NEW THREE POINTS INEQUALITIES FOR
RIEMANN-STIELTJES INTEGRAL OF LIPSCHITZIAN
INTEGRANDS AND INTEGRATORS OF BOUNDED VARIATION

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we provide some simple error bounds in approxi-
mating the Riemann-Stieltjes integral f; f (t) du (t) by the use of three points
formula

(1 =a){[u(®) —u@)]f(b)+ [u(z) —u(a) f(a)} + afu®) —ula) f(z)
where a € [0,1] and x € [a,b] in the case that the function f is Lipschitzian

and wu is of bounded variation on [a, b] . Applications for continuous functions
of selfadjoint operators and unitary operators on Hilbert spaces are also given.

1. INTRODUCTION

One can approximate the Stieltjes integral fab f () du (t) with the Ostrowski type
rule

(1.1) f@)[u(b) —u(a)]  ([15], [16])
or with the trapezoid type rule
(1.2) [w(®) —u(@)] f () +[u(@)—ula) fa)  ([24]),

where z € [a,b].
In order to provide a priory sharp bounds for the approrimation error, consider
the functionals:

b
O (f.ua,b,x) = / £ () du(t) — f (@) [u(6) — u(0)
and
b
T (f, w0 b,) = [u (b) — u ()] £ (b) + [u(z) — u ()] f (a) —/ £ () du (1)

For the functional 6 (f,u;a,b, ) we have the bound [15]:

T b
(1.3) 6(f usa,b,2)| < H [@c —a\ (N + -2V (f)]
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[L(b—a)+ |o — 2]V (1),

a
provided f is of bounded variation and w is of r-H-Hdlder type, i.e.,

(1.4) lu(t)—u(s)| < HIt—s|" for each t,s € [a,b],

with given H > 0 and r € (0, 1].
If f is of ¢-K-Holder type and u is of bounded variation, then [16]

q b

|V,

a

a+b
2

(1.5) |0(f,u;a,b,1:)|SKB(b—a)—F‘x—

for any z € [a,b].
If w is monotonic nondecreasing and f of ¢g-K-Holder type, then the following
refinement of (1.5) also holds [8]:

(1.6) |0 (f,u;a,b,z)| < K[(b—z)qu(b) —(z—a)?u(a)

T w(t)dt bow(t)dt
+q{/a (x—t) 1 —/1: (t—x)l_q}]

S K[(b—2)"[u) —u(@)]+ (@ - a) [u(@) - u(a)]

for any « € [a,].
If f is monotonic nondecreasing and u is of r-H-Holder type, then [8]:

(L.7)  10(f,u;a,b,z)]|
SHl[(fﬂ—a)r—(b—x)r]f(:ﬂ)
Tofmd [t f(a
er{ [ [ ]
<H{(b-2)"[f() = f@)]+ (= —a)[f (@) - f ()]}
“*b}Lﬂwfw»

1
< - _ _
H[2(b a)+‘x 5

for any z € [a,}].

The error functional T (f,u;a,b, x) satisfies similar bounds, see [24], [8], [3] and
[2] and the details are omitted. For other approximation results for the Riemann-
Stieltjes integral, see also [21], [20], [19], and [8] and the references therein.
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Motivated by the above results, in this paper we provide some simple ways to
approximate the Riemann-Stieltjes integral fab f () du (t) by the use of three points
formula, namely we establish bounds for the error functional

TO (f,u;a,b,2,a) == (1 —a) {{u(b) —u(@)] f(b) + [u(z) —u(a)] f (a)}
b
tafud)—u(@)f(e)— [ ft)du(t)

where « € [0, 1] and z € [a, b] while u is of bounded variation and f is Lipschitzian
on [a,b]. Applications for continuous functions of selfadjoint operators and unitary
operators on Hilbert spaces are also given.

2. INEQUALITIES FOR LIPSCHITZIAN INTEGRANDS

Assume that u, f : [a,b] — C. If the Riemann-Stieltjes integral f;f(t) du (t)
exists, we write for simplicity, like in [1, p. 142] that f € Rc (u, [a,b]), or R, (u)
when the interval is implicitly known. If the functions w, f are real valued, then
we write f € R (u,[a,b]), or R (u).

