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AN OPERATOR ASSOCIATED TO HERMITE-HADAMARD
INEQUALITY FOR CONVEX FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some fundamental properties of the
operator

Darsf @)= | /;f(t)dtJrﬁ/:f(t)dt}  z e (a,b)

for various classes of functions f : [a,b] — R including, monotonic, convex and
Lipschitzian functions. Various Hermite-Hadamard type inequalities improv-
ing some classical results are also provided. Some examples for logarithm are
given.

1

r—a

1. INTRODUCTION

The following integral inequality

(1.1) f<a+b>§ ! /abf(t)dtgf(a)Jrf(b)

2 b—a 2 ’

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the monograph [7], the recent survey paper [5], the research papers [1]-[2], [8]-[16]
and the references therein.

Assume that the function f : (a,b) — C is Lebesgue integrable on (a,b). We
introduce the following operator

1

r—a

T b
(12)  Dary f(2) = % [ / f(t)dt+ﬁ/ £ dt] ze(ab).

We observe that if we take x = ‘%H’, then we have

b
Dayp-f (a—;—b) = bia/ f(t)dt.

Moreover, if f (a+) := lim, . f (z) exists and is finite, then we have

. 1
lim Dgyp_f(x)= 3

r—a+

f(a+)+b_1a/abf(t)dt]
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and if f (b—) := lim,_,_ f (x) exists and is finite, then we have

b
T Dy ()= [f (=) + 2 / 10 dt] -

So, if f : [a,b] — C is Lebesgue integrable on [a, b] and continuous at right in ¢ and
at left in b, then we can extend the operator on the whole interval by putting

b
Darafla) = 5 [f @+5= [ 10 dt]

b
b)+ﬁ/ f(t)dt}.

If we change the variable t = (1 — s) a + sz for = € (a,b) then we have

xia/mf(t)dt:/lf((l—S)a—|—8$)ds

and if we change the variable ¢t = (1 — s) x + sb for = € (a,b), then we also have

—x/f t)dt = /f 1—s)x+ sb)ds,

which gives the representation

(1.3) Da+,b_f(g;):1/0 [F (1= 8)a+sz)+ f((1—s)a+sb)]ds, = € (a,b).

and

D f(8):= 5

2

Using the representation (1.3), we observe that the operator D, ,— is linear,
nonnegative and preserves the constant functions, namely

Doy v (af +Bg) = aDayp— (f) + BDayp— (9)

for any complex numbers «, § and integrable functions f, g. If f > 0 almost
everywhere on [a,b] and f is integrable, then D,y —f (z) > 0 for any x € (a,b).
Also, if f =k, a constant, then D,y y_k (z) = k for any « € (a,b) . If we define the
function 1 (t) = 1, t € [a,b], then, obviously, Dg4 -1 = 1.
In this paper we establish some fundamental properties of the operator D, p— f (2),

x € (a,b) for various classes of functions f : [a, b] — R including, monotonic, convex
and Lipschitzian functions. Various Hermite-Hadamard type inequalities improving
some classical results are also provided. Some examples for logarithm are given.

2. SOME GENERAL PROPERTIES

The first result collects some of the fundamental properties of the operator
D p— as follows:

Theorem 1. Let f : [a,b] — R and integrable function on [a,b].

(1) If f is monotonic nondecreasing on [a,b] then Doy p— f is monotonic non-
decreasing on (a,b) .
(ii) If f is convex on [a,b] then Dqy p—f is convex on (a,b).
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(iii) If f is Lipschitzian with the constant L on [a,b], namely
(2.1) |f (@) = f (W) < Lz —y

for any x, y € [a,b], then Doy p—f is Lipschitzian with the constant %L on
(a,b).
Proof. (i) Assume that f is monotonic nondecreasing on [a,b]. Let a < z <y < b.
Then
f((1=98)a+sz) < f((1—3s)a+sy)
and

f(A=s)z+sb) < f((1—s)y+sb)
for any s € [0,1].
If we sum these inequalities and divide by 2 we get
1 1
S (A=s)atsz)+f(Q-s)a+sb)] < S[f(1-s)atsy)+f((1-s)y+sb)]
for any s € [0,1].
By integrating this inequality on [0, 1] and using the representation (1.3) we get

