math. 9(3) (2008)

Art.71. http://www.emis.de/journals/JIPAM/images/112_08_JIPAM/112_08.pdf.

[11] H. Liu and X.J. Meng, The optimal convex combination bounds for Seifferts mean, J. Inequal. Appl. 2011,

Art. ID 686834, 9 pp.

[12] J. Sdndor, A note on some inequalities for means. Arch. Math. 56 (1991), 471-473.
[13] J. Sdndor and T. Trif, Some new inequalities for means of two arguments, Int. J. Math. Math. Sci. 25 (2001),

525-532.
] H.-J. Seiffert, Ungleichungen fiir einen bestimmten Mittelwert, Nieuw Arch. Wiskunde 13 (1995), 195-198.
] 1.J. Taneja, Refinement of inequalities among means. J Comb Inf Syst Sci. 31 (2006), 343-364.
] T. Trif, Note on certain inequalities for means in two variables, J. Inequal. Pure and Appl. Math., 6(2) (2005),
Art.43. http://www.emis.de/journals/JIPAM/article512.html?sid=512

[17] L. Vuksié, Seiffert means, asymptotic expansions and inequalities, Rad Hrvat. Akad. Znan. Umjet. Mat. Znan.

il
i

8
9

19 (2015), 129-142.
] A. Witkowski, Interpolations of Scwab-Borchardt mean, Math. Ineq. Appl. 16 (2013), no.1, 193-206.
] L. Zhu, New inequalities for means in two variables. Math. Inequal. Appl. 11 (2008), 229-235.

[20] L. Zhu, Some new inequalities for means in two variables, Math. Inequal. Appl. 11 (2008), 443-448.



10 C.-P. CHEN

[21] L. Zhu, New inequalities for hyperbolic functions and their applications, J. Inequal. Appl. 2012, 2012: 303.
http://www.journalofinequalitiesandapplications.com/content/2012/1/303

C.-P. CHEN: SCHOOL OF MATHEMATICS AND INFORMATICS, HENAN POLYTECHNIC UNIVERSITY, JIAOZUO CITY
454000, HENAN PROVINCE, CHINA
E-mail address: chenchaoping@sohu.com