We start with the following identity of interest.

Lemma 1. Let f, u: [a,b] — C and x € [a,b] such that f € Re¢ (u,[a,b]). Then
for any v, p € C,

(2.1) [U(b)—u]f(b)+[7—U(a)]f(a)+(u—7)f(m)—/ f(#) du(t)

T b
— [ -Ng©+ [ e -ddo.
In particular, for p = we have
b b
(22) [u(®) —Af () +[y—u(a)f(a) —/ f (&) du(t) =/ [u(t) =~df (t).
Proof. Using integration by parts rule for the Riemann-Stieltjes integral, we have
[ @ =adr 0 =@ -2 £ @) - w@ -1 @~ [ F®dut
and
b b
/ [w(t) = pldf (t) = [u(b) = p] f (0) — [u(z) — p] f (z) */ f () du(t)

for any z € [a,}].
If we add these two equalities, we get

x b
/[ww—ﬂ#m+/ﬁmw—M#@
—Ju() — ] £ () + by —u(@)] £ (@) + [0 — ()] f (2)
4%%@—7U@0—/éﬂﬂwﬁ%i/f@MU@
=W@—Mf@+h—mwf@+w—wf@—/fﬁwww

for any x € [a, b] , which proves the desired equality (2.1). O
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If in (2.1) we take v = au(a)+ (1 — @) u (z) and p = (1 — &) u (x) +au (b) where
x € [a,b] and «a € [0,1] we get

23) (1—a) {[u(®) —u@) £ () + [u(2) —u (@) f ()
+a[u(b)U(a)]f(x)/abf(t)dU(t)
— [ - au@) - 0 - yu@)ar @
+/:[u<t>—<1—a>u<x>—au<b>]df<t>.

In particular, for x = ‘ITH’, we get

en a-afluo-o(0) o+ [o(57) - ve] 1@}
ralw®) —u@lr (“50) - [ rwaw

at

:/GT [u(t)—au(a)—(l—a)u<a;b)] df (1)

_|_

If in this equality, we take o = 1, we get the Montgomery type identity

b

25) W®-v@|f@ - [ fOdulo)
x b

:/ [u(t)w(a)]df(tw/ s (8) — ()] df (1),

for « € [a,b], which was obtained for the first time by the author in [15].

In particular, for x = “7“), we get

)—/abf(t)dU(t)

afb b
— [T @@ [ o -uoldo.

2

26) ) -uls (45

If in (2.3) we take o = 3, we get

(2.7) % {lu(®) —u(@)] f(0) +[u(z) —ula)] f(a) + [u(b) —u(a)] f(x)}

)—u
[ romw
:/: [u(t)—W] df(t)+/: {u(ﬂ—u(x);u(b) df (¢)
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for z € [a,b] and in particular

[
(2.8) ;{{u(b)u<a;b)] £(b)+ {u (“;b> u(a)] f(a)

tu) @l ()} - [ ro

=5 u(a u (kb b w (kb U
:/ lu(t) (”2(2)]#@”/“ [u@) (2)2+ <b)]df<t>.

If in (2.3) we take a = 0, then we get

b
(2.9) [U(b)—U(x)]f(b)Jr[U(fv)—U(a)]f(a)—/ f(#)du(t)

for « € [a,b], and, in particular,

(2.10) [a(b)—u(“;bﬂf(m[u(“‘;b)—u<a>]f<a>—/:f<t>du<t>

We have the following result:

Theorem 1. Let f, u : [a,b] — C and = € [a,b]. If f is Lipschitzian with the
constant L > 0, namely

lf (&)= f(s)| < L|t—s| forallt, s€la,b

and u are of bounded variation, then f € Re¢ (u,[a,b]) and

(211) [T (f,ua,b,2,0)|

[ (1o (7o)

a

< alL

b
(b—a+|2x—a—b\)\/(u)

b
§max{a,lfa}L(bfa)\/(u).
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; _ atb
In particular, we have for x = *3= that

(2.12) ‘T@ <f,u;a,b, a;rba>

axp [egt bt
+(1-a)L {/ (\/ (u)) dt+/m (\/ (u)) dt]
1 N ’
gimax{a l—a}(b—a)L\/(u)

Proof. Tt is well known that, if p : [a,b] — C is Riemann integrable and v : [a, b] —
C is Lipschitzian with the constant L > 0, then the Riemann-Stieltjes integral
f;p (t)dv (t) exists and [1]

(2.13)

b b
/p(t)dv(t) SL/ ip ()] dt.

By utilising (2.3), we have for z € (a,b) and « € [0,1] that
2.14) (1 = a){[u(b) —u(@)] f(b) + [u(z) —u(a)] f (a)}

b
tafu(b) - u(a)] f (z) - / £ (t) du (1)

(2.15) <

[ 1w -au@ - 1-aju) df(t)'

[ ) - 0= @)ul) - au®) a0

(2.16) < L/x [[u(t) —au(a) — (1 —a)u(z)]|dt

b
+L/ lu(t) — (1 —a)u(z) —aud)]|dt=:C(f,u,z;a).
Since u is of bounded variation, hence

[u(t) —au(a) = (1 - @) u(z)]
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for z, t € [a,b] and a € [0,1].
Therefore

/| )= au(a)— (1—a)u (x)]|dt§/z [a\/(u)—l—(l—a)\/(u)]dt

and

b t b
/| (1—a)u )—au(b)]|dt§[ [(1—@)\/(u)+a\/(u)]dt
b

for x € [a,b] and « € [0,1].
If we add these two inequalities, we get

t

[ (o)er-af (jo)e

a

B(f,u,z;0) < L

t

w0 [ (Vo) usaf (Vo)

x

[ (V) [ (Voa) o

roos] [ (V) [ (Vo) o] <pins

for z € [a,b] and « € [0,1].
This prove the first inequality in (2.11).

+ L

=alL
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Observe that

D (f,u,z;a) < max{a,1 — a}

‘L { [ (Q <u>) wr [ (\/ w)ars [ (? <u>) wr [ (v <u>> }

a i (\/ W+ <u>> as [ (\/ W+ \b/ (u)> dt]

=max{a,1 —a}L

for z € [a,b] and « € [0,1].
This proves the second inequality in (2.11).
The last part is obvious. ([l

Corollary 1. Assume that f and u are as in Theorem 1.

(i) If we take x = “°, then

b
(2.17) ‘T@ <f,u; a,b, a;r,oc> ‘

D b
(2.18) |TO(f,u;a,b,p,a)| < aL l/ (\/ (u) dt+/
V

[ (Ve)as [ (Vor)al

a
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If we take « = 1 in Theorem 1 we get the Ostrowski type inequalities

t

x b b
(2.19) |© (f,u;a,b,2)| < L V (\/ (u)> dt+/ <\/ (u)> dt]

a t

T b
L[(SE-@)\/(U)Jr(b—x)\/(U)]
’ b ’ T b
(\/(U)+ \/(U)—\/(U)>(b—a) \

S%L <Lb-a)\ (),

b
(b—a+[2z—a—b])\/(u)

for any x € [a,b].
In particular, for x = %rb, we get

(2.20) ‘ (fuaba+b>‘<L[/aa2b (\Z/(@)dw/; <\i/(u)>dt]

P
If p € [a,b] is such that \/ (u) = \/ (u), then

e ottt | ["(Vio)as [ (Vo) a

If we take « = 0 in Theorem 1 we get the trapezoid type inequalities

(2.22) |T(f,u;a,b,x)]

[ () ()] oo

b T b
(Vers Ve -V b
<gry 0T <t-aLVw,

b
(b—a+\2x—a—b|)\/(u)

for any x € [a,b].
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In particular, for z = 22

2
(2.23) ‘ (f,uab ;b>‘

atb afb b ' b
[ (\/ )dt+ (\/(u)) dt] S%(b—a)L\/(u).

D b
If p € [a, b] is such that \/ (u) = \/ (u), then
P

, we get

(2.24) |T(f,u;a,b,p)|

LUj’(\’:/(u)) /(\t/ )] ;(b—a)L\b/(u).

p

If we take in Theorem 1 o = %, and consider the error functional

1
T® (f,u;a,b,w) = T@ <f,u;a,b,9:, 2)
then we get the three point inequalities

(2.25) |TO (f,u;0,b,2)]
t

/: <\/ (u)) dt+/: (\i/ (u)) dt
[ (e (3)+

1
<-L
-2

1
-L
T3

(b—a+|2x—a—b|)\/(u)

a+

In particular, for z = % we get the mixture of trapezoid and mid-point inequalities

(2.26) ‘ <f,uaba+b>’
L/ l (\/ a

1 () o (4 oo

_|_
\

<o
~/
H~<O‘

&
N——

QU
Lt
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P b
If p € [a,b] is such that \/ (u) = \/ (u), then

a p

(2.27) |TO(f,u;a,b, p)t| t
ol (Ve)a(ves
L(? (v

1
2

3. APPLICATIONS FOR SELFADJOINT OPERATORS

We denote by B(H) the Banach algebra of all bounded linear operators on
a complex Hilbert space (H;(-,-)). Let A € B(H) be selfadjoint and let ¢, be
defined for all A € R as follows

1, for —o0o < s <A,

NOES
0, for A < s < 4o0.

Then for every A € R the operator
(3.1) E\ =, (A)

is a projection which reduces A.

The properties of these projections are collected in the following fundamental
result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [27, p. 256]:

Theorem 2 (Spectral Representation Theorem). Let A be a bounded selfadjoint
operator on the Hilbert space H and let a = min {\ |\ € Sp(A4)} =: min Sp (A) and
b=max{A|A € Sp(A)} =: maxSp(A). Then there exists a family of projections
{Ex} e, called the spectral family of A, with the following properties

a) Ex < Ey for A<\
b) Eo0=0,E, =1 and Exyo = E) for all A e R;
c) We have the representation

b
A= / AE).
a—0

More generally, for every continuous complex-valued function ¢ defined on R
there exists a unique operator ¢ (A) € B(H) such that for every € > 0 there exists
a § > 0 satisfying the inequality

<e

- ki‘to (M) [Bxe = Exni]
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whenever
M<a= A <..<A_1< A, =0

Ak = A—1 <6 for 1 <k <mn,

A € M1, M) for 1<k <n

this means that

b
(32) e = [ pyam,
where the integral is of Riemann-Stieltjes type.

Corollary 2. With the assumptions of Theorem 2 for A, Ex and ¢ we have the
representations

b
@(A)x:/ ng()\)dE)\x forallz e H

and

(3.3) (p(A)z,y) = /_0 o (N d(Exz,y) forallz, ye€ H.

In particular,

b
(p(A)x,z) = /_0 o (N d(Exz,z) forallx € H.

Moreover, we have the equality
b
le@al* = [ loPdlEsal® forallwe H
a—0

We need the following result that provides an upper bound for the total variation
of the function R 3 A — (Eyz,y) € C on an interval [«, 8], see [23].

Lemma 2. Let {Ex\}, g be the spectral family of the bounded selfadjoint operator
A. Then for any x, y € H and o < 8 we have the inequality

3 2

V (Eoz,y))

[e3%

(3-4) < ((Ep — Ea) z,7) (Ep — Ea)y,0)

B
where \/ (<E(‘)x, y>) denotes the total variation of the function <E(.)x, y> on [a, (] .
Remark 1. For a =a — with e > 0 and § = b we get from (3.4) the inequality

b
(3.5) V (Boz,y)) < (g — Ba—e)2,2)* (1 — Ba—e) y,y) ">

a—e
for any x, y € H.
This implies, for any x, y € H, that
b

(3.6) V (Boz.y)) < Nzl

a—0
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b b
where \/ (<E(,)m,y>) denotes the limit lim. o4 l\/ (<E(,)x,y>)] .

