APPROXIMATING THE RIEMANN-STIELTJES INTEGRAL IN
TERMS OF INTEGRAL MEANS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we provide among others some simple error estimates
in approximating the Riemann-Stieltjes integral f; f () du (t) by the use of the
formula

[u(b)—ﬁ/ju(sws} o+ | [ e -] f@

+(bim/zbu(s)ds—ﬁ/ju(s)ds)f(w),

where x € (a,b), under various assumptions for the functions w and f and
such that the involved Riemann-Stieltjes integral exists.

1. INTRODUCTION

One can approximate the Stieltjes integral f; f(t) du (t) with the following sim-
pler quantities:

1 b
(1) e @) [ r@a (e (2s)
(1.2) f@)[u®) —u(a)  ([15], [16])
or with
(1.3) [u(b) —u(@)]f®)+u(@)—ula)f(a)  ([26]),

where z € [a,].
In order to provide a priory sharp bounds for the approzimation error, consider
the functionals:

b b
D(fua)i= [ fOdu(®) - ;2 w®) - @) [ fa

b
O (f.uia,b,x) = / £ (@) du(t) — f (@) () — u(0)

and

b
T (f u;a,b,x) ::/ f(#)du(t) = [u () —u(z)] £ (0) = [u(z) —u(a)l f(a).

If the integrand f is Riemann integrable on [a, b] and the integrator u : [a,b] — R
is L— Lipschitzian, i.e.,

(1.4) |u(t) —u(s)| < L|t— s for each t,s € [a,b],
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then the Stieltjes integral f; f(t) du(t) exists and, as pointed out in [27],

dt.

b b
(15) Duwen <L [ 10~ [ or)ds

The inequality (1.5) is sharp in the sense that the multiplicative constant C' =1 in
front of L cannot be replaced by a smaller quantity. Moreover, if there exists the
constants m, M € R such that m < f (¢t) < M for a.e. t € [a,b], then [27]

1
(1.6) 1D (f,u;0,0)] < SL(M —m) (b—a).
The constant 1 is best possible in (1.6).

A different approach in the case of integrands of bounded variation were consid-
ered by the same authors in 2001, [28], where they showed that

b
V().

provided that f is continuous and u is of bounded variation. Here \/Z (u) denotes
the total variation of u on [a,b]. The inequality (1.7) is sharp.
If we assume that f is K-Lipschitzian, then [28]

(1.7) |D (f,u;a,b)] < max
t€la,b]

b
10 -5 [ 1)ds

(1.8) D (fus0,0)] < 5K (b—a)\/ (u).

e <=

with % the best possible constant in (1.8).

For various bounds on the error functional D (f,u;a,b) where f and u belong
to different classes of function for which the Stieltjes integral exists, see [22], [21],
[20], and [8] and the references therein.

Bounds for the functional O (f,u;a,b, z) can be found in [15], [16] and [8], while
for the functional T (f,u;a,b,z) they may be found in [26], [8], [3] and [2]. The
details are omitted.

Motivated by the above results, in this paper we provide some simple ways
to approximate the Riemann-Stieltjes integral f: f (®) du (t) by the use of integral
means, namely we establish bounds for the error functionals

(1.9) DM (f,u,a,b,x)
= [u(b)—bfx/:u@)ds]f(bw [$ia/lwu<s>ds—u<a>]f<a)

+<bix/:u(5)d8xi@/ju(s)ds)f(z)/abf(t)du(t)

where z € (a,b) and

(1.10) M (f,u,a,b)

b
= [u(b)bia/ u(s)ds]f(b)+

under various assumptions for the functions v and f and such that the involved
Riemann-Stieltjes integral exists.

b
= U(S)dSU(a)]f(a)
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2. THE MAIN RESULTS
We have:

Lemma 1. Let f, u: [a,b] — C and = € [a,b] such that f € RS, [a,z] "RS, [z, b)].
Then for any v, p € C,

b
(2.1) [U(b)—u]f(b)+[v—u(a)]f(a)Jr(#—v)f(w)—/ f(#)du(t)

x b
=/[Mﬂ—ﬂ#@+/ﬁww—mww.

In particular, for g =~ we have

b b
(2.2) [U(b)—v]f(b)Jr[W—U(a)]f(a)—/ f(t)dU(t):/ [w(t) —~]df (t).

