Received 30/06/17

SOME INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
CONVEX FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some inequalities for the operator

! /:f(t)dt-i-ﬁ/:f(t)dt} , @ € (a,0)

r—a
in the case of convex functions f : [a,b] — R. As a consequence, some Hermite-
Hadamard type inequalities improving classical results are also provided. Some
examples for logarithm are given.

Da-&-,b—f(x) = % |:

1. INTRODUCTION

The following integral inequality

a b a
1 (%) <ot [ rwas HOTI0,

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the monograph [7], the recent survey paper [5], the research papers [1]-[2], [9]-[17]
and the references therein.

In 1906, Fejér [9], while studying trigonometric polynomials, obtained the fol-
lowing inequalities which generalize that of Hermite & Hadamard:

Lemma 1 (Fejér’s Inequality). Consider the integral fab h(x)g (x)dx, where h is
a convex function in the interval (a,b) and g is a positive function in the same
interval such that

1
g(a+t):g(b_t)7 0<t< i(b_a)v
i.e., g is symmetric on [a,b]. Under those conditions the following inequalities are
valid:

(1.2) h(a;b) /abg(t)dtg/abh(t)g(t)dgcg}M/abg(t)dt.

If h is concave on (a,b), then the inequalities reverse in (2.3).

Clearly, for g (z) =1 on [a, b] we get (1.1).
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We observe that, if we apply Fejér’s inequality for the symmetric weight w ()
! [(x —a)® + (b—z)?| we have for the convex function f : [a,b] — R the following

2
weighted integral inequality

f<“+b> (b—a)’ <1/ab (@~ + (0 - 2] £ (2) da

2 3 -2
@) (-0
- 2 3

(a,b) — C is Lebesgue integrable on (a,b)

(1.3)

‘We

Assume that the function f :
introduce the following operator

Doy -1 (2) [ [ rwas [ dt] € (a,h).
We observe that if we take x = %rb, then we have
Dayp—f <a . b>
Moreover, if f (a+) := lim,_ . f (z) exists and is finite, then we have

b
flan+5= [ f(t)dt]

) :=lim,_;_ f (x) exists and is finite, then we have

b
T Dy ()= [f o)+ 5= [ 1 dt] .

So, if f : [a,b] — C is Lebesgue integrable on [a, b] and continuous at right in a and
at left in b, then we can extend the operator on the whole interval by putting

b
Darafla) = 5 [f @+ [ 1) dt]

b)+ﬁ/ f(t)dt].

In this paper we establish several inequalities for the operator D44 p— f (x) for
: [a,b) — R and z € (a,b). As a consequence, some Hermite-

convex functions f :
Hadamard type inequalities improving classical results are also provided. Some

lim Dy, p -
x—lgl—i- +b f(m) 2

and if f (b—

and

Do f0) =5

examples for logarithm are given.
2. A REFINEMENT OF THE SECOND HH-INEQUALITY

We have the following lower and upper bounds for D, p— f
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Lemma 2. Let f : [a,b] — R be a convex function on [a,b]. Then for any x € (a,b)

we have
x4 otb [ (a+z T
(2.1) f( i )s;_f( : >+f< ;bﬂSDw,b—f@)
1 f(a)+ f(b)
3 [rins Z0210)
1 _(bm)f(a)+($a)f(b)ij(a)Jrf(b)}
-2 b—a 2
_3b—2z—a a b+ 2x —3a
(g @ s e).

Proof. The first inequality in (2.1) follows by the convexity of f on [a,b]. By
Hermite-Hadamard inequality we have

(22 < 1 [ s (025
f<$;b>§

for any x € (a,b).
If we add these two inequalities and divide by 2 we get

(53] =3[ rwwests [

[+ LOH10),

and
f(z)+ f(a)
2

t)dt <

IN

2

which proves the second and the third inequalities in (2.1).
By the convexity of f we also have

f(x)f((bx)ziriza)b) -2 fla)+@-a)f0)

b—a
and then
[+ L0210
<1 [(b—fﬂ)f(a)+($—a)f(b) L f@+ [0
-2 b—a 2 ’
which proves the last inequality in (2.1). O

The following lemma is of interest in itself:

Lemma 3. Assume that the function f : (a,b) — C is Lebesgue integrable on (a,b)
and f (a+), f (b—) exists and are finite. Then we have

b b .
(2.2) / Doy p—f (z)dx = / In ( G —ba) = x)) f (z)dz.
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Proof. We have

/abDa-hb—f(w)da?::; [/ab<mia/jf(t)dt)dx+/ab (Ij_lezbf(t)dt) dx].