a—0 a—e

We can state the following result for functions of selfadjoint operators:

Theorem 3. Let A be a bounded selfadjoint operator on the Hilbert space H
and let a = min{A|A € Sp(A)} =: minSp(A4) and b = max{A|A € Sp(A)} =:
max Sp (A) . Also, assume that {Ex},cp is the spectral family of the bounded self-
adjoint operator A and assume that ¢ is Lipschitzian with the constant L > 0 on
[a,b], where [a,b] C I (the interior of I). Then for all a € [0,1] and s € [a, b]

3.7 (0 =a){(u = Es) z,y) ¢ (b) + (Esz,y) ¢ (a)}
Fa(z,y) ¢ (s) = (p(A)z,y)|

b
b—a
’ >\/ (Boz,y))
a—0

b
< s o 1 - a}L( e s T

<max{a71—oz}L(

for any x, y € H.
In particular,

(38) 0= {((1n - Eep)29) o ) + (Fepay) o (@)}

ralea)e(“57) - (e o)

b

max {a,1 —a}(b—a)L \/ ((E(yz,y))

a—0

<

N |
—_

< s max{a,1—a}(b—a) Lz |yl

[\

for any x, y € H.

Proof. Using the inequality (2.11) we have for « € [0,1] and s € (a,b) that
(1 =) {[(EBbz,y) — (Esz,y)] @ (b) + [(Esz, y) — (Fa—cw,y) 0 (0 — €)}

+alBiag) - Baa)lo(o)~ [ e ®d(Einy)

b—a+e a—e+b)\
< max{a,l—a}L( 5 + ‘s— ) D \/ ((E(yz,y))

a—eg

for small € > 0 and for any =, y € H.
Taking the limit over ¢ — 0+ and using the continuity of ¢ and the Spectral
Representation Theorem, we deduce the desired result (3.7). g
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Remark 2. If we take o =1 in (3.7), then we get
3.9) Kz, y) e (s) — (v (A)z,9)]

gL(b;aJr’sa‘; D \/ (Ecyz,y))

b— a+b
<o (M5 =55]) belo

for s € (a,b) and, in particular,

310 [teare(“57) - e 2)

(b—a) L] |yl

IN
DO |
—
S
|

S

S—
™~
—
P
je

&

<

~
SN—
N |~

for any x, y € H.
If we take oo =0 in (3.7), then we get

B11) [((a = Es)z,y) ¢ (b) + (Esz,y) ¢ (a) = (¢ (A) 2,9)]

(%2
) e

b—a a+b
L _
(%3 +F +|) et o

IN

for s € (a,b) and, in particular,

(312) (18— Bap ) 2.y) 9 (0) + (Eapry) ¢ (a) = (0 (A) 2,9)

IN
N
—
(=
\
=
S~—
b(
—~
7~

e
8
<
~—
S~—
N

(b—a) Lz |yl

for any x, y € H.
If we take oo = § in (3.7), then we get

(318) |51 — o) 0 0) + (B9 ()

43 ) e ()~ o (D)
<3t () Ve
S e T
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for s € (a,b) and, in particular,

(3.14) ‘; {<(1H —EaTer) z,y>g0(b) + <EaT+b:r,y>g0(a)}

a+b

+;mw¢( 2)—@%@%@‘

IN

=
—
S

|

Q

N~—
h

—
P
e

&

<

~
S—
| =

(b—a) L] |yl
for any x, y € H.

The above inequality (3.7) can produce several particular examples of interest.
For example if [a,b] C (0,00) and we take ¢ (t) = Int then ¢ is Lipschitzian with

the constant

and by (3.7) we get

(3.15) |(1—a){{(lg — Es)z,y)Inb+ (Esz,y)Ina}
+a(z,y)Ins — (In Az, y)|

b

a70
SO izl
S — X
9 Y

a

1
Smax{a,l—a}( 5
1

b—a
<z 1-
< amax{a, a}( 5 +

for any z, y € H, s € [a,b] and o € [0,1].
In particular, by (3.8) we get

(3.16) ‘(1 - ) {<(1H —EaTH,> x,y> Inb+ <EaT+bx,y> lna}

+a (z,y)In (CH_ b) - (lnAx,y)‘
1 ’ 1 b
< gmactert—a) (7 1)V (Fyn) < g (ot~ (G 1) el

for any z, y € H and « € [0, 1].
If we take o =1 in (3.15) and (3.16), then we get