Proof. Using integration by parts rule for the Riemann-Stieltjes integral, we have

T

/w[U(t)—v]df(t)Z [U(x)—v]f(x)—[U(a)—v]f(a)—/ f(t)du(t)

a

and

b b
/[U(t)*u]df(f):[U(b)*u}f(b)*[U(ﬂf)*u}f(x)*/ f(#)du(t)

for any x € [a,b].
If we add these two equalities, we get

x b
/[M@*]ﬁm /ﬁwwf}ﬁw

=[u(b) = p] f(b) + [y —u(a)l f(a) + [p—u(=)] f(z)
/ f@)du(t / f@)du(t
= [u(®) ~ 1l £ () + [y —u(a)] f (@) /f £) du ¢
for any x € [a, ], which proves the desired equality (2.1). O

If in (2.1) we chose v = —~ [“u (s)ds and p = ffu(s) ds, we get

(2.3) DM (f,u,a,b,x)

- [fro-5 [voa]wos [

for z € (a,b).
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If we take z = %t in (2.3), then we get

(2.4) DM (f, u,a,b, a;b)
a+b

-t s
(1) (et e [
92 b

T ‘ITH b
:/ [u(t)—bfa/ u(s)ds] df(t)+/L+b [u(t)—b_a Mu(s)ds] df (b).

If we take in (2.2) v = ;2 f;u (s) ds then we get

a

w(s)ds —u (a)] 7 (a)

(2.5) M(f,u,a,b):/ [u(t)—bla/ u(s)ds] df (b).
‘We have:

Theorem 1. Assume that u : [a,b] — C is continuous and f : [a,b] — C is of

bounded variation. Then
t
d (\/ (f))

max;ciq | ‘u (t) — 7+ f;u(s) dS‘ \b/ (),

o) (i)

Proof. It is well known that, if p : [a,b] — C is continuous and v : [a,b] — C of
bounded variation, then the Riemann-Stieltjes integral fab p(t)dv (t) exists and [1]

b t b
</ p<t>|d<\/<v>> < max [p ()] \/ (v).

t€la,b]

b
(2.6) |M (f,u,a,b)| < /

b
u(t) — bia/ u(s)ds

IN

forp,q>1with%+%:1.

b
(2.7) / p(t)dv (t)

Using (2.5) and (2.7) we get
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Using the Hoélder inequality for monotonic integrators, we have

b t
w(t) - bia/ w(s) ds d<\/(f)>

b
maxiega) [u () = 5 J2 w () ds| \/ ()
S a
t 1/p t 1/q
(ff wlt) = 55 [ u(s)ds d<\/(f))> (ffd(V(f)))
b
maxega [0 (1) = 5 [ u(s)ds|\/ (/)
B » t 1/P b 1/(1
(f: u(t) = 525 [, u(s)ds| d <\/ <f>)> (\/ (f)>
forp,q>1with1%+%:1. ([l

We also have:

Theorem 2. Assume that u : [a,b] — C is Riemann integrable and f : [a,b] — C
is Lipschitzian with the constant L > 0, namely

(2.8) lf @)= f(s)| < LJt—s| forallt, s€la,b].
Then

1 b

b
(2.9) |M(f,u,a,b)|§L/ u(t)—m u(s)ds|dt

(b— a) max,epqp] ‘u (t) — ﬁ fa u(s)ds
<L x

(b—a)'/? (f; ‘u(t) — L Pu(s)ds

forp, g>1 with%—k%:l.
In particular, we have

b
dt

I ’

Proof. Tt is well known that, if p : [a,b] — C is Riemann integrable and v : [a,b] —

C is Lipschitzian with the constant L > 0, then the Riemann-Stieltjes integral
b .

