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OSTROWSKI TYPE FRACTIONAL INTEGRAL
INEQUALITIES FOR s-GODUNOVA-LEVIN
FUNCTIONS VIA KATUGAMPOLA FRACTIONAL
INTEGRALS

GHULAM FARID!, UDITA N. KATUGAMPOLA?,
AND MUHAMMAD USMAN?

ABSTRACT. In this paper, we give some fractional integral in-
equalities of Ostrowski type for s-Godunova-Levin functions via
Katugampola fractional integrals. We also deduce some known Os-
trowski type fractional integral inequalities for Riemann-Liouville
fractional integrals.

1. INTRODUCTION

In 1938 Ostrowski [13] proved an inequality stated in the following
result (see also [10, p.468]).

Theorem 1.1. Let f : I — R where I is interval in R, be a mapping
differentiable in I° the interior of I and a,b € I°, a < b. [f}f’(t)‘ <M,
for all t € |a,b], then we have

‘a: b—a/f dt‘

Ostrowski inequality gives bounds of integral average of a function
f over an interval [a,b] to its value f(x) at point x € [a, b]. Ostrowski
and Ostrowski type inequalities have great importance in numerical
analysis as they provide the error bound of many quaderature rules [3].
Therefore in recent years, so many such type of inequalities have been
obtained and generalized (see [12, 5]) and references therein.
As fractional calculus is a generalization of classical calculus concerned
with operations of integration and differentiation of fractional order so
in this research article we will use Katugampola fractional integrals to

2 ](b—a)]\/[xe[a b].
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generalize the Ostrowski type inequalities given in [12].
In [8] Laurent give definition of Riemann-Liouville fractional integrals.

Definition 1.2. [8] Let f € Ly[a,b]. The Riemann-Liouville fractional
integrals J', f and J;* f of order o > 0 with a > 0 are defined by

@) = s [ @0 0t > o
and

BA@) = g [ =0 o <t
respectively, where T'(a) = [J7 e “u®'du. Here I'(ov + 1) = ol (),

JO f(x) = J)_f(x) = f(z). In case of & = 1, the fractional integral
reduces to the classical integral.

Definition 1.3. J. Hadamard introduced the Hadamard fractional in-
tegral in [7], and is given by

o 1 * A dr
s = gy | (1) 10

for Re(ar) >0, x > a > 0.
Recently Katugampola generalized Riemann-Liouville and Hadamard

fractional integrals into a single form called Katugampola fractional in-
tegrals.

Definition 1.4. [9] Let [a, b] be a finite interval in R. Then Katugam-
pola fractional integrals of order a > 0 for a real valued function f are

defined by

PIS f(x) = 161(:) /x P (zf — t/’)a—l () dt
and -
@ =t [ e e - o

with a < x < b and p > 0.

Where T' («) is the Euler gamma function. For p = 1, Katugampola
fractional integrals give Riemann-Liouville fractional integrals, while
p — 07 produces the Hadamard fractional integral. For its proof one
can check [9)].

The p-Gamma function [4] for any two positive numbers z, y denoted
by *T'(z,y), is defined by

PT(a) = / e (1) b dt,
0
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then we have
['(a) = p T(a).
In this manner we can also have the following relation

) e

Definition 1.5. [2] A non-negative function f : I — R is said to be
p-function, if for any two points x,y € I and t € [0, 1]

fltr+(1=1)y) < f(z)+ fy).

Definition 1.6. [6] A function f : I — R issaid to be Godunova-Levin
function, if for any two points xz,y € [ and t € (0, 1)

x

fltz+ 1 —t)y) < f(z) +—f(y).

t 1—-1
Definition 1.7. [11] A function f : I — R is said to be s-Godunova-
Levin function of first kind, if s € (0, 1], for all z,y € I and t € (0,1)
then we have

fl@) [y
g

Definition 1.8. [1] A function f : I — R is said to be s-Godunova-
Levin function of second kind, if s € [0, 1], for all z,y € T and t € (0, 1)

then we have

flr+(1-t)y) <

flz) )
f(t:C—i—(l—t)y)S 15 +(1_t>5'

We organize the paper in such a way that in the following section
we prove some Ostrowski type fractional integral inequalities for s-
Godunova-Levin functions of second kind via Katugampola fractional
integrals. Also we will obtain some corollaries for p-functions and
Godunova-Levin functions and deduce some known results of [12].

2. OSTROWSKI TYPE FRACTIONAL INTEGRAL INEQUALITIES FOR
MAPPINGS WHOSE DERIVATIVES ARE $-(GODUNOVA-LEVIN OF
SECOND KIND VIA KATUGAMPOLA FRACTIONAL INTEGRALS

The following lemma (given and also proved in [4]) is very useful to
obtain our results.

