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FEJER-HADAMARD TYPE INEQUALITIES FOR
m-CONVEX FUNCTIONS VIA CAPUTO FRACTIONAL
DERIVATIVES

SAIRA NAQVI, GHULAM FARID, AND ATIQ UR REHMAN

ABSTRACT. In this paper we prove certain Fejér Hadamard type
inequalities for m-convex functions via Caputo fractional deriva-
tives and several known results are deduced. We deduce Fejér
Hadamard-type inequalities for convex functions via Caputo frac-
tional derivatives. As special cases we obtain Hadamard inequali-
ties for m-convex functions via Caputo fractional derivatives.

1. INTRODUCTION

Definition 1. A function f : [0,0] — R, b > 0, is called m-conver,
0<m <1, if for any x,y € [0,b] and t € [0, 1] we have
[tz +m(l—t)y) <tf(x) +m(l—1)f(y)

For m = 1 we have the definition of convex function.
The following inequality for a convex function f : I — R holds;

(1.1) f (a;rb> < bia/abf(x)dxg M

where a,b € I with a < b. It is well known as Hadamard inequality.
In [5], Fejer established the following inequality which is the weighted
generalization of Hadamard inequality (|1.1]).

Theorem 1. Let f : I — R be a convex function. Then the inequality

(1.2)
< fl@)+f0 )/
g(x)dx

/(459 [0 ;

holds, where g : I — R is nonnegative, integrable and symmetric func-
tion about “T’Lb
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2 FEJER-HADAMARD TYPE INEQUALITIES...

It is well known as Fejér-Hadamard inequality.
For more information related to and one can consult [1] [7
10, 13]. In the following we give the definition of Caputo fractional
derivatives [9].

Definition 2. Let & > 0 and « ¢ {1,2,3,..}, n = [a] + 1, [ €
AC™[a,b]. The Caputo fractional derivatives of order o are defined as
follows:

z  fn)
(1.3) “D2 f(z) = F(nl— ) / @ i t)(gi)nﬂdt,x > a
and

—1)" b (n)
(1.4) “Dy f(x) = FEn 1—)a) / i _‘f$>£t)n+1 dt,z <b.

Ifa=ne€{1,2,3,...} and usual derivative of order n ezists, then Ca-
puto fractional derivative (°D2,_f)(z) coincides with f™(z). In par-
ticular we have

(1.5) (“DY, f)(x) = (“Dy_f)(x) = f(x)
where n =1 and o = 0.

In this paper we assume that [[g"| = supiepy|g™ (x)], where
g : [a,b] — R is continuous function and g™ be positive and convex
function on [a, b].
Here is the following convolution f * g of functions f and ¢ for Caputo
fractional derivatives.

1 AR

(16) CD3+(f * g)((lﬁ) = F(TL o Oé) (l’ o t)a—n-f-l

dt,r > a

and

=" [ ")

A7) DU 0)0) = ey | e

dt,z < b.

In [3] following results for m-convex functions via Caputo fractional
derivatives hold.

Lemma 1. Let f : [a,mb] — R be a differentiable function on (a, mb)
such that f € C™a, mb] with a < mb. Also let f"*1) be positive and
m-convex function on [a,mb]. Then the following equality for Caputo
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fractional derivatives holds

™)(a ™) (m n—ao«
gy T TS0 €Dz fmb) + D (o)

- /01[(1 ) o O (1 - £)b)dt.

Theorem 2. Let f : [a,mb] — R be a differentiable function on (a, mb)
such that f € C"*[a, mb] with 0 < a <mb. If | f™| is m-convez on
[a, mb], then the following inequality for Caputo fractional derivatives
holds

(1.9)

™ (a) + F®(mb)  T(n—a+1 . o

mb —a 1 ntl ntl
< gt (1 g ) U@ + s )

There in [3] we remark that for m = 1 in above results we get the
results of [4], and for « = 0, n = 1 along with m = 1 in above
results we get results of [2]. In [6] the following results related to
Fejér-Hadamard type inequalities via Caputo fractional derivatives are
reduced for m = n =1 along with a = 0.