(3.17)  [z,y)Ins — (In Az, y)|

<1 b—a+s_
~a 2

b b
)

0
b- goath ]| [yl
2 2 Ly

IN
Q| @
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for any x, y € H, s € [a,b] and, in particular

a+b

(3.18)

(z,) ln( ) - (1nAx,y)‘

<3(2-1) V (B < & (2= 1) el

a—0

for any z, y € H.
If we take o = 0 in (3.15) and (3.16), then we get

(3.19) |((1H7E)xy>lnb+<E:cy)lna7<nA:cy>|
<1<b—a ‘ a—l—bD (Eeyz,y))
a 2
a—0
1/b- a+b
< —
(5 =) teto

for any x, y € H, s € [a,b] and, in particular

(3.20) ‘<(1H — EaTM) x,y> Inb+ <EaT+bx,y> Ina — <1nAx,y>’

<12 V (Boea)) < & (2-1) tello

a—0

for any z, y € H.
If we take o = 5 in (3.15) and (3.16), then we get

(3.21) % {(lg — Es)z,y) Inb+ (FEsx,y) Ina}

1
—|—§ (x,y)Ins — <lnAx,y>‘

1 /b—a a+b
< _
_2a< 5 +‘s 5 D Izl [yl

for any x, y € H, s € [a,b] and, in particular

322 [5{((1n - Eup) vy bt (Bupyma)

+% (z,y)In (a : b) - <1nAx,y)‘

1L 1) \/ (Bow)) < 5 (2=1) el I

for any z, y € H.
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4. APPLICATIONS FOR UNITARY OPERATORS

A unitary operator is a bounded linear operator U : H — H on a Hilbert space
H satisfying
U'U=UU"=1gy
where U* is the adjoint of U, and 1y : H — H is the identity operator. This
property is equivalent to the following;:
(i) U preserves the inner product (-,-) of the Hilbert space, i.e., for all vectors
2 and y in the Hilbert space, (Uz, Uy) = (z,y) and
(ii) U is surjective.
The following result is well known [27, p. 275 - p. 276]:

Theorem 4 (Spectral Representation Theorem). Let U be a unitary operator on
the Hilbert space H. Then there exists a family of projections {P)\}Ae[O,ZWP called
the spectral family of U, with the following properties

a) P\ < Py for A <\

b) Pp=0,Por =1y and Pxio = Py for all A € [0,27);

¢) We have the representation

2m
U:/ exp (i\) dPy.
0

More generally, for every continuous complex-valued function ¢ defined on the
unit circle C (0,1) there exists a unique operator ¢ (U) € B(H) such that for every
e > 0 there exists a § > 0 satisfying the inequality

<e

@ (U) = ¢ (exp (X)) [Py, — Pr, ]
k=1

whenever
0=\ <..< A1 <>\n:2’/T,

Ak = Ap—1 <0 for 1 <k < n,

Np € M1, M) for1<k<n
this means that

2m

(41) o) = [ olexpn) dpy,
0

where the integral is of Riemann-Stieltjes type.

Corollary 3. With the assumptions of Theorem 4 for U, Py and ¢ we have the
representations

27
e U)x = / o (exp (iN)) dP x for allxz € H
0

and

27
(4.2) (p(U)zx,y) = /0 o (exp (iA)) d (P x,y) for all z,y € H.