Datp—f () < Davp—f (y) -
(ii) Now, assume that f is convex on [a,b]. Then for z, y € (a,b) and o, 5 > 0
with a + 8 = 1, we have

f(A=s)a+s(ax+PBy)) = f(a[(l —s)a+sz]+ B[(1 —s)a+sy)
<af(l—s)a+sz)+Bf((1-s)a+sy)
and
F((1=s)(ax + By) +sb) = [ (a[(1 —s)z + sb] + (1 — 5)y + sb])
<af((l—s)z+sb)+Bf((1—s)y+ sb)
for any s € [0,1].
If we add these two inequalities and divide by 2 we get

S = s)ats(az+By) + 1 (1= 5) (0 + By) + 5b)

—

<az [f((1-s)atsa)+f((1—s)a+sb)

Ll V)

+B85[f (A =s)atsy)+ f((1=s)y+sb)]

for any s € [0,1].
If we integrate this inequality and use the representation (1.3) we get

Da+,b—f (CI{IE + By)

1

:5/0 [f(L=s)a+s(az+By))+ f((1-s)(az+ By)+ sb)]ds

1
§a1/ [f(1—=s)a+sz)+ f((1—s)x+ sb)|ds

2 0
+85 [ 1 =s)a+sy)+ £(1- )y -+ sbl)ds
0
=aDgyp-f (%) + BDay p—f (),
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which proves the convexity of D, 5 f.
(iii) Let z, y € (a,b) . Then

|Da+,b7f (w) — Doy f ()]

. / F (L= s)atsz)+ f((1—s)z+ sb)] ds

2

—/0 (1= s)atsy)+ F((1L—s)y+sh)ds

3| U= 9atsn) —f((1=s)atsm)ds

—I—/O [f(1—5s)z+sb)— f((1—s)y+sb)ds

g% ; [f (1—s)a+sz)— f((1—s)a+ sy)|ds

1
g [P s sh) — £ s)y + ) ds
0
=K (z,y).
Since f is Lipschitzian with the constant L on [a,b], then

1
/0If((lfs)aﬂw)ff((lfs)wsy)lds

1
1
SL/ |(1—s)a+sx—(1—s)a—sy|ds=§L\x—y|
0
and

/0 If (1 —s)z+sb)— f((1—s)y+ sb)|ds

1
1
§L/ |(1—s)x+sb—(1—s)y—sb\ds:§L|:c—y|
0

for any z, y € (a,b) .
Therefore

1 1 1
K(z,y) < Lz —yl+ (Llz—yl= 5Lz —yl,
which shows that Dy ,— f is Lipschitzian with the constant %L. [

Now, for ¢, ® € C and [a,b] an interval of real numbers, define the sets of
complex-valued functions, see for instance [6]

Ul (6, 9)
= {f : [a,b] — C|Re [(q) —f@) <f (t) — a)} > 0 for almost every t € [a,b}}



AN OPERATOR ASSOCIATED TO HERMITE-HADAMARD INEQUALITY 5

and
Aoy (0,8) = {7 sl ] |70 - ©5°

The following representation result may be stated.

Proposition 1. For any ¢, ® € C, ¢ # @, we have that U[a,b] (¢, @) and A[a,b] (¢, D)
are nonempty, convexr and closed sets and

1
’S §\¢—¢\ for a.e. t € [a,b}}.