Theorem 3. Let [ : [a,b] — R be the function with a < b and f €
C™[a,b]. Also let f™ be positive and conver functions on [a,b]. If
g : la,b] — R is nonnegative, integrable and symmetric to %2, then

2 7
following inequalities for Caputo fractional derivatives hold

(1.10) <

In [4] following results for convex functions via Caputo fractional
derivatives hold.

Theorem 4. Let f: I — R ,0 <a <b be a differentiable mapping on

I° such that f € C"[a,b]. If |f™*Y| is conver on [a,b] and g : [a,b] —

R us continuous and symmetric to %32, then following inequality for
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Caputo fractional derivatives hold

™) (g) 4 £0)
PR IO b g(b) + (-1 Dy g(@)

—[“Dg(f % g)(b) + (=1)"“ Dy_(f * g)(a)]]
(1.11)

— a)t g™
_<nfi%+$}£3_kil>(r—§§z)Hfmﬂxww+um“N®H

Theorem 5. Let f : I — R be a differentiable mapping on I° with
a<b. If|f'|%, ¢ > 1 is convex on [a,b] and g : [a,b] — R is continuous

and symmetric to “*b , then following inequality for fractional integrals
hold

]f DT (e prga) + (<1 D_g(@)] -

[CD”‘ (f *9)(b) + (=1)"“Dy_(f * g)(a)]|

2w—wkﬂwmmxr——)Cﬂww>v+vwme)i

(1.12) < 5

- (m—a+1I(n—a+1)
201 1
wzth;—l—a—l.

Theorem 6. Let : I — R,0 < a < b be a differential mapping on
I° such that f € C™[a,b]. Also let |f"*V|7, ¢ > 1 is convex on [a, b]
and g : la,b] — R is continuous and symmetric to “*b then following
inequalities for Caputo fractional derivatives hold

M(q) 4 0
| FHE IO e pr ) + (-1 Dg.g(a)]

— [“Dg(f* 9)(0) + (=1)"“D_(f * g)(a)]|
(1.13)

20 (b—a)'[lg"
(n—ap+1)rI'(n —a+1)

™ (q) + £
/ ();f ) 1o e, g(b) + (~1)"° D_g(a)]

—[7Dg (f * 9)(b) + (=1)"“Di_(f * g)(a)]|

aay <=0 el (ORROR)
(n—a+1p)rT(n — a+1) 2
where %—1— % = 1.

u@ﬂ%@w+vmme)i

-2 !

(i)
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In this paper we give Fejér-Hadamard type inequalities for m-convex
functions via Caputo fractional derivatives and note that results in [6]
are special cases of these inequalities. Also we present new results as
generalizations of Hadamard inequalities for Caputo fractional deriva-
tives and deduce some results of 3], [11].

In the whole paper C"[a, b] denotes the space of n-times differentiable
functions such that f(™ are continuous on [a, b).

2. FEJER-HADAMARD TYPE INEQUALITIES FOR m-CONVEX
FUNCTIONS VIA CAPUTO FRACTIONAL DERIVATIVES

Following lemma is proved in [4].

Lemma 2. If g : [a,b] — R is an integrable and symmetric to “t with
a < b, then

° D3, g(6) = “Digla) = [°Di,g(b) + (~1)" DiLg(a)

Following lemma is given in [16].
Lemma 3. [16] For0 <A <1 and 0 < a <b, we have
la® — b < (b—a)t.
Here first we prove following result.

a+mb

Lemma 4. If g : [a,b] — R is an integrable and symmetric to *

with a < b, then

D2 glmb) = ©Diyy_gla) = 5[ Di,glmb) + (~1)"C Diy_g(a)

Proof. We have

—1 " — )" g (2)dx
el AR B T

Setting x = a + mb — z in the following integral we have

CDg+g(mb) =

1 mb il m
:m/ (z —a)" g™ (a + mb— z)dx

By symmetricity of g™ we have g™ (a4 mb— ) = ¢ (x), using it we
get

- mbx—a”*afl ™) (z)dx
- @

I'n—«
=Dy, _g(a).
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Using above lemma we prove following results.

