GENERAL THREE POINTS INEQUALITIES FOR WEIGHTED
RIEMANN-STIELTJES INTEGRAL

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we provide amongst others some simple error bounds
in approximating the weighted Riemann-Stieltjes integral f; () g (¥) dv (t) by
the use of three points formula

b d d
f(b)/ g(S)dv(S)+f(a)/ g(S)dv(S)—f(:c)/ o () do (t)

where z, ¢, d € [a,b], g, v : [a,b] — C under bounded variation and Lipschitzian
assumptions for the function f and such that the involved Riemann-Stieltjes
integrals exist.

1. INTRODUCTION

Assume that u, f : [a,b] — C are bounded. If the Riemann-Stieltjes integral
f: f(t) du (t) exists, we write for simplicity, like in [1, p. 142] that f € R¢ (u, [a, b]) ,
or R, (u) when the interval is implicitly known. If the functions u, f are real valued,
then we write f € R (u,[a,b]), or R (u).

In order to approximate the Riemann-Stieltjes integral f; f (t) du (t) by the use
of a three points formula, namely to establish bounds for the error functional

TO (f,u0,b,2,0) == (1— ) {{u(b) — u(@)] f () + [u(z) — u(a)] f (a)}
b
+a[U(b)fU(a)}f(rc)f/ £ty dut),

where a € [0,1] and = € [a, )], under bounded variation assumptions for the func-
tions u and f and such that the involved Riemann-Stieltjes integral exists, in the
recent paper [26] we have obtained the following result:

Theorem 1. Let f, u: [a,b] — C and = € [a,b] are such that f € Rc (u,[a,b]). If
f and u are of bounded variation, then

(L.1) |TO(f,u;a,b,z, )|

] )i )]

a

F(1-a) [/ (\g:/m))d<\t/<f>> v f (\%u))d(\;(f))]

a x
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T T b
< max{a,1—a} (\/ \/ \/(f))

b b b
(\/ —v<f>>v<u>
“ ’ b b
gmax{a,l—a}\/(u)\/(f)

In [27] we also obtained the following result in the case of Lipschitzian integrands:

@<o-&

b b
—\/(u)>\/(f)

< -max{a,1—a}

N =

Theorem 2. Let f, u : [a,b] — C and x € [a,b]. If f is Lipschitzian with the
constant L > 0, namely

lf (@)= f(s)|<L|t—s| forallt, s€[a,b]

and u is of bounded variation, then f € Re (u,[a,b]) and

[(F)eF (1))

(1.2) |TO(f,u;a,bz,a)

< alL

a

+(1-a)L

b
(b—a+|2m—a—b\)\/(u)

b
<max{a,1—a}L(b \/

For various bounds on the error functional

D)= [ OO - wo) —u@l [ roa

where f and u belong to different classes of function for which the Riemann-Stieltjes
integral exists, see [22], [21], [20], and [8] and the references therein.
Bounds for the functional

b
O (f.ua,b,x) = / £ (#)du(t) — f (@) [u(6) — u (a)
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can be found in [15], [16] and [8], while for the functional

b
T(f u;a,b,x) :=/ f(#)du(t) = [u(b) —u(@)] f(b) = [u(z) —u(a)] f(a)

they may be found in [28], [8], [3] and [2]. The details are omitted.
In this paper we provide some simple error bounds in approximating the weighted

Riemann-Stieltjes integral fab f(t)g(t)dv(t) by the use of various general three
points formulae out of which we mention the following one

d

b d
f(b)/g(s)dv(s)+f(a)/ g(s)dv(s)—f(:c)/ g () dv(t),

where z, ¢, d € [a,b], g, v : [a,b] — C under bounded variation and Lipschitzian
assumptions for the function f and such that the involved Riemann-Stieltjes integral
exist,.

2. SOME PRELIMINARY FACTS

The following properties of Riemann-Stieltjes integral are well know, [1, p. 158-
159]:

Lemma 1. Assume that f € Rc(a,la,b]) and f € Re(w,la,b]) where a €
BV¢ [a,b], namely of bounded variation on [a,b]. Define

F(x):= /wf(t) do (1)
and
G(x):= / g (1) da (1)

where x € [a,b].
Then f € Re (G, a, b)), g € Re (Fy[a,b]), fg € Re (o, [a,b]) and we have

b b b
/f<t>g<t>da<t>:/ f<t>d0<t>:/ g (t)dF (t).