Lemma 2.1. Let f : [a?,b°] — R be a differentiable mapping on (a”, b”)
with a < b such that f € Ly[a,b], where p > 0. Then we have the
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following equality

((xp —a’)* 4 (b — xp)a) Flar) — (ap+p—1)(a)

b—a p'=(b—a) g
[PI3-f(a”) + PI5: f (V)]
p_ gp)atl ol ,
_ AT / (=1 (1020 4 (1 — 1)aP)dt
pa—
o _ pp\atl ol ,
(2) - p(bb—x) / L (#0004 (1= 1)) dt; @ € [a, )],
- 0

Theorem 2.2. Let f : [a”, b’] = R, a,b >0, a < b be a differentiable
function on (a?,b?) and f € Lila,b]. If ‘f" is s-Godunova-Levin func-
tion of second kind and |f’(xp)| < M, z € |a,b], then the following
inequality holds

|G P UETES NG

b—a p=(b—a) s
P — gP)etl P _ pr)atl
Iz flat) + 0] < o ST
1 T(a+1) T(1—s)]
3) Lz—i—l—s—i_ Ta+2—s) ]71:6[@’6]'
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Proof. Using lemma 2.1 and the fact that ‘ f/| is s-Godunova-Levin
function of second kind, we have

X

‘ ((a:p - ap)Zj- ibﬂ - xﬂ)a) Fa) (a/; i 5(; _1)5)(&)

I F (@) + IS () ]

p_ gpyatl rl ,
o Pt =) / 1200 F (P2 + (1 — t°)a”)|dt
b—a 0
pp — ppyatl 1 ,
Tk / (| £ (1l 4 (1= 1)) dt
- 0

p(xp — a”)o‘“ L rpeptp=1 , jooto-1 )
ST/O [Wf(x)’+mf(a)’}dt
pbr —ar)ett et T
* b—a /0 |: (tp)s |f( )|+(1_tp)_8|f (b ){:| dt

M,O(l’p _ ap)a—l—l 1 tap—l—p—l tap-l—p—l

: I, i)
b—a o L@ Ty

M o __ p\atl 1 ap+p—1 ap+p—1

| Mot — ) / [t T } dt
b—a o L@ Ty

(2P — aP)*Tt + (bP — zP)ot y

2(b—a)

-

1
/ [tapfp8+pfl 4 taerpfl(l _ tp)fs} dt.
0

p _ p\atl o pep\atl
:Mp[(:c af)tt + (bP — xP) }x

2(b—a)
1 LT+ 1) (1 =)
pla+1—5s) prl(a+2—5s)
p _ p\atl P _ pp\otl
_ M{(m af) + (b° — zP) ] y
b—a
1 PP+ 1) PT(1 — s)
a+l-—s T (a+2—s)
Here we use (1). The proof is completed. O

Remark 2.3. (i) If we put p = 1 in (3), then we get [12, Theorem 3.1].
(ii) If we put p =1 and o =1 in (3), then we get [12, Corollary 3.1].
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Corollary 2.4. In Theorem 2.2, if we take s = 0, which means that
‘f’} is p-function, then (3) becomes the following inequality

‘ ((x” — ap)Zirc(lb” — x”)a) () — (appjf(;_l);(m )

Vﬁfmw+wﬁﬂwﬂ

2M {(xﬁ S e ol Uit x”)a“} .2 € [a, b).

T a+1 b—a

Corollary 2.5. In Theorem 2.2, if we take s = 1, which means that |f"
is Godunova-Levin function, then (3) becomes the following inequality

(¥ —a”)* 4 (b — x")* o lap+p—1D(a)
‘( b—a )f“) )
Iz + 10|

_ Mla+1) [(x” - ap)a+blj (b° — xp)aﬂl S

«

Theorem 2.6. Let f : [a”,b°] — R, a,b >0, a < b be a differentiable
function on (a?,b°) and f € Lila,b]. If |f'|", is s-Godunova-Levin
function of second kind and }f’(mp)} < M, x € [a,b] then the following
wnequality for Katugampola fractional integrals holds

‘ ((:cp _ ap)ZiL O(pr _ xp)a) Fa) - (a/; + 5(; _1)5)(&) )

V@f@ﬂ+ﬂ;ﬂmﬂ

(2 @)™ -2 1 )
(b_a)(1+p(04p+p—1))zl>} L—ps} @ € la.b),

W <M

with%+%:1whereq>1.
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Proof. Using lemma 2.1 and then Holder’s inequality, we have