Theorem 7. Let f : [a,b] — R be the function with a < b and f €
C"a,b]. Also let f™ be positive and m-convex functions on [a,b]. If
g : la,b] — R is nonnegative, integrable and symmetric to %mb, then
following inequalities for Caputo fractional derivatives hold

2.) Tl(a+"w)CDb ) <@ +meDg (feg) (L)
L @) - i n_f ' G )}CDa1<TC;)

om0 e ms (C5)] 7P ()

Proof. Using m-convexity of ™ we have

2.2 ﬂmcﬁgﬁ):ﬂm<m+mﬂ—wm§ww+a—wﬁ>
< f(n)(ta—f—m(l — t)b) —|—mf(n)(tb_|_ (1 . t)%)
< : |

where ¢ € [0, 1].
Multiplying both sides of above inequality with 26"~ 1g(™ (b + (1 —
t)2) and integrating the resulting inequality over [0, 1] we have,

(n) a+mb / nocl(n .
o f ( 5 >Ot <tb+(1 t)m>dt

/1 11 £ (1 4 (1 — £)b) g™ (tb +(1- t)%) dt

+m/ gn-a-lf tb+(1—t) ) (”)<tb+(1—t)%>dt.
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Putting z = tb+ (1 — t)£ and using " (a + mb — mz) = f"(z) we

get
2 + b b n—a+1
mf(”) <a 2m )/ (a:— %) 9" (w)dx

(b_—i)na(l + m) /; (I — %)n_a_l f(n)(x>g(n) (l’)da}
Qf(”) (a +2mb> CD?,Q (%) <(1+ m)ch,“,(f v q) <%> '

For second inequality of (2.1)) m-convexity of ™ gives
f™(ta +m(1 —t)b) + mf™ (tb +(1— t)i>
n n a n n
[0 g ()] 1100 ()]
where t € [0, 1].

Multiplying both sides of above inequality with t"=*!g(" (tb + (1 — t)2)
and integrating the resulting inequality over [0, 1] we get,

[ = a1 = g (1 (1 - ) a
+m/ et (1 (1 -2 ) (m) (tb+(1—t)%>dt
< 100+ mp ()] [t (w0 -0 8)
#[10 — (2)] [ e (w00 L) a

from which one can get second inequality of (2.1)). O

Remark 1. In Theorem[], if we take m =1 and use Lemmalg, we get
Theorem [3.

Next we need following lemma.

Lemma 5. Let [ : [a,b] - R with 0 < a < b be a positive and m-
convex function on [a,b] such that f € C""a,b]. If g : [a,b] = R
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1s integrable and symmetric to %mb If g € C™a,b] then following
equality for Caputo fractional derivatives holds

( £ (q) +2 fo (mb)) [(CDZ, g)(mb) + (—1)"(° D2, _g)(a)]

—[(“Dg(f * 9))(mb) + (—1)*(“ Dy (f x 9))(a)]
= L " tm — s M (g)ds
o | {/( b sy g (s)d

mb
(2.3) - /t (5 — a)" " Tgm (s )ds} FEHD ().

Proof. One can note that

o [ [ [y
_/tmb(s_a)n a=1g(n) (4 )ds} FOD (1) dt
(24) = F(nl— 2] {/amb (/at(mb— P A )ds) FOED ()t

+ / " (_ / " s = ayatgt s >ds) f<"+”(t>dt],

By simple calculation one can get

/amb (/at(mb_ 8)" g "(s )d8> FOHD () dt
_ (/amb(mb—s)" a1 g(m) (g )ds)f )(mb)

|
- [ =i g 0l
— T(n — ) [£ (mb)(© D2, g)(mb) — (DL, (f » 9))(mb)]
=t a) [E8 0 D, gyomb) + (-1 D39} )
(D, (F ) mb)]
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and

Hence ([2.3)) is established. O

Remark 2. In Lemma[J,

(1) If we take g(x) = 1, then equality becomes equality (@ of
Lemma [1l.

(13) If we take g(x) =1 along with m = 1 in above lemma we get [J,
Lemma 3].

(1i1) If we take m =1 in above lemma we get [0, Lemma 4].

() If we take o = 0, n = m = 1 along with g(x) = 1 in above
lemma we get [2, Lemma 2.1].

Theorem 8. Let [ : [a,b] - R with 0 < a < b be a positive such
that f € C™a,b]. Also let |f™+Y)| is m-convex function on [a,b]. If
g : [a,b] — R is integrable and symmetric to %’”b Also g € C"a, b]
then following equality for Caputo fractional derivatives holds

(LR LD (€ g gt + (17 Dy )

—[(“Dg, (f % 9)(mb) + (=1)"(“Dpy_(f * 9))(a)]]
(mb —a)" g™

1 " .
Sh—atDT(n—a+l) (1—271—_a> e @) +m] D @)]]

where [l o = supacialg™ (2)].
Proof. Using Lemma 5] we have
(LR LD (€ g g + (17 D3 )
D2, (f * g))(mb) + (—1)"(C D&y (f * 9))(a)]|
R S e AR Y
Sm_a)/a [ b=y

25) - /t s = gy g™ (5)ds

[FD (@)t
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Using m-convexity of | f™+Y| we have

mb—t t—a
L 0 )] 4 )

(2.6) [FrD (@) <

where t € [a, b].
One can have by symmetricity of g™

mb a+mb—t
/ (s—a)" g™ (s)ds = / (mb—s)""*"1g™ (a4+mb—s)ds
t a

a+mb—t
= / (mb — s)" 1M (s)ds.

This gives

t mb
/ (mb — s)" "¢ (s)ds — / (s —a)" 2 tg™(s)ds
a t

a+mb—t
/ (mb — s)" "¢ (s)ds
t

a+mb— e n .
(2.7) s{ ST (mb — s)metg (s)|ds, € [a, ©5n]

St |(mb = )= 1g™ (5)|ds, ¢ € [£2 b,

a
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By virtue of (2.5)), (2.6), (2.7)), we have

( £ (a) +2 £ (mb)) (€ D2, g)(mb) + (—1)"(€D%, g)(a)]

= [(“Dg (f % 9))(mb) + (=1)"(“ Dy, (f * 9)(a)]|

< o) [/

5 a+mb—t
(/ | (mb — s)”’o"lg(”)(s)} ds)
(=t @]+ -t ) ) e

mb— a mb —

mb t
+/ (/ |(mb — 3)"“19(")(5)ds|>
%mb a+mb—t

(mb_t\f("“’(a)! fm i \f("“)(b)\) dt]

mb— a mb— a

a+mb

lg™ s ’ n—a na
SF(n—oz—l—l)(mb—a) [/a ((mb = )% = (¢ —a)"™*)
((mb =l f "V (a)] +m(t — a)| D)) dt

- / Tmb ((t — @) = (mb —t)")

(28)  ((mb— )"V (@)] + m(t — ) fOHO(B)]) d]

One can have

a+mb
2

((mb — )" — (t — a)"*)(mb — t)dt

a

- /:mb((z —a)" — (mb — )"t — a)dt

(2.9) _(mb—a)" " fn—a+1 1
'  on—a+1 n—oa+2 2natl

(2.10) _ (mb— o) ( ! ! ) |

n—a+2 2notl
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Using (2.9), (2.10) in (2.8) we get required result. O

Remark 3. In Theorem /[,

(i) if we take m =1 we get Theorem [}

(i) if we take g(x) =1 in above Theorem we get inequality (1.9) of
Theorem [2

(7i1) if we take g(x) = 1 along with m =1 in above Theorem we get
4, Theorem 3.

(1v) if we take o = 0 along with g(x) = n = m =1 in above Theorem
we get [2, Theorem 2.2].

Theorem 9. Let f: [a,b] - R,0 < a < b be a mapping such that f €
C"*a,b). If | f™*D|9, ¢ > 1 is m-convez on [a,b] and g : [a,b] — R is
continuous and symmetric to . Also g € C"*[a, b], then following
inequality for Caputo fractional derivatives hold

(g ™) (m
'(f ) (D2 g)m) + (17D 9)0)

= [(ODZ(f * @) (mb) + (=1)"(“ Dy, (f * 9))(a)]]

s o gl (1)
B (n—oz—i—l)F(n—oz—i—l)(mb—a)% 2ne

(2.11) <|f(”+1)<a>’q +2m\f(”+1)(b)\Q)é

1,1 _
wherel—?—i-a—l.
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Proof. By Using Lemma [5| Holder inequality, inequality (2.7) and m-
convexity of | f("*1|? respectively we have

(LR LD (€D g) ) + (17D )]

— [(CD2,(f * 9))(mb) + (—1)"(C D2y (f  ))(a)] |
- ﬁ [/mb /tamb_t(mb—s)n a1, }
{ "*””’ | FARIC >|th] 5
“Th-a) F(n-a) [/ N ( /ta+mb_tl(mb_s)n a1 (5 )|d8)

/m ([ syt ]

(mb — s)" "1™ (s)ds
ds)
atmb a+mb—t
(/ ’(mb— na 1 }dS) |fn+1 |th
t
)

_l_

1
mb t q
[0 srgsas ) 15
a+2mb a+mb—t

<t | (Rt ()

(A s ey (s ))] .

(n—a)(n—a+1)(mb—a) -«

From which after a little computation one can have required result. []

Remark 4. If we take m =1 in Theorem[9 then we get Theorem [,
By using Lemma (3|, we prove the following results.

Theorem 10. Let : [a,b] — R,0 < a < b be a mapping such that

f € O a,b]. Also let |f"*V|9, ¢ > 1 is m-convex on |a,b] and g :

la,b] — R is continuous and symmetric to %mb Also g € C"a, 0],
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then following inequalities for Caputo fractional derivatives hold

™ () + £ (m
| (FHEE (D) + (-1 Dt 9) o)
(D3, # g))mb) + (- D (f # g))(@)]
20 (mb—a)" gl (1 N
B (np—ozp—i—l)%F(n—a—i-l) (1 2np—ap)
(1) ()[4 4 ] £ (Y[ @
oy (Ll
™ (@) + £ (m
i | (P [z g)om) + (13 @)

~[(“DgL(f * 9))(mb) + (=1)"(“ Dy (f * 9))(a)]|
(2.13)

(mb —a)"*"!]g™ [l <|f(”“)(a)lq + mlf(”“)(b)lq) !

< T
(np—ap+1)rI'(n —a+1) 2

1,1 _
wherel—?—i-a—l.
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Proof. By Using Lemma [5| Holder inequality, inequality (2.7) and m-
convexity of |f’|? we have

‘ (f " (a) + f (mb)

L (02 g0 + (-1 D g)a)

~ED(F % ))mb) + (1) D (F * 9))(a)]|
pdt)

S ( / " / T b syt (s)ds
([ omo—sy=egoypas ) a

r
([ serara)
< ——

mb t P
+[l+mb (/+mb t\(mb—s) ™) (s)] ds) dt]

L [ &
%\f("“)(bﬂq) q

=

~

ESE

|=

f"“( )| +m

a+mb

/ T ((mb— )~ (t— 0 dt

1

mb b —t t—a
2.14 D g)|e " D Y9 ) at
1) | [ (@ )
Now
(A—B)Y<A"—BY A>B>0
gives

(215)  [(mb— 1" — (t — a)*P < (mb — )" _ (1 — )
for ¢ € [a, “H™0],

and

(2.16)  [(t —a)"™® = (mb—t)" P < (t — a)""P — (mb — t)("~P
fort € [a+mb mb].

Using (|2 and (2.16]) in inequality (2.14) and solving we get re-

quired result.
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For (2.13)) use (2.14) and Lemma [3| O
Remark 5. In Theorem[10, if we take m =1 we get Theorem [0
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