In particular,

(p(U)z,z) = /0 ! @ (exp (1N)) d(Pyz,x) for all z € H.
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Moreover, we have the equality
27
lp (U) 2]|* = / |0 (exp (iX)|* d|| Pz ||* for all = € H.
0

On making use of an argument similar to the one in [23, Theorem 6], we have:

Lemma 3. Let {P/\},\e[o,zw] be the spectral family of the unitary operator U on the

Hilbert space H. Then for any x,y € H and 0 < a < 8 < 27w we have the inequality
B

(43) \/ (<P()x7y>) < <(P5 - Pa) x,x>1/2 <(Pﬁ - Pa) y7y>1/2 y

B
where \/ (<P(.)3:, y>) denotes the total variation of the function <P(_)x, y> on [a, ]

In pgrticular,
2
(4.4) \ (Poz,y)) < llzll Iy
0
for any x, y € H.

We have:

Theorem 5. Let U be a unitary operator on the Hilbert space H and {P/\}Ae[o,zfr]

the spectral family of projections of U. Also, assume that ¢ : C (0,1) — C is contin-
uwous on C(0,1). If poexp (i-) is Lipschitzian with the constant K > 0, then for all
s € [0, 2n]

(4.5) [[(1—a)e 1)+ apoexp(is)] (z,y) — (¢ (U) z,y)|
<max{a,l —a} K (7 +|s— ) \/ ((Poyz,y))
0
< max{a,1 - a} K (1 +[s —7|) =] |yl
for any xz, y € H.
In particular,

(4.6) [[1-a) @)+ ap(=D](z,y) = (¢ (U)z,y)|
27
<max{a,1—a} 7TK\/ ((Poyz,y)) <max{a,1—a}rL|z| |yl
0
for any x, y € H.

The proof follows in a similar way to the one from Theorem 3 by utilising The-
orem 4 and the inequality (2.11).
We observe that, for a = 1 we get from (4.5) and (4.6) that

an) [[FOEERERE ) o @)a)

2
1 o 1
< K (m+ls =) \/ (Poz,y)) < 5K (7 + s = a)) |l=]l 1y
0

for any z, y € H and s € [0, 27] .
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In particular,

(48 HW} (2.9) ~ (o @) 2,9)] < 57K\ ((Poyv)
< 7K [l o]

for any z, y € H.
For the real numbers a # +1,0 consider the function ¢ : C (0,1) — C, ¢, (2) =
L__ Observe that

l—az"’

(4.9) Iwa(Z)—-wa(uﬁl==rf:7;11f:7;ﬂ

la| |2 — w|

for any z, w € C (0,1).
If 2 = €' with ¢ € [0,27], then we have

I1—az|* =1—2aRe(2) +a?|2|> = 1 — 2acost + a
> 1—2a| +a® = (1 Ja])?

therefore

1 1 q 1 < 1
= a1l =
[1—az| = |1 —al| 1 —aw| = |1 —al|
for any z, w € C (0,1).
Utilising (4.9) and (4.10) we deduce

(4.10)

|al
(4.11) 00 (2) = 4 (W) £ ———= [z — w|
(1—lal)
for any z, w € C(0,1), showing that the function ¢, is Lipschitzian with the
constant L, = (IJTJLI)Q on the circle C (0,1).

If we take z = e’ and w = €' with ¢, s € [0,27] in (4.11) we get
(4.12) |©a (e) — ¢, (eis)| < ﬂz |e“ - ei8| .
(1 —al)
Since
|eis B eit|2 _ |eis|2 ~ 9Re (ei(sft)) 4 |eit|2

—t
=2 —2cos (s —t) = 4sin? <82 )

(S ) <l
sin [ —— —
5 <ls
for ¢, s € [0, 27].

Therefore by (4.12) and (4.13) we get

for any ¢, s € R, hence

(4.13) e — | =2

la]
2
(1—1al)
for ¢, s € [0,2n], which shows that ¢, (e) is Lipschitzian with the constant K =

(1_|a(|l|)2 >0 on [0, 27].

(4.14) |<pa (e“) -, (ei8)| < |s — ¢t
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Using the inequality (4.8) we have for a # +1,0 that
1 _

(Y 1 g
<7ﬂ-7 P.I, S*ﬂ-i x
< e Y (P ) < g o el Il

for any z, y € H, where {P)\}AE[O,QW] is the spectral family of the unitary operator
U on the Hilbert space H.
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