(22) U[a,b] (¢7 (p) = A[a,b] (¢a (I)) .
Proof. We observe that for any z € C we have the equivalence
o+ 1
_ < |-

if and only if

Re[(® — 2) (2 — ¢)] > 0.
This follows by the equality
2

1 o+ _
fo=of |- 2] —Rel(@ - ) (- o)
that holds for any z € C.
The equality (2.2) is thus a simple consequence of this fact. (I

On making use of the complex numbers field properties we can also state that:
Corollary 1. For any ¢, ® € C, ¢ # ®,we have that
U[a,b] (¢7 (I)> = {f : [avb} —-C | (Req) - Ref (t)) (Ref(t) - R€¢)
+(Im® —Im f(¢)) (Im f (t) — Im ¢) >0 for a.e. t € [a,b]}.
Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (¢) , then we can define
the following set of functions as well:
Sa) (6, @) := {f : [a,0] = C| Re(®) > Re f (t) > Re(¢)
and Im (®) > Im f (¢t) > Im (¢) for a.e. t € [a,b]}.
One can easily observe that g[a,b] (¢, @) is closed, convex and
0 # Sty (¢, ®) C Uy (0, 9).

Theorem 2. Let f : [a,b] — C is Lebesgue integrable on [a,b] and there exists
the constants ¢, ® € C, ¢ # @, such that f € Ay (¢, ®), then also Dy p f €

A[a,b] (¢, (I)) :
Proof. Let x € (a,b). Then

23 Duaf@- 50 =5 [ 1= 9ass - 232

+;/01 [f((l—s)x—l—sb)—(b;q)] ds.

Since f € Ajq ) (¢, ®), then

o 1
‘f((ls)a+sm)¢; ‘§2|<I>¢|
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and

+ @ 1
‘f((l—s)x—l—sb)— ¢ 5 ‘ < §|<I>—¢|
for almost every s € [0,1].
By taking the modulus in (2.3), we get

1
‘Da+,bf($)—¢—i_2q) S%/O f((l—s)a—}—sx)—%
o+

1 1
-+§A

|<1> ¢|+ |®— ¢ = \<I>—¢\,

f((l—s)x—l—sb)—T ds

which proves the statement. [l

3. SOME INEQUALITIES FOR CONVEX FUNCTIONS
We have the following lower and upper bounds for D, 5 f:

Theorem 3. Let f : [a,b] — R be a convexr function on [a,b]. Then for any
€ (a,b) we have

x + atb [ (a+z T
(3.) f( i )Sé_f( )4 (5] £ peeas @
17 fla)+f(b)
<3 [r @+ O]
=) fl@+@=—afd) flo+fF)
-2 b—a 2

Proof. The first inequality in (3.1) follows by the convexity of f on [a,b]. By
Hermite-Hadamard inequality (1.1) we have

f<a+x>
f(x;b>§

for any x € (a,b).
If we add these two inequalities and divide by 2 we get

D)o () = [ om0

1 fla) + f(b)

B {f (z) + — |’
which proves the second and the third inequalities in (3.1).
By the convexity of f we also have

f(x)_f((bx)zirc(bza)b) < (bfx)f(azjc(f*a)f(b)

)f()

dt<

and
f(z)+ f(a)
2

t)dt <

IN
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and then
1 f(a)+ f(b)
7@+ 1
<1[(b v)fla)+@—a)fO)  fla)+f(b)
-2 b—a 2 ’
for any x € (a,b), which proves the last inequality in (3.1). O

We have the following reverse inequalities as well:

Theorem 4. Let f : [a,b] — R be a convexr function on [a,b]. Then for any

€ (a,b)

0 0s b {fn (5) - ()
[4<“b> (5]}
oo (5) (2]

G @=L @) =0+ [ O - £ @] 0= 2)

+

<AL @) = fL(@] (@—a)+ [fL(b) = f} (@)] (b—2)}.

Proof. We use the following refinement-reverse inequality of the first Hermite-
Hadamard inequality obtained in [3]

(3.4) ogé{f’+<c+d> f_<c+d)](d—c)
<o [rea-r () <t @-sela-o

that holds for the convex function f on [¢,d].
Let x € (a,b). Then by (3.4) we get

(3.5) é {f+ (a+x> il (a;x)} (z —a)

a1 (“F) <311 @ - FL@) -
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ao osg|n(5) -1 (5)|e-o
<ot [rea-r (S < b f@lo-o.
If we add (3.5) and (3.6) and divide by 2 we get (3.2).