‘ <(a:p - ap)Zjébp _ g;-p)a) e — (appztf(;_l);(a)

X

IS f(a) + PI% () '

p _ gpYotl  pl ,
< Paf =)™ / 10| F (0 2P + (1 — 19)a?)|dt
b—a 0
bp _ ep\atl 1 ,
TS ( ; xa) / PP f (P + (1 — tP)bP)|dt
- 0

1
p _ p\a+l 1 P 1 , q
< p(SEb—a) (/ tp(aerpl)dt) </ |f (tPa” + (1 — tp)ap)’th)
—a 0 0

(5)

o _ pp)atl 1 v Lo 7
- b =)™ ; z’) </ tp(‘”’”—l)dt) (/ |f (P2 + (1 — tﬂ)bﬂ)]"dt)
—a 0 0

Since ’ f ‘q is s-Godunova-Levin function of second kind and } f ,(xp)} <
M, we get

f(t°af + (1 —t°)a”)|"dt x
0

I/\\H

T
P\ |4
[ lwrb e+ gagls @@
1 1 1
< M1 dt =
o <o [ 5t ) 4 T
similarly
p p ANt <
(7) /]ftx+ )bP)|"dt < o
We also have
' plapto1) 1
8 /tpap P dt = .
®) 0 1+plap+p—1)
Using (6), (7) and (8) in (5) we can get (4). O

Remark 2.7. (i) If we put p = 1 in (4), then we get [12, Theorem 3.2].
(ii) If we put p =1 and o =1 in (4), then we get [12, Corollary 3.2].
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Corollary 2.8. In Theorem 2.6, if we take s = 0, which means that
‘f’} is p-function, then (4) becomes the following inequality

X

' ((1’" - ap)::gb’) - 95”)") Fa?) — (@ijf(;_l);(a)

I flar) + L% () \
M {(x"’ —aP)*t 4 (bP — xP)o !

;T € |a,bl.
- (I+plap+p—1) b—a =l

S =

Corollary 2.9. In Theorem 2.6, if we take s = 1, which means that !f"
is Godunova-Levin function, then (4) becomes the following inequality

‘ ((a:p—ap)b_abp—a:p ) () — ozp—l—f(;_l);( )><
Iz + 10| < TR
{(W - ap)o‘+; j(ibp — x”)o‘“] [1;Lpa1 % ; w € [a,b].

Theorem 2.10. Let f : [a”,b"] - R, a,b >0, a < b be a differentiable
function on (a?,b°) and f € Ly[a,b]. 1" is s-Godunova-Levin
la,b],q > 1, then the
following inequality for Katugampola fractional integrals holds

X

‘ ((a:” - aP)ZirC(LbP — a:”)a) fla?) — (a;;if(;_l);(a)

[PI-f(a”) + P13 f(V7)]
Mp {(:v” —af)* "t + (b — x”)a“}

< X
T (ap+p)t b—a

(9) < 1 +PF(a+1) pF(1—3)>q;x€[a,b].

pla—s+1) prI'(a—s+2)
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Proof. Using lemma 2.1 and power mean inequality, we have

‘ ((I” - a”)ZirC(lb” — I”)”‘) Fa?) - (Oéﬂpir_f(;_l);(a) o

P f(a) + PI% ()] \

p _ qp\a+l1 1 ,
< Pt —at) / 10| F (t02P + (1 — 19)a?)|dt
b—a 0
b — P a+1 1 ,
27T ( ; xa) / PP F(tPaf 4 (1 — t9)b°) |di
- 0

1

1
a+1 1 T q
< p<pr_ ap) (/ taerpldt) %
1

(/0 (1= ) }th) |

1—-1

a 1 q
N p(bﬂb_ gP)atl (/ tapﬂ;ldt) v
—a 0

(10) ( /0 1 et £ (P + (1 — t9)bP) |th>

Since ‘ f ‘q is s-Godunova-Levin function of second kind and } f '(:U”)} <
M, we get

q

1
/ et f (e + (1 — t°)a)|at
0

L rpaptp=1 ” epte—1 a
S/O {W f ()] +(1——tﬂ)s f(a”)| ] dt

Mq 1 tap+p—1 toep—f—p—l d
< tx
= / { ) *(1—#)8}

o 1 T(a+1) PT(1 — s)
(11) =M [p(oz—s—i—l) p PI'(a—s+2) }
similarly
1 et f1 (P2 + (1 — t°)b°)|"dt x
0
. 1 T(a+1) PT(1 — s)
(12) =M [p(oz—s—i—l) p I (a—s+2) }

Using (11) and (12) in (10) we can attain (9). O
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Remark 2.11. (i) If we put p = 1 in (9), then we get [12, Theorem
3.3].
(i) If we put p=1and o =1 in (9), then we get [12, Corollary 3.3].