If ¢ € [a,b] and consider the integral fctg (s) dv (s) that is assumed to exist for
any t € [a,b], then

(21) [osoa©=[s6we - [geae

for any ¢ € [a,b].
Indeed if t € [c,b], then (2.1) is obvious. If ¢ € [a,c], then

/acg(s)dv(S)/atg(s)dv(s)+/tcg(5)dv(5),

which also gives (2.1).
We start with the following simple fact:



4 S.S. DRAGOMIR

Lemma 2. Let f, g, v : [a,b] = C, \, p € C and z, ¢, d € [a,b]. If g, fg €
Rc (’U, [avb])a then

(2.2 (/dbg(S)dv()—u>f(b) (A+/C ()dv()>f(a)

+</Cdg< £+ - A) /f

=/(/ (o (5) =) a7 (1) + /(/d (5) do (5) - )df<t>.
In particular, for p = \ we have
(2.3 (/dbg(S)dv(S)—A>f(b)+<A+/Cg(t)dv(t)>f(a)

d ’ b
+f(a?)/c g(t)dv(t)—/a F(t)g(®)dv(t)
-[ (/ctg<s>dv<s>—x)df<t>+/: ([ltg<s>dv<s>—A)df<t>.

Proof. Assume that z, ¢, d € [a,b] . Using the integration by parts formula for the
Riemann-Stieltjes integral and Lemma 1, we have

ey | (/:g<s>dv<s>—x)df<t>
- (/Ctgu)dv(t)—x)f(t)E—[f(t)d(/ctg(smws)—A)

— </C£g(t)dv(t)—/\>f(a:)+</\+/:g(t)dv(t)) (a)—/:af(ﬂg(t)dv(t)-

In a similar way,

(25) / (/dtg(S)dv(S)u)df(t)
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If we add (2.4) and (2.5), we get

/: </:g(8)dv(s)A>df(t)+/: (Ltg(s)dv(s)u>df(t)
= </j9(t)dv(t)—>\>f(z)+ </\+/acg(t)dv(t))f(a)

+<Aiu@mm@—u>f@+(u—1jw@mm@)ﬂm—[fﬂwg@dww,

which is equivalent to the desired result (2.2) O

If we take d = c above, we get:

Corollary 1. Let f, g, v, f : [a,b)] = C, \, p € C and z, ¢ € [a,b]. If g, fg €
Re (v, [a,b]), then

(2.6) (/Cbg(S)dv (s) —u) f )+ <A+/:9(t)dv(t)> f(a)

b
+W—Mf@%i/f@M@MMﬂ
b

<i[([g®m@)A)#@+A(l%@mm&@#@»

In particular, for p = X\ we have

(2.7) ([g@mwrm>ﬂm+Q+AEwmm0fw

_/abf(t)g(t)dv(t):/ab (/Ctg(s)dv(s)—)\>df(t).

Remark 1. If we take g (t) =1, t € [a,b] in (2.2) and (2.83), then we get
(2.8) (v (b) —v(d) = p) F(0) + (A + v (c) —v(a))

10
HE@+u-A=v@) )= [ F@)do()

= [@@-v@-Na@+ [ 00-v@-wa .

x

If we take B =v (d) + p and vy =X+ v (c), then by (2.8) we get
b
(2.9) () =B)f(O)+(y—v(a)f(a)+(B—7)[(x) —/ f @) dv (1)
b

- [ww-nao+ [ co-saw.

In particular, for B = we get by (2.9) that

b b
@w)@@fﬂﬁw%HBfM@Uﬁﬁf/f@MMﬂ:/(Mﬂ*@#@%
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Remark 2. If we take ¢ =b and d = a in Lemma 2, then we get

(2.11) (lbg<s>dv<s>u> Fo)+ (M/:g(t)dv(t)) f (@
+<u A- /b ) /f
=/( u) ( (s)dv(s)+k>df(t)-

In particular, for = X\ we obtain
b
g(t

(2.12) (/:g() ) +(A+/
1@ [ otae- [ 100
:/(/ () do (5) - )df<> I (/ <>dv<>+A>df<t>.

If we take ¢ = a and d = b in Lemma 2, then we get

b
(2.13)  Af(a) *ﬂf(b)+(M*A)f($)*/ f(t)g(t)dv(t

(0
-/ (Ltg<s>dv<s>—x)df<t>—Lb (/tbg@)dv(s)w) af (1),

In particular, for p = \ we obtain

(2.14) Af(a) = Af(b) - / "f e
[([swamw-)wo-[ (/jg@dv(s)“) ().

Remark 3. If we take g(t) =1, t € [a,b] in (2.11), then we get
(2.15) (v (b) —v(a) =) f(b) + (A+v(b) —v(a)) f (a)
b
Hu=A= o) +v@) @) - [ fHdo)

b T
- [@-v@-nan- [ co-v0rNdo.
If this equality we take p = X, then we get
(216) (v(b) —v(a) = A) f(b) + