THREE POINTS INEQUALITIES FOR RIEMANN-STIELTJES
INTEGRAL WITH INTEGRANDS AND INTEGRATORS OF
BOUNDED VARIATION

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we provide some simple error bounds in approxi-
mating the Riemann-Stieltjes integral f; f (t) du (t) by the use of three points
formula

(1 =a){[u(®) —u@)]f(b)+ [u(z) —u(a) f(a)} + afu®) —ula) f(z)
where o € [0,1] and = € [a,b] under bounded variation assumptions for the
functions u and f and such that the involved Riemann-Stieltjes integral ex-

ists. Applications for continuous functions of selfadjoint operators and unitary
operators on Hilbert spaces are also given.

1. INTRODUCTION

One can approximate the Stieltjes integral fab f (t) du (t) with the following sim-
pler quantities:

b
(11) e @) [ r@a (2] (20
(12) f @) ®) (@] ([15], [16)
or with
(13) w(®) (@) F0)+ () ~w@] f @) (24),

where z € [a,].
In order to provide a priory sharp bounds for the approzimation error, consider
the functionals:
b

b
D(fwab)= [ F@)du(t) = ;= [u®)~ua]- [ F@®d

a

b
O (f,u;a,b,x) ;:/ f(#)du(t) = f (2) [u(b) = u(a)]

and

T (f u;a,b,x) ::/ f @) du(t) = [u(b) —u(@)] f(b) = [u(z) —ula)] f(a).

If the integrand f is Riemann integrable on [a, b] and the integrator u : [a,b] — R
is L— Lipschitzian, i.e.,

(1.4) lu(t) —u(s)| < L|t— s for each t,s € [a,b],
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then the Stieltjes integral f; f(t) du(t) exists and, as pointed out in [25],

b b
(15) HﬂﬁmeSL/ ﬂw—/gézﬂawdt

The inequality (1.5) is sharp in the sense that the multiplicative constant C' =1 in
front of L cannot be replaced by a smaller quantity. Moreover, if there exists the
constants m, M € R such that m < f (t) < M for a.e. t € [a,b], then [25]

(1.6) 1D (fu50,8)] < 5L (M —m) (b—a).

The constant 3 is best possible in (1.6).
A different approach in the case of integrands of bounded variation were consid-
ered by the same authors in 2001, [26], where they showed that

b b
[ 1@V

provided that f is continuous and u is of bounded variation. Here \/Z (u) denotes
the total variation of w on [a, b] . The inequality (1.7) is sharp.
If we assume that f is K-Lipschitzian, then [26]

1.7 uja,b)| <
(1.7) |D (f,u;a,b)| < tren[%

b
(1.8) |D (f,u;a,b)| < K a)\/ (u)

with 1 the best possible constant in (1.8).

For various bounds on the error functional D (f,u;a,b) where f and u belong
to different classes of function for which the Stieltjes integral exists, see [21], [20],
[19], and [8] and the references therein.

For the functional © (f,u;a,b, z) we have the bound [15]:

(1.9) 1©(f,u;a,b,)|

provided f is of bounded variation and w is of r-H-Hdlder type, i.e.,
(1.10) lu(t) —u(s)| < HI|t—s|" for each t, s € [a,b],
with given H > 0 and r € (0, 1].
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If f is of ¢-K-Holder type and w is of bounded variation, then [16]

r\i/w,

a+b
2

T —

L) leuabl <K |30-0+

for any z € [a,b].
If w is monotonic nondecreasing and f of ¢g-K-Holder type, then the following
refinement of (1.11) also holds [8]:

(1.12) 1O (f,u;a,b,z)| < K[(b—x)qu(b) —(z—a)?u(a)
T (t)dt bow(t)dt
+q{/a, (x—t)' ¢ _/.z (t—a)' 1 }]
< K[(b—2)"[u®) —u(@)] + (z—a) [u(z) —u(a)]

a+0bl]?
|| e -,

T —

gK[;(b—a)—i—

for any z € [a,b].
If f is monotonic nondecreasing and w is of r-H-Hélder type, then [8]:

(1.13) |9 (f,u;a,b, )
SH[[(w—G)T—(b—x)T]f(w)
T f(t)dt bof(t)dt
+r{/a b0 _/x (t—r)“H
<SH{b-2)"[f ()= f@)]+(x—a) [f(2) - f(a)]}

a+b[]"
L re- s

T —

SH[;(b—a)-F

for any x € [a,b].