Further on, by using the following refinement-reverse inequality of the second
Hermite-Hadamard inequality obtained in [4]

[f+ (“)-f’— (59)] -9
/) _dlc/cdf@)dsg;[f’(d)—f’+<c>]<d—c>

that holds for the convex function f on [c,d], we have

o st (59) - ()]

_f@ti@) 1

<

and

for any z € (a,b).
If we add (3.7) and (3.8) and divide by 2 we get (3.3). O

The case of differentiable convex functions that is important for applications
provides the following upper bounds:

Corollary 2. Let f : [a,b] — R be a convex function on [a,b] which is differentiable
on (a,b). Then for any x € (a,b) we have

(3.9) OSDa+,b—f(x)_% {f (a;x) +f(x_;b>]

< @ - f @) @—a)+ [f(0) - F @] (b))

16 (
[2(0—a)+ [z — <52 [f2 (0) = £ (a)]

(& —a)” + (b— )"/
< [[f (=) = £ (@)]*
if p,q > 1 with = +

[ — @)

IN
Sl
-Q\»—'

1
P

(L0720 - 11 (@) + ] (o) — L0240

[o-a)
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and
610)  o<ilr@+ IO b r@)
< AP @ - @) @)+ [ 0) ~ F @)] (6 - )
[3(b—a) +[o— 23| [/2 (0) = f1 (a)]
| e—ar -2 1
<58 <M @ £ @)+ [0 - f @)
zfp,q>1wzth%+%= ;
[% (f/, (b) _fjr (a)) +f (2) - f’,(b)“'z‘fjr(a) } (b—a).

The proof follows from Theorem 3.2 by using the Holder’s elementary inequality

max {m,n} (r +s);
mr +ns <

P oP\YP (pa o g0)1/a 1,.1_
(m -+ 72) 7 (11 1 )Y pg> 1,341 21
for m, r, n, s > 0.

Remark 1. With the assumptions of Corollary 2 we have the following reverses of
Hermite-Hadamard type inequalities

(3.11) Ogi/f dt_[f<3a+b)+f(a—z3b)]

< L@ 6o

and

(3.12) og;[f<“+b>+f(a)+f(b)]— 1 /abf(t)dt
1

2 2 b—a
< B - @ 6-a.

4. INEQUALITIES FOR HOLDER CONTINUOUS FUNCTIONS
We say that the function f : [a,b] — C is of H-r-Hélder type if

If@) = fs)<H[t—s|
for any ¢, s € [a,b], where H > 0 and r € (0,1]. If r = 1 and we put H = L, then
we call the function of L-Lipschitz type.
We have:

Theorem 5. If f is of H-r-Hdlder type on [a,b] with H > 0 and r € (0,1], then
for any = € (a,b) we have

(4.1) |Dat - f (2) = f(z)] < ﬁff [(x—a)" +(b—2)]
and
(4.2) Doyt f(z) — (@) +£(0) < ! H{z—a)"+b-2)".

2 = 2(r+1)
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In particular, if f is of L-Lipschitz type, then

(43) Dy f ()~ f ()] < L0~ a)
and

(4.4)

for any = € (a,b).

Proof. We observe that, for any x € (a,b) we have that

2lx—a b—

_[x_ /f ) dt — )+b_$/zf(t)dt—f($)]

—Da+b f( (iC),

T b
1[ ! /[f(t)—f()]dwi [f(t)f(x)]dt]

and by taking the modulus, we get

Dot b1 (2) = f ()]

g;_xia /m[f(t)—f(x)]dt‘ﬂLbix /;[f(t)—f(m)] dt]
<s x_a/ @ |dt+—/ £ |dt]
<z |2 | / It — " dt—i—/b|t—x| dt]
:;_H(rer_la) Hibglx)}_Q(rﬂ)H[(“"_G)w(b_x)r}

that proves (4.1).
We observe that, for any = € (a,b) we also have that

T b
1[ — [ ro-r@as | [f(t)—f(b)]dt]

2lz—a/,
=;[xia/;f(t)dt—f(a)+b_x/x f(t)dt—f(b)]
by L@ I0)
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and by taking the modulus, we get

Da+,b—f($)f(a);f(b)'
[ T b
<3|l v f()]dt‘ i

IN

|dt+—/ I

% x—a/ |f
' i /|t,b| dt]

IN

H(x—a Hb-2)"]
r+ 1t } (r+1)

= N
r

that proves (4.2).