Corollary 2.12. In Theorem 2.10, if we take s = 0, which means that
‘f’} is p-function, then (9) becomes the following inequality

‘ ((CC” - a")::ib” — CC”)Q) Fa?) — (appjrf(;_l);(a) o

PL- f(a?) + PL (V7))

. Mp [(w” —gp)etl 4 (b"—x”)““} { 2 }é
" (ap+p)ta b—a pla+1)
Corollary 2.13. In Theorem 2.10, if we take s = 1, which means
that |f" is Godunova-Levin function, then (9) becomes the following
inequality
(@ a4 (P =) ) (ap o= DI()
b—a pr=(b—a)

;¢ € [a,b].

X

P fa?) + I3 f(07)]

p _ op\atl o _ pr)otl v
< Mp 1 (xP — aP)*t + (bP — aP) 1+ a relab)
(pt ) h=a ap

We use the following lemma to establish some new results. Its proof
is similar to Lemma 2.1.

Lemma 2.14. Let f : [a”,0’] — R be a differentiable mapping on
(a?,b°) with a? < b such that f € Li[a”, V], where p > 0. Then we
have the following equality
fary_ 000 = DI(@) [ L fla?) | I f()
pl—a 2(xr —ar)>  2(bp — xP)™

p_ P 1 ,
_plet ) — ) / (0oL (120 4 (1 — t°)a?)dt
0

(bﬂ_xp) 1a+—1’
(13) - tPTPf (P + (1 — tP)VP)dt; x € |a, b].
0
Theorem 2.15. Let f: [a”,b"] = R, a,b >0, a < b be a differentiable
function on (a”,b") and f € Li[a,b]. If ’f/‘ is s-Godunova-Levin func-
tion of second kind and |f’(mp)| < M, z € |a,b], then the following
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inequality holds

o lap+p—DD(a) [ L f(a”) = PI3 f(V°)
i e | L )|
M — a”) 1 Tla+1)T(1-s)]
1) == [a—s—i—l T(a—s+2) }’xe[a’b]'

Proof. Using lemma 2.8 and s-Godunova-Levin function of second kind
of | f" we proceed as follows

- L0 g |
< M /01 et f1 (P + (1 — t°)a”)|dt
+ M /01 tee L) £(#P2 4 (1 — t9)bF) |dt
< M) I ]+ e )
e i ]

p__ P 1 ap+p—1 ap+p—1
< Mp(xP — a”) / t N t gt
2 o L () (A—tr)
Mo(b? — xP ap+p—1 ap+p—1
p(bP —x )/ t N t g
2 o L () (1 — )
P —af) + (b — zP) }

_|_

— Mp {( [teempste=t g gorte=t(] —p)=<] dt.

N}

[t [ s
M- ) { 1 Tla+ —s)}

2 a—s+1 Tla—s+2)

\)

Here we use (1). The proof is completed. O

Corollary 2.16. In Theorem 3.2, if we take s = 0, which means that
‘f’} is p-function, then (14) becomes the following inequality

o lap+p—1D(a) [ P17 f(a”) PIo, f(DP)
U e | a |
< M; T € [a,b)].

a—+1
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Corollary 2.17. In Theorem 3.2, if we take s = 1, which means that
f'| is Godunova-Levin function, then (14) becomes the following in-
equality

o (ap+p=1DT(a) [ P12 fa?)  PI2 f(0°)
f(x ) plia Q(xp _ aﬂ)a + 2<bp — ,Z'p)a:| '
Mt DV =a), 0y,

— 2a )
Theorem 2.18. Let f : [a” V] =R, a,b>0,a<bbe a differentiable

function on (a”,V°) and f € Li[a,b]. If |f ’q is s-Godunova-Levin

function of second kind and }f (xP) } < M, x € [a,b] then the following
inequality for Katugampola fractional integrals holds

o (ap+p—D(a) [ P12 f(a?)  *I2 f(b")
f(z?) pl-a {2(:69 —ar)> * 2(br — Ip)al '

Mp(b? — a?) 1 %.x -
(15) SQ(l—l—p(ap—i—p—l))% [1—p8} welnl

with%+$:1whereq>1.