The error functional T (f,u;a,b, x) satisfies similar bounds, see [24], [8], [3] and
[2] and the details are omitted.

Motivated by the above results, in this paper we provide some simple ways to
approximate the Riemann-Stieltjes integral ff f () du (t) by the use of three points
formula, namely we establish bounds for the error functional

TO (f,u;a,b,2,a) == (1 —a) {{u(b) —u ()] f (b) + [u(z) —u(a)] f (a)}

5
+a[U(b)—U(a)]f(w)—/ £ () du (1)

where a € [0,1] and = € [a, )], under bounded variation assumptions for the func-
tions u and f and such that the involved Riemann-Stieltjes integral exists. Appli-
cations for continuous functions of selfadjoint operators and unitary operators on
Hilbert spaces are also given.
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2. INEQUALITIES FOR INTEGRANDS OF BOUNDED VARIATION

Assume that u, f : [a,b] — C. If the Riemann-Stieltjes integral f;f(t) du (t)
exists, we write for simplicity, like in [1, p. 142] that f € Rc (u,[a,b]), or R, (u)
when the interval is implicitly known. If the functions w, f are real valued, then
we write f € R (u, [a,b]), or R (u).

We start with the following identity of interest.

Lemma 1. Let f, u: [a,b] — C and x € [a,b] such that f € Re¢ (u,[a,b]). Then
for any v, p € C,

(2.1) [U(b)—u]f(b)+[7—U(a)]f(a)+(u—7)f(w)—/ f(#) du(t)

- [(wo-1g 0+ [ woO-dao.
In particular, for p =~ we have
b b

22) -2 0)+h-u@]f @~ [ fOdu) = [ WO -0,
Proof. Using integration by parts rule for the Riemann-Stieltjes integral, we have

/ [u(t) =df () = [u(z) =] f (z) = [u(a) =] f(a) —/ f(t) du(t)
and

b b
/ [w(t) — pldf (t) = [u(b) — pl f (0) — [u(z) — p] f (x) */ f(t) du (1)

for any x € [a,}].
If we add these two equalities, we get

b

[ wo-1a0+ [ wo-uao
=[u(b) —pl f () +[y—u(a) f(a) +[p—u@)]f(2)
T b
Hu@ =l f@) - [ F@duw)- [ f@dut
b
=[u®) —pl f®)+[y—ula)f(a)+ (-7 f(z) —/ f () du(t)
for any x € [a, ], which proves the desired equality (2.1). O

If in (2.1) we take v = au (a)+ (1 — @) u (z) and p = (1 — &) u (x) +u (b) where
x € [a,b] and a € [0,1] we get

23) (1— ) {u®) —u@)]f )+ [u(z) - u(@) f (@)}
b
+a[U(b)fU(a)]f(x)f/ £ (t) du(t)
=/x[u<t>—au(a)—(l—a)u(x)]df(t)

b
+/ fr () — (1 — ) () — v ()] d (1)
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In particular, for x = ib , we get

(2.0 uw{hwu(ﬁbﬂf@+L(a;§uwﬂﬂ@}
oo (52) [ e
Aﬁbp@>cwm><1wu(“*%]w<>
+/Zb@a»41—> (%57) - eut| .

If in this equality, we take a = 1, we get the Montgomery type identity

(2.5)  [u( / f(t)du(t
b
/hﬂ) w(@)df 0+ [ [u(®) - u®)ldr @),

for x € [a,b], which was obtained for the first time by the author in [15].
In particular, for x = ‘IT“’, we get

(26) w@—MMfﬁgﬁ—Aﬂwww

% b
— [T w@-v@g O+ [ - el .