We also have:

Theorem 6. If f is of H-r-Holder type on [a,b] with H > 0 and r € (0,1],

for any x € (a,b) we have

(4.5)

1
L —
= (r 1)

In particular, if f is of L-Lipschitz type, then

(4.6)

for any x € (a,b).

Proof. We observe that, for any x € (a,b) we have that

[ b (it oo
:[x_ /f Yt — <x+a)+/f Ndp <x+b

= Duo f) [f (xlz”‘> +f (”2”’)} .

Dova-f @) -3 |1 (5%) +£(°

+b

Hlz—a)+0-2)].

[f (t) — 1 (b)]

e

H(z—a) +(b-2)],

2

:

DH,Z,,f(x)—% [f(%”‘) +f<x_2|_b>H§;L(b—a)

)

)

11

then
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By taking the modulus we have

peri g (75°) w1 (7))

<1 :mia/; r - ("5 )‘dwa bf(t)f(x;bﬂdt]

g b
a:Jra m+ dt]

IN

1
— t— dt t—
2lx—a 2

1| H @-a™"  H (b—xy"“
2lz—a 2" (r+1) b—zx2(r+1)
H

=i @@ -]

for any x € (a,b), which proves the inequality (4.5).

Remark 2. If we take in Theorem6a::“7+b, then we get
3a+b a—+3b
o osls froa-d (2201 (2)]
Sm (b—a)
and
/f dt—[f(3a+b)+f<a23b>} SéL(b—a)

5. APPLICATIONS
We define the logarithmic mean L(z,y), given by

y—x

L _J-r
(2,9) = Iny —Inx

and identric mean I(z,y), given by
1 yy 1/(y—=)
I =—- | =
(@,y) =~ (xx> ;

for z, y > 0 and x # y. In each case we define the mean as = when y = .
We observe that if f_q (t) = %, t > 0, then

s ore s [

and if fo (¢t) =1nt¢, t > 0, then

y 1 y
/ fo@®)dt=—— [ Intdt =Inl(z,y).
T Yy—=T Jg

y—x
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Therefore we have

Doyp—f-1(x):=

il 1 ]
2 | L(a,x)  L(z,b)

_ L(a,z)+ L(xz,b)

= 2wy o Hen @b, e (eh)

and

.mﬁkh@y:%mum@+mu%m:h% Hm@u%m)
=InG (I(a,z),I(z,b), x € (a,b),

where H (o, ) 1= %f; is the harmonic mean and G (o, 8) := v/af is the geometric

mean of the positive numbers «a, 5 > 0.
Writing the inequality (3.9) for the functions f_; and —f; we get

(5.1) 0<H '(L(a,z),L(z,b)) — H ' (A(a,z),A(z,b))
1 [a+= 9 xT+b 2
<16 [aw““) + e 0 ) ]
and
(5.2) 0<InG(A(a,z),A(z,b)) —InG (I(a,x),I(x,b))
1 |(z—a)? (b-2)
= 16 ax + xb ]

for « € (a,b) C (0,00). Here A («, 8) := O’Qﬁ denoted the arithmetic mean.

Writing the inequality (3.10) for the functions f_; and —fy we get

(5.3) 0<H ' (z,H " (a,b)) — H ' (L(a, ), L(z,b))
and
(5.4) 0<InG(I(a,x),I(z,b)) —InG(z,G (a,b))
1 ({(z—a)? (b-2)?
= 16 ax + xb ]
for x € (a,b) C (0,00).
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