[ p(t)dv(t) exists and

b
(2.10) |M(f,u,a,b)|§L/ u(t)—bia/ u (s)ds

a

1/2

b
<L(b-a) ﬁ/ ()2 dt —

(2.11)

b b
[rwao| <t [ ol
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Using (2.5) and (2.11) we get

|M(f7uva”b)| =

/ab lu(t)— bia/abu(s)ds] df (t)

gL/ab u(t)—bla/:u(s)ds

By Holder’s inequality we also have

/ab u(t)—bia/abu(s)ds

(b — a) max,cpq,p) ‘u (t) — bia f; u(s) ds‘ ,

dt.

dt

IN

(b—a)"/1 (fab ’u(t) - = fabu(s) ds‘p dt)

for p, ¢ > 1 with £ + 1 =1.
P q
9 1/2
dt>

For p =2 we get
b b
1
(bia/a u(t)—b_a/a u(s)ds
: , o\ 1/2
b—a/a u(s)ds )
which proves (2.10). O

= (bf/ o (1) i

Now, some bounds for the functional DM (f,u,a,b,x).

Theorem 3. Assume that u : [a,b] — C is continuous and f : [a,b] — C is of
bounded variation. Then for all x € (a,b)

(2.12) |DM (f,u,a,b,z)]|

mMaXica,x

(f;

w(t) = 2 [Fus)ds|\/ (£).

, t Yp /o 1/q
wlt) = 55 [Fuls)ds| d (\/ <f>>> (\/ <f>>

MaXye(z,b) )u(t) — ﬁ f;)u(s) dS‘ \l)/ (f)

o) (i)

IN

u(t) — 5 f; u(s)ds
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max {maxega,q) |1 (0) = 75 J7 u(s) ds| maxicp

b
<\ (),

t t 1/17
(fj u(t) — xlaffu(s)ds‘pd<\/(f)> +f£‘u(t)—ﬁf£u(s)ds‘ d<\/(f))>

b 1/q
X (\/ (f))

forp,q>1with%+%:1.

u(t) — ﬁf;u(s)dsl}

IN

Proof. Using the representation (2.3) we have

/: [u(t)_ xia/jws)ds} df(t)‘

b 1 b
/ [u (t) — P (s) ds] df (t)

(213)  |DM (f,u,a,b,x)| <

+

x

u(t) — ﬁf;u(s)ds

maXie(xz,b)
» ¢ 1/17 b 1/‘1
w(t) = 55 J u(s) ds| d<v<f>>> <v<f>> .

(ff

u(t)—xia/ru(s)ds \/(f)—|— max
1 x
< max{trer%gi] u(t) — /a u(s)ds

t€[z,b]
T —a
and, by the elementary inequality

Now, observe that

max
t€la,z]

b
(t)—bix/ u(s)ds
1

, max
te(xz,b]

(t) -

aB+~8 < (aerfyp)l/p (5q+5Q)1/q
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wherea,ﬁ,%tsz()andp,q>1with%+%:1,

» ¢ r /g 1/q
d (\/ (f))) (\/ (f))

1 ab P “t /p , 1/q
u()) - 2 [ ulds d(\/(f))) (\/(f))

u(t) — ! /:u(s)ds

Tr—a

This prove the desired result (2.12). O
We also have:

Theorem 4. Assume that u : [a,b] — C is Riemann integrable and f : [a,b] — C
is Lipschitzian with the constant L > 0. Then

(2.14)  |DM (f,u,a,b,z)]|

maxse(q,q (U (1) — 71 [T u(s)ds|(z —a),
<L x
(57 e - 2 7wy asf )" @ =
maxXge |z, ] ‘u (t) — s fJbu (s) ds‘ (b—z),
+ L x
(ff w(t) = 7 [Pu(s)ds pdt>1/p (b— )/

max {maxte[a,w]
x (b—a),

u(t)— = [Tu(s)ds

b
mayeges) [u(8) = 5 [ (s) ds|}

(1

X (b—a)l/q

u(t) = 545 Jy uls) ds|pdt+fj \u(t) — L [Pu(s)ds

xT

pdt) 1/p

for all x € (a,b), where p, ¢ > 1 wz’th%qL%:l.

The proof is similar to the ones from Theorems 2 and 3 and we omit the details.
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Remark 1. Forp=q =2 we get from (2.14) that

(2.15) |DM (f,u,a,b,z)]

oo [
1/2

bix/gﬂbu(t)—bix/wbu(s)ds

=L(zx—a) (961_a/;u(t)|2dt'miQ/ju(s)ds 2>1/2

I ’
b7/ u(s)ds
—z ,

u(t) — ! /ju(s)ds

Tr—a

9 1/2
dt)

+L(b—x) dt

1/2

b
+FL(b—2) ﬁ/ lu ()2 dt —

for all z € (a,b).