If in (2.3) we take a = %, we get

(2.7) %{[U (0) —u(@)] f(b) + [u(z) —u(a)] f(a) + [u(b) —u(a)] f(x)}
b
- [ 1w
T b
:/ [u(t)—u(a)+u(x)]df(t)+[ {u(t)—u(x);u(b)]df(t)

2

for z € [a,b] and in particular

(2.8) ;Hu(b)u<a;b>]f(b)+{u<“;b>u(a)]f(a)
+[u(d) f(““’)} /f ) du (t

uTer u ath u ath u
:/ lu(t)( @) +u (% )]df(t)+/a+b [u(t)( - )2+ (b)]df(t).

2
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If in (2.3) we take a = 0, then we get

b
29) ()~ u (@) O+ @) - u@]f @ [ FOdu(o
b
~ [ -u@)ar@

for x € [a,b], and, in particular,

(2.10) {u(b)—u(a;bﬂ £+ {u (“;b> —u(a)]f(a)—/abf(t)du(t)

_/ab [u(t)—u(a;bﬂdf(t).

We have the following result:

Theorem 1. Let f, u : [a,b] — C and = € [a,b] such that f € Rc (u,[a,b]). If f
and u are of bounded variation, then

(211) [T (f,ua,b,2,0)|

< —max{a,1— a}

N =

b x b b
\ )+ \/(f)—\/(f))\/(u)

b b
§max{a,lfa}\/(u)\/(f)-

a
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; _ atb
In particular, we have for x = %= that

76 (a5 a )|

[ )i (1))

a

(2.12)

max {a,1 — a}

N | =

b b
gmax{a,l—a}\/(u)\/(f)'

a

Proof. Tt is well known that, if p : [a,b] — C is continuous and v : [a,b] — C of
bounded variation, then

(2.13)

b b t b
[rwave)|< [ p<t>|d<\/<v>) < max ()] V/ (0).

By utilising (2.3), we have for = € (a,b) and « € [0, 1] that

(214) |1 ) {fu () ()] £ (B) + [u(2) — u ()] £ (@)
b
arfu(b) - u(a)] f (2) - / £ (t) du (1)

<

[ o=@ -0 -0l o)

b
+ / o (£) — (1 — ) () — ovu ()] I (1)

@15) < [ o) - au@ - (1 -yu@)d (\/ <f>>

a
t

b
+/ I[U(t)(104)U($)OZU(b)]d<\/(f)> = B(f,u,z;a).

T
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Since u is of bounded variation, hence

[u(t) —au(a) = (1 - @) u ()]

for z, t € [a,b] and « € [0,1].
Therefore

/z [ (8) — o (a) — (1 — @) u (2)]| d <\/(f)>

g/a [a\/(u)+(1—a)\j/(u)]d<\t/(f)>

and

for z € [a,b] and « € [0,1].
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If we add these two inequalities, we get

for x € [a,b] and « € [0,1].
This prove the first inequality in (2.11).
Observe that

B(f,u,z;a) < max{a,1—a}

L)) £ (o)
L o)l £ ()

= max{a,1— a}

7 ()£ o)

a

(o
\t/ (f))

a

_max{al_a}[\j/ ) [ a (\/ )>+\b/<u>/:d<\:/(f>>]

a

for x € [a,b] and « € [0,1].
This proves the second inequality in (2.11).
The last part is obvious.

Corollary 1. Assume that f and u are as in Theorem 1.
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m

b
(i) If m € [a,b] is such that \/(f) = \/(f), then

a

(216) [TO (f.uia,b,m,a)

IN

N |
g

I

"
—~—
L

—_

|

Q
——
<C~
=
D<c~
=

p b
(ii) If p € [a,b] is such that \/ (u) = \/ (u), then

(2.17)  [TO(f,u;a,b,p, )

If we take a = 1 in Theorem 1 we get the Ostrowski type inequalities

(2.18) O (f,u;a,b, )

[ (o)) o))

a

for any x € [a,b].
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In particular, for z = 22, we get

(2.19)

b ate b b
(\/<u>+ \ () -\ () ) \ ()
S% i <\/ )\ ()
( v

(2.20) |O (f,u;a,b,m)]

t

<[ (\/(U))d<\:/(f)> +£<\?(U)>d<\;/(f)> S;\:/(u)\:/(f)-

a

(2.21)  [©(f,u;a,b,p)|

<[ (\?<u>>d<\2<f>>+/pb (\?(@)d(\i/(f)) si\b/w\i/(f).

If we take « = 0 in Theorem 1 we get the trapezoid type inequalities

(2.22) |T(f,u;a,b,x)]

<[ (\/ <u>> d (\/ <f>> v b (\/ (u>) d (\/ <f>>

a xT
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for any x € [a,b].
In particular, for x = %rb, we get

b
T(f,u;a,b,"+ )‘
2
atb a
2
<
a
afe b

(w \V (H+V (@

(2.23)

+
o

H-<M‘
=
N~ —
QU
A/~
@<H»
=
N——
+
—
fioE
—
<~
=
N~ —
QU
A/~
@<ﬁ
=
N——

<

<
‘+<c~

IN
N |

b ofb b b
(\/ \/(u)—\/(u))\/(f)

b aft b b
\VAT)) \/(f)—\/(f))\/(U)

m b
If m € [a,b] is such that \/(f) = \/(f) , then

(2.24) |T(f,u;a,b,m)|

<[ (\7<u>>d<\7<f>> v/ <\t/(U))d<\:/(f)> < ;\i/w)\:/(f»

t a

P b
If p € [a,b] is such that \/ (u) = \/ (u), then
P

(2.25) [T (f,u;a,b,p)|

<[ (\?(U)>d<\2(f)>+/pb (\Z(U)>d(\2(f)> si\i/w)\i/(f).

If we take in Theorem 1 o = %, and consider the error functional

1
70 (f,u;a,b,x) =16 (f,u;a,b,sc, 2)
then we get the three point inequalities

(2.26) |TO(f,u;a,b,x)|

{1 (o) (i) £ (1))
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b @ b b
(VeorsVor-velve
1 a a €T a 1
SIS Vevo
(\/(f)+ V-V ) V ()
In particular, for z = %*b we get the mixture of trapezoid and mid-point inequalities

b
If m € [a,b] is such that \/(f) = \/(f) , then

(2.28) |TO(f,u;a,b,m)




If p € [a, 8] is such that \p/ (u) = \b/ (u), then

(2.29) |TO(f,u;a,b,p)|

[ {vo)s(vo)« [ (vo)a(vo)]

[ (\/ <u>> d (\/ (f)) +/pb (\/ <u>> d (\/ (f))] \b/<u>\2/<f>.

a p a a

<

N =

+

IA
A~

1
2
3. APPLICATIONS FOR SELFADJOINT OPERATORS

We denote by B(H) the Banach algebra of all bounded linear operators on
a complex Hilbert space (H;(-,-)). Let A € B(H) be selfadjoint and let ¢, be
defined for all A € R as follows
1, for —o0 < s <A,
o (s) =
0, for A < s < 4o0.
Then for every A € R the operator

(3.1) Ey =, (A)
is a projection which reduces A.

The properties of these projections are collected in the following fundamental
result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [27, p. 256]:

Theorem 2 (Spectral Representation Theorem). Let A be a bounded selfadjoint
operator on the Hilbert space H and let a = min {\ |\ € Sp(A)} =: min Sp (A) and
b=max{A|X € Sp(A)} =: maxSp(A). Then there exists a family of projections
{Ex} e, called the spectral family of A, with the following properties
a) Ex < Ey for A<\
b) E,_0=0,E, =1y and Exio = Ey for all A € R;
c) We have the representation
b
A= AdE).
a—0
More generally, for every continuous complex-valued function ¢ defined on R
there exists a unique operator ¢ (A) € B(H) such that for every € > 0 there exists
a § > 0 satisfying the inequality

| @A) =Y @ (N) [Bxr, — Ex,_,]|| <¢
k=1

whenever
M<a=A<..<A\_1< A, =0,

A= Ap—1 <0 for 1 <k <,

Ap € Me1, M) for1<k<n
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this means that
b
(3:2) e = [ b,
a—0

where the integral is of Riemann-Stieltjes type.

Corollary 2. With the assumptions of Theorem 2 for A, Ex and ¢ we have the
representations

b
@(A)x:/ ¢ (N)dE\z forallz € H
a—0

and
b
(3.3) (p(A)z,y) = /—0 o (AN d(Ex\z,y) forallz, ye€ H.

In particular,

b
(p(A)z,z) = /_Ow()\)d(E,\m,@ for all x € H.

Moreover, we have the equality

b
o (A) 2|2 = / oW Bl forallz € I

We need the following result that provides an upper bound for the total variation
of the function R 5 A — (Eyz,y) € C on an interval [«, 8], see [23].

Lemma 2. Let {Ex\}, g be the spectral family of the bounded selfadjoint operator
A. Then for any x, y € H and o < 8 we have the inequality

P 2

V (<E<-)$»y>)] < ((Bp — Ea)x,2) ((Bs — Ba) y,9) ,

[e%

(3.4)

B
where \/ (<E(_)x, y>) denotes the total variation of the function <E(_)33, y> on [, 5]

Remark 1. For a =a — with e > 0 and § = b we get from (3.4) the inequality

b
35V (Eozy) <{0s = Eao)2,2) (1 — Bao) y,) "

a—e
for any x, y € H.
This implies, for any x, y € H, that
b

(3.6) V (Bow,y)) < il vl

a—0

b b
where \/ (<E(,)x,y>) denotes the limit lim,_o4+ l\/ (<E(,)x,y>)] .

a—0 a—e

We can state the following result for functions of selfadjoint operators:
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Theorem 3. Let A be a bounded selfadjoint operator on the Hilbert space H
and let a = min{A|A € Sp(A)} =: minSp(A4) and b = max{A|A € Sp(A)} =:
max Sp (A) . Also, assume that {E\},cp is the spectral family of the bounded self-

adjoint operator A and assume that o € BV¢ [a,b] and ¢ € Cc [a,b] where [a,b] C I
(the interior of I). Then for all o € [0, 1]

37 (0 =a){(la = Es) z,y) ¢ (b) + (Esz,y) ¢ (a)}
Fa(z,y) ¢ (s) = (p(4)z,y)|

b b
< %max{a,l—a} (\/(4,0)-1— \/(90)—\/(90)

b s b
< %max{a,l—a} <\/(<p)+ (90)—\/(90)

a

) V (@)

) Iyl

for any x, y € H.

m b
In particular, if m € [a,b] is such that \/ (p) = \/ (p), then

a m

3.8) |1 -a){{(la = Em)z,y) ¢ (b) + (Emz,y) ¢ (a)}
+a(z, W(m) —(p(A)z,y)

b
—max{a,1 —a} \/ \/ E(')xay>)

a—0

| —

b
1
< 5 max {o,1 - a}\/ (@) llzll 1yl

for any x, y € H.

Proof. Using the inequality (2.11) we have for « € [0,1] and s € (a,b) that
(1 = a){[{Bpz, y) — (Esz,9)] ¢ (0) + [(Esz,y) = (Ba—c,y)] ¢ (a — £)}

Fa[(By, ) — (Baeer,y)] 0 (5) — / o (1) d(Eyr,y)

w))\b/ ()T, Y))

b

max {a,1 — a} (v (p) +

a—e

S

V (@) -

a—¢&

<

N |

for small € > 0 and for any x, y € H.
Taking the limit over ¢ — 0+ and using the continuity of ¢ and the Spectral
Representation Theorem, we deduce the desired result (3.7). O
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Remark 2. If we take o =1 in (3.7), then we get

(3.9) z,y) @ (s) = (@ (4)z,y)]

¢) ) 2 Iyl

m b
for s € (a,b) and, in particular, if m € [a,b] is such that \/ (p) = \/ (¢), then

(3.10)  [(z,y) ¢ (m) — (¢ (A) z,y)]

<3V @V (Bozw) < 5V @) el ]

for any x, y € H.
If we take oo =0 in (3.7), then we get

B11) (g — Eo)z,y) ¢ (0) + (Esz,y) ¢ (a) — (¢ (A) 2, 9)]

®) ) [l Iyl

(3.12) (1w — En)z,y) ¢ (b) + (Enz,y) ¢ (a) — (¢ (A) z,9)|
b

V (Bo)) < 2 @) Il vl

a—0 a

for any x, y € H.
If we take a = % in (3.7), then we get

313 [3 (1 = o) o () + (B ()

#3000 ()~ o (D)

b
V() =\ (@

) ] Iyl

17



18 S.S. DRAGOMIR

for s € (a,b) and, in particular, if m € [a,b] is as above, then

(314) |5 {0 — En).9) 0 (0) + (Ena, ) o (@)

+%<x y)p(m) — (¢ (A)z,y)
1 b b 1 b
SZ\/(“’)\/« ()T, Y)) < 1\/ ) ]l [yl

for any x, y € H.

The above inequality (3.7) can produce several particular examples of interest.
For example if [a,b] C (0,00) and we take ¢ (t) = Int then by (3.7) we get

3.15) (1 =) {1 — Es )

\/

yY)Inb+ (Esz,y) Ina}
(ac y)Ins — (In Az, y)|

)+ (5)]) V By
gémax{a,la}(n(z>+ ( )D ol 1y

for any z, y € H, s € [a,b] and « € [0,1].
In particular, for s = vab =: G (a,b), then by (3.15) we get

(3.16) |(1 - ) {<(1H — Eg(avb)) x, y> Inb+ <Eg(a7b)x,y> In a}

1 1
BTSN
1 b\
< 5 max {a,1—a}ln <a> \/ (E(z,y))
a—0
1 b
< 5 max {a,1-a}ln || |yl

for any z, y € H and o € [0,1].
If we take o =1 in (3.15) and (3.16), then we get

(3.17) [z,y)Ilns — (In Az, y)|

40

" <ZZ) D V (Eoma)

a (%)) et
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for any x, y € H, s € [a,b] and, in particular

Ina+1
(3.18)  |(z,y) %ﬂb —(In Aw,y>‘

b

<3 () V () < g (2) el

a—0

for any z, y € H.
If we take o = 0 in (3.15) and (3.16), then we get

(3.19) (g — Es)z,y)Inb+ (Esz,y)Ina — (In Az, y)|

(0 () () ¥

<3 (m(2 ) (b) ) telo

(3.20) |<(1H - Eg(mb)) x7y> Inb+ <Eg(a7b)x,y> Ina — (In Az, y>‘

<2 (?) V (Boes)) < b (2) bt ol

a—0

for any x, y € H, s € [a,b] and, in particular

for any z, y € H.
If we take v = 1 in (3.15) and (3.16), then we get

(3.21) ‘; (s — By 2,) nb + (EBsz, ) n a}

1
+5

A0}

z,y)Ins — <lnAm,y>‘

() e
SINON

1
(3.22) ‘2 ({111 = Ecan) © ) Inb + (Egran.y) Ina)

(b) ) el

for any x, y € H, s € [a,b] and, in particular

1 1 1
1L gy ot nb <1nAx,y>‘
2 2
b
1 b 1 b
<t () V (2o < 2 (2) el

for any z, y € H.
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4. APPLICATIONS FOR UNITARY OPERATORS