Observe that, integrating by parts, we have
b 1 T
/a<33 a/f dt>dx/</f )lnza
= In(z — a(/ftdt) —/lxa)f()da:
T b
(/f dt) lm {l x— a)(/ f()dt)]—/ In(z —a) f(x)dz.
Since

Jim {ln(xa) </:f(t)dtﬂ = lim [(ma)ln(ma) (xia /jf(t)dtﬂ

= lim [(—a)In(z— )] lim <xia/jf(t)dt> —0f(at) =0

hence

/a<x a/f dt)d:c In (b (/f dt) /lnx a) f (z) dz

:/ab[ln(b—a)—ln(m—a)]f(sc)dxz/abln<b_a>f(x)dx

Tr—a

Also, integrating by parts, we have

/ab<z)—1x/:f<t>dt>dfﬂ/ab<Lbf(t>dt>d<1n<bx)>
~ o ([ r0a)| s [ moaa( [ r0a)
L”—[ </f dt) Fln (b </f dt)/ 2) f (2) da
([ o) - [mo-areas [w(G5) swe
Therefore

/D+b f () ;V (bz>f(x)dx+/abln<z:z>f(m)da:]

1 bn (b—a)? o) d — bn b—a o) de
5/ l(x—a)(b—x)]“ o= [ ( <x—a><b—x>>f( .

and the equality (2.2) is obtained. O
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We can state now the second main result that provides a refinement of the second
Hermite-Hadamard inequality:

Theorem 1. Let f : [a,b] — R be a convex function on [a,b]. Then

(2.3) b_a/f dx<—/ ( x_a)?b_x)>f(x)dx
L1 [ba/f Yar s ! )f(b)]

@
- 2
Proof. By taking the integral in (2.1) we get

(2.4) ;/b {f (“;x>+f($;b)]dx</bpa+,bf(x)dx

/ x)dr + a);f(b)(b—a)].

I\DM—‘
1

Using the change of variable we have

[y [ so [1(52) o [ s

and then

;/ab Ha;x)+f<x‘2”’ﬂdx:/aa#ﬂy)dw/a;f(y)dyz/abf@)dy

Then by (2.4) and Lemma 3 we get the desired result (2.3). O

3. SOME REVERSE INEQUALITIES
We have the following reverse inequalities as well:

Lemma 4. Let f : [a,b] — R be a convex function on [a,b]. Then for any x € (a,b)

(3.1) 0< Daypf(2) 1 {f <a+$> . <x+b)}

2 2 2
< g {10 @) = £ @) =0+ 1.0 = £ ()] 0 - )

and

fla) + f(b)
2

<l @@ @—a)+ [0 - @] 0-2)}.

Proof. We use the following refinement-reverse inequality of the first Hermite-
Hadamard inequality obtained in [3]

} — Dayp—f (z)

39 o< [ s () < i @-sela-o

that holds for the convex function f on [c,d].
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Let = € (a,b). Then by (3.3) we get

(3.4) @as— 1 (“F) <311 @ - f@) =)
and
85 o< e (T <o n@lo-o.

If we add (3.4) and (3.5) and divide by 2 we get (3.1).
Further on, by using the following refinement-reverse inequality of the second
Hermite-Hadamard inequality obtained in [4]

o) 0O L as < Lz @ - @) @
that holds for the convex function f on [c,d], we have
f(a) _

(3.7 0< R — f (z) = f} (@)] (z —a)
and
(3.8) ogf( ﬂ/f é ®) - [ (2)] (x — a)
for any z € (a,b).

If we add (3.7) and (3.8) and divide by 2 we get (3.2). O

Corollary 1. Let f : [a,b] — R be a convex function on [a,b] which is differentiable
on (a,b). Then for any x € (a,b) we have

(3.9) ogDﬁ,b,f(x)_% {f (a;‘CI?)_’_f(;C;-b)]

[f' (@) = fi ()] (z = a) + [f2 (b) = f' (2)] (b — =)}
[5(b—a)+ |z — 2] [/Z (0) = /4 (a)]

{
L
I R ACE At

" (b)+f(a
f/(x)_f ()2f+()

|-

and
310 o<y i@+ MO b )
<A@ - @] @)+ [1L0) - 7 @] - 2)

(
[3 (0= a)+ |z = 232[] [/Z () - f4 (a)]

(b " (a
f/( )_f ()ﬂ;f+()

}(b—a).