Proof. Using lemma 2.8 and then Holder’s inequality, we have

(ap+p—1)T(a) [ PIS f(a®) PIS f(bP)
e e s |

‘f(:r”) -

p_ P 1 ,
< plar —a?) 5 i) / (PP f (P2 + (1 — tP)a?)|dt
0
p(bF — *)
2

1 v
< M (/ tp(ap+p—1)dt> «
0

1
f Pz +( P)a”) }th>

1
/ (oo 1| (00 4 (1 — 7)) dt
0

S—

p(b” — af)

U, tp (ptr=Dgr ) x
2

1

’

f(tPzf + (1= t7)b) |th

7~ + 7~
o\
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Since ’ f ‘q is s-Godunova-Levin function of second kind and } f/(:vp)} <
M, we get

/ |f (t°af + (1 — t*)a”)|"at

1 /
< xp — 1 f (af q} dt
<[ [apirenr+ = agire
! 1 M
17 < M1 dt =
s [(tp)s T T
similarly
1 , q q
18 tPxf + (1 —t7)0°)|"dt < .
(18) 1 e =< 2
We also have
! 1
(19) / tplartr=l gt — :
0 L+ plap+p—1)
Using (17), (18) and (19) in (16) we can get (15). O

Corollary 2.19. In Theorem 3.5, if we take s = 0, which means that
‘f’} is p-function, then (15) becomes the following inequality

fary _ L0t 0 = D) [ I f(@) | Iz ()
pl—e 2(zr —ar)>  2(bp — xP)™
Mo(b? — aP
< it @) - € [a,b].
2(plap+p—1)+1)7
Corollary 2.20. In Theorem 3.5, if we take s = 1, which means that

f'| is Godunova-Levin function, then (15) becomes the following in-
equality

ooy _ (00 = UD(0) [ P2 f@) | PI2f0)
pl—e 2(zr —ar)>  2(bp — xP)™
P qf ¢
< Mot = o) 1[ : ] s € [a,b].
2(p(ap+p—1)+1)r LL=p
Theorem 2.21. Let f : [a” ] > R, a,b < b be a differentiable

>
function on (a?,b") and f € Ll[a,b]. If is s-Godunova-Levin
function of second kind and ‘f’(x”) < M, z € [a,b],q > 1, then the
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following inequality for Katugampola fractional integrals holds

(ap+p— (o) [ 7L f(a) | I (1Y)
P {2@0 —a) 20w - >] ‘

) -
(20)

Mp(b? — a”) 1 Tla+1) M=)\
SQ(@p+p)1—§ (p(a—s—i—l) pT(a—s+2) ) ; o € [a,bl.

Proof. Using lemma 2.8 and power mean inequality, we have

‘f(rc”) A ﬁl_al)r(a) {zzipi(;f)) " 21)(;1[ fm ‘

o P —a)
=2

P _ P 1 ,
P —r) 5 ) / PP (P2 + (1 — t7)bP)|dt
0
1

1
) 1
< M (/ tocp+p—1dt) ! «
0

1

1
/ et f1 (1P + (1 — tP)a”)|dt
0

_|_

1

> S

et f (P + (1 — tﬂ)aﬂ)|th>
1—-1

P _ P 1 q
Lo =an) ( / t“ﬂ+f’—1dt) «
2 0

1 g
(21) geete=t| tpxp+(1—tp)bp)|th> .

S—

Since ‘ f |q is s-Godunova-Levin function of second kind on [a”, b°] and
|f'(#7)] < M, we get

1
/ et f (P + (1 — t°)a)|"at
0

<[ [ o]
o [ [ 5
(22) = M* {p(a _15 T pF[EO;;(;)—p E(Jlr Q)S)]
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similarly
1
/ et f (P + (1 — t9)b°)|at
0
1 °T 1) PI'(1 —
(23) < M1 (a+1) T —s) ‘
pla—s+1) pl'(a—s+2)
Using (22) and (23) in (21) we can attain (20). O

Corollary 2.22. In Theorem 3.8, if we take s = 0, which means that
‘f’} is p-function, then (20) becomes the following inequality

o (ap+p—DD(a) [ P12 f(a”)  PLXEf(D)
U T L T

Mp(b? — a*) [ 2
~ 2pla+ 1)) 7w Lpla+1)

Corollary 2.23. In Theorem 3.8, if we take s = 1, which means that
‘f’} is Godunova-Levin function, then (20) becomes the following in-

equality
o lap+p =1 () [ PI2 f(a?) PIT f(b°)
f(z”) pl-a [Q(xﬂ —ar)>  2(br — xp)a} '
Mp(b> — a’) [1 ta
" 2pla+1) 0 L ope

Conclusion. All results proved in this research paper can also be de-
duced for Hadamard fractional integrals just by taking limits when
parameter p — 0.

V;:ce[a,b].

F;xe [a, b].
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