A unitary operator is a bounded linear operator U : H — H on a Hilbert space
H satisfying
U'U=UU"=1gy
where U* is the adjoint of U, and 1y : H — H is the identity operator. This
property is equivalent to the following;:
(i) U preserves the inner product (-,-) of the Hilbert space, i.e., for all vectors
z and y in the Hilbert space, (Uz, Uy) = (z,y) and
(ii) U is surjective.
The following result is well known [27, p. 275 - p. 276]:

Theorem 4 (Spectral Representation Theorem). Let U be a unitary operator on
the Hilbert space H. Then there exists a family of projections {P)\}Ae[O,ZWP called
the spectral family of U, with the following properties

a) P\ < Py for A <\

b) Po=0,Por =1 and Px1o = Py for all A € [0,27);

¢) We have the representation

2m
U:/ exp (i\) dPy.
0

More generally, for every continuous complex-valued function ¢ defined on the
unit circle C (0,1) there exists a unique operator ¢ (U) € B(H) such that for every
e > 0 there exists a § > 0 satisfying the inequality

<e

@ (U)=> ¢ (exp (X)) [Py, — Pr, ]
k=1

whenever
0= <..< A1 <>\n:2’/T,

Ak — Ap—1 <0 for 1 <k < n,

e € M1, M) for1<k<n
this means that

2m

(41) o) = [ olexpn) dpy,
0

where the integral is of Riemann-Stieltjes type.

Corollary 3. With the assumptions of Theorem 4 for U, Py and ¢ we have the
representations

27
e U)x = / o (exp (iN)) dP x for allxz € H
0

and

27
(4.2) (p(U)zx,y) = /0 o (exp (iA)) d (P x,y) for all z,y € H.

In particular,

(p(U)z,z) = /0 ! @ (exp (1N)) d(Pyz,x) for all z € H.
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Moreover, we have the equality

2T
o (U) 2 = / o (exp (i) 2d | Paz|® for all z € H.

On making use of an argument similar to the one in [23, Theorem 6], we have:

Lemma 3. Let {P/\}/\e[oaw} be the spectral family of the unitary operator U on the
Hilbert space H. Then for any x,y € H and 0 < a < 8 < 27 we have the inequality

8
(4.3) \ ((Poyz,)) < ((Ps — Pa)w,2)'? (Ps — Pa)y.y)'?,

B
where \/ (<P(.):c, y>) denotes the total variation of the function <P(‘):v, y> on [a, ]

o
In particular,
27

(4.4) \ (Poz,y)) < =)l ly]

0
for any x, y € H.
We have:
Theorem 5. Let U be a unitary operator on the Hilbert space H and {P)‘})\E[OQW]
the spectral family of projections of U. Also, assume that ¢ : C(0,1) — C are

continuous on C (0,1) with ¢ (exp (i-)) of bounded variation on [0,2x]. Ifu € [0,27],
then for all a € [0, 1]

45) [[A=a)e 1) +ap ()] (z.y) — (¢ (U)z,y)]

< 5 max{a, 1~ a} ] Iy
x (\/ (o (exp (i) + |V (p (exp () — \/ (o (exp WD
0 0 u

for any x, y € H.
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In particular, if we take uw = m, then we get

(4.6) |[1=a) 1) +ap(=D](z,y) — (¢ (U)z,y)|
< %max {a,1—a} \/ (<E( )T, y>)

for any x, y € H.

The proof follows in a similar way to the one from Theorem 3 by utilising The-
orem 4 and the inequality (2.11).

We observe that if ¢ is continuously differentiable, then the total variation can
be computed in terms of the derivative, namely

27 27 . 27
YW@@@W=A A i [ 1! (exp i) exp il

=/”W@mwmw

0

\/ o (exp (1 / |’ (exp (it))| dt

and
27 27

Vw@mwm=/ ' (exp (it)] dt.
If we take v = 1 in (4.6) we get

o)+ (=1)

an [20

<aw—wwmwﬁ
411\07 SERD)
x(A%W@mmmm+UNwwmmmw—L%wwww»ﬁD

1 ] i

x(A%W@WWMﬁ MﬂdmeMﬁ—Lﬁwwmmme

for any z, y € H.
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