Using the above lemma we can state the following result as well:
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Theorem 2. Let f: [a,b] — R be a convex function on [a,b]. Then

I b—a I
(3.11) ogb_ /aln< (xa)(bx))f(x)dm_b—a/a f(z)dz

IS

b
S;(f(b);rf(a) _bia/a f(x)dw> +3i2[f’_(b)—f’+(a)] (b—a)
< L) - f1 @) (b a)

Proof. By taking the integral mean in (3.1) we get

b b
w022 o rori e [ (5) (<5

b
%bia/ {[f2 (@) = fi (@)] (x —a) + [fL (b) =} (2)] (b— )} do.

<

Observe that, by (2.2) we have

b b —u
/Da+7b_f(z)da::/ 111( (x—ba)(b—x)>f(x)dx

1 1 b a+z x+0b b
z dx = dy.
a7 (557) s (50) = [r
Since f’ (x) = fi () for almost every x € (a,b), we can write f’ (x) everywhere
in the integral. By using the integration by parts formula, we have

and

b b b
/ [f’(x)—fi(a)}(x—a)dw=/ f’(x)(w—a)dx—/ £y (@) (& - a) de

b
:f(b)(b—a)—/ f(m)dxf%fjr(a)(bfa)Q
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and

/ab[f’(b)— —xda:—/f —a:dx—/f b—x)dx

2 b b
= S ) (- a) - [f(x)(b—x)aﬂL/a f(x)dx]

which gives

By (3.13) we get

(3.14) 0<

c:"_‘

= TORTD ) - p @) - a) Sb_a/f

and the second inequality in (3.11) is proved.
Since

f (0) +f@ 1
8bfa/f dm_8( 2 _ba/af(x)dx>

1
]‘ ! !
S0 =71 @] b= a)

<

(=2}

the last part of (3.11) thus follows.
The inequality (3.12) follows in a similar way by integrating the inequality (3.2).
We omit the details. (]

4. A REFINEMENT OF A WEIGHTED INTEGRAL INEQUALITY

We need the following equality as well:
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Lemma 5. Assume that the function f : (a,b) — C is Lebesque integrable on (a,b).
Then we have

(4.1) /ab (x—a)(b—2) Dot p—f (x)dz = i /ab [(x —a)’+ (b— I)Q] f (z)da.

Proof. We have

b
(4.2) / (x—a)(b—2) Doy p—f (x)dx

-1 Vab(bx) </jf(t)dt>dz+/ab(xa) (/:f(t)dt> dz].

Using the integration by parts formula, we have

/:(b-@(/:f(t)dt)das

/ab </jf(t)dt)d<(b2z)2>

([ o) 2 [ ([ )
. iy .
b

1 2
=5 [ o=@

[o-a ( /x”mdt) "
:/ab (/:f(t)dt>d<(z2a)2>
_@-a’ /:f(t)dtb—/ab (x_za)Qd(/:f(t)dt)

2
b

and

1
5 | @-ar s @
which, by (4.2) produces the desired result (4.1). O

Theorem 3. Let f : [a,b] — R be a convex function on [a,b]. Then

(4.3) f <a;rb> (b_?)a)3 < {f <3a: b) +f(az3b)] (b —Ga)3

gsl/aa;b (¢ —a) <a2+bm>f(:r)dx+/; (z“;b> (ba:)f(x)da:]
1

oy L@+ F )

3
— <
S b—a) <
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Proof. From (2.1) we get by multiplying with (x — a) (b — x) and integration, that

;/ab(a:—a)(b—ﬂf) {f(a—gm>+f<$~2¥-b)]d$

b
< / (x —a)(b—2) Doy p—f (x) dx

Zi/: (@ =0 + (- 2)%] f (@) da

<2 @-ae-v i)+ L O,

2
namel
(4.4) y /ab(:c—a)(b—a:) [f(a;x)—&—f(x;b)}dx
;/ab [(xfa)QJr(b*fE)Q}f(m)dz
g/ab(:n—a)(b 7) {f(xwf(a);f(b)]d%
e /ab (x—a) (b o) dz = (b6a)37
then

/ab(ma)(bx) {f(x)+f(a)—2’_f(b)] dx

b
:/ (x—a)(b—x)f(x)dﬁW(b—a)?