3. SOME FURTHER BOUNDS

In [14] we proved amongst other that, if g : [a,b] — C is of bounded variation,

then
1 b
m/ g(s)ds

with the constant % as best possible.
Now, for v, I' € C and [a,b] an interval of real numbers, define the sets of
complex-valued functions

97 1/2

<

b
Gy |y [ lera-

b
\ (9)

N | =

Uap) (7, T) := {g : [a,b] — C|Re [(F —g (1)) (m— 7)} >0 for each te€ [a,b]}

and

B +T
Apap) (7,T) == {g : [a,b] — C] ‘g(t) - %

1
< §|I‘—7| for each t € [a,b]}.

This family of functions is a particular case of the class introduced in [23]

A[a,b],g (’V>F)
- { g: [0t - C] ]gos)

_o+r

1
s (0] < 3T =g (0] for cach € at]}.

where g : [a,b] — C.
The following representation result may be stated.

Proposition 1. For any~y, T € C, v # T', we have that U[%b] (7,T) and A[mb] (,T)
are nonempty, convexr and closed sets and

(32) U[a,b] (77 F) = A[a,b] (77 F) :
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Proof. We observe that for any z € C we have the equivalence

y+T
P el

1
<-I—
5 _2\ ol

if and only if
Re[(I'—z2)(z—7)] > 0.
This follows by the equality

1 v+T 2 _
L=l = e - | =Rl - G- )
that holds for any z € C.
The equality (3.2) is thus a simple consequence of this fact. O

On making use of the complex numbers field properties we can also state that:

Corollary 1. For any v, I' € C, v # I',we have that
Ulag) (1, T) ={g:[a,b] = C | (ReT' —Reg (t)) (Reg(t) — Rev)
+(ImT —Img (¢)) (Img (t) —Im~) > 0 for each t € [a,b]}.

Now, if we assume that Re (I') > Re () and Im (T') > Im () , then we can define
the following set of functions as well:

Sjan) (,T) :={g: [a,b] = C | Re(T') = Reg (t) > Re(y)

and Im (T') > Im g (¢) > Im () for each ¢ € [a,b]}.
One can easily observe that S[a,b] (7,T) is closed, convex and
@ 7é S[a,b] (W?F) c U[a,b] (’7,F) .

Ifg e A[,Lb] (7,T) is square integrable on [a, b] , then we have the following Griiss
type inequality (see for instance [13])

1 b

Proposition 2. Assume that u : [a,b] — C is of bounded variation and f : [a,b] —
C is Lipschitzian with the constant L > 0.
We have

97 1/2

< S0 =nl.

N[ =

b
63) |y [ lePa-

b
(3.4) M (f,u,a,b)] < %L(b—a)\/(u).

If x € (a,b), then

35) DM (fuaba) <21 |@-a),

p<]s
=
+
=

|

B

R<Q~
—
£

—_
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In particular,

b
(3.6) ’ (f,uab +b>‘<iL(b—a)\/(u)
P b
If p € [a,b] is such that \/ (u) = \/ (u), then also
b
(3.7) DM (fuwa,b,p) < 1L (b— )\ ()

The proof follows by the inequalities (2.10), (2.15) and (3.1).

Proposition 3. Assume that u : [a,b] — C is Riemann integrable and there exists
v, T €C, v #T, such that u € Ay (,T) and f : [a,b] — C is Lipschitzian with
the constant L > 0. Then

—_

(38) |M(f7u7a7b)|gfL(b_a)‘F_’Y"

[\]

Ifz € (a,b) and u € Ay 41 (71, T1) N Ay (2, T2) , then

(39) DM (f,u,0,0,2)] < 5L{(x — ) [Py~ 7] + (b =) 0>~ 7]
1, [3(0—a)+ |z — 2] [T1 = 7]+ T2 = 7]
=2 max {|T1 — ], |02 — 75!} (b — a) .

In particular, if © = “T'H’, then

(3.10) \ M (fova “b)] < 2LTy 1]+ T2~ 7al] (6~ a).

The proof follows by the inequalities (2.10), (2.15) and (3.3).
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