By Fejér ’s inequality for the positive symmetric weight w (z) = (z — a) (b — ) we

also have
b a b
/G(:ca)(bx)f(x)dmgf();f(b)/a (¢ —a)(b—2)dz

f (@) + 1 (b)
LU -,

which proves the last inequality in (4.3).
Using the appropriate change of variable we have

b

[o-nv-ns(=52) s [ -0 (- oo

and
/ab(m—a)(b—x)f<x2+b)dx:8/; (y_a;—b) (b—y) f(y)dy

and by (4.4) we get the fourth inequality in (4.3).
By Fejér ’s inequality we also have

f(gazb)/aa;b (ya)(a;by>dyS/aa;b(ya)<a;by>f(y)dy
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and
b b
P o L)oo [ (=) ommsons
and since
a;rb b b b b— 3
/a (y_a)<a42r _y>dy:/a;b <y_a;F )(b—y)Z( 4861),
then

{f(3a1b>+f(a—z3b>} (b—6a)3
§8Vaa2+b (y—a)<a;b—y>f(y)dy+/; <y—a;b) (b—y)f(y)dy],

which proves the second inequality in (4.3). O

Remark 1. We observe that the approach in Theorem & provides a better result
than Fejér’s inequality in (1.3).

5. APPLICATIONS
We define the logarithmic mean L(x,y), given by
y—z
L(z,y) :=

Iny —Inzx
and identric mean I(z,y), given by
1 yy 1/(y—=)
I =—- | =
(@,y) =~ (x}f) ;

for z,y >0and x #Zy. In each cabe we define the mean as z when y = z.
We observe that if f_; (t) = 3, t > 0, then

—x/ J y—w/:idt‘L(;,y)

and if fo (t) =Int, t > 0, then

y 1 y
/ fo)dt =—— [ Intdt =Inl(x,y).
T Y= Jg

y—x
Therefore we have
1 1 1
Duva ) =5 | 7y * )
L(a, )+ L(x,b) 1
T 2L(e,)L@b) H™ (L(a,z), L(z,b)), = € (a,b)
and

Dasyfo (z) = % (nI(a,z) + InI(z,b)] = ln< T(a,2)1(x, b))
=InG(I(a,z),I(x,b)), = € (a,b)

where H (o, 8) := 2‘1’% is the harmonic mean and G («, 8) := v/af is the geometric

mean of the positive numbers «a, 5 > 0.
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From (2.1) we then have the inequalities

(5.1

) A7l (2,A(a,0)) < H™' (A(a,2), A (x,b)) < H' (L(a, ), L(z,b))
<H '(z,H ' (a,b))
< 1 (b—z)a '+ (x—a)b?
2 b—a

+ H ! (a, b)} for x € (a,b)

where A (o, ) := # is the arithmetic mean.
We also have for the convex function f (t) = —Int, ¢ > 0 that

In(A(z,A(a,b)) >InG(A(a,z),A(z,b)) >InG (I(a,x),I(x,b))
zma@amm»zma@%%%?cwm)

which is equivalent to

(5.2) A(z,A(a,b)) > G(A(a,x),A(z,b)) > G(I(a,z),1(x,b))

zcwcmwnze@%%%?awm)xemmy

From (2.3) we have the inequalities

(5.3) L (a _a/ H™ L(z,b)) dv < H™ (L(a,b), H (a,b))
<H-

and

(5.4) lnlwﬁ)zbj%k/znG(me%Hxﬁ»dx

>InG(I(a,b),G(a,b)) >InG (a,b).

These are equivalent to

(5.5

and

(5.6

(1]

(2]
(3]

—1
) Lia,b) > [ _a/ H- Lz, b))d] > H (L(a,b), H (a,b))
> H (a,b)
1 b
) I(a,b) > exp 2 / InG (I(a,x),I(x,b))dx
-a/,
>G(I(a,b),G(a,b)) > G(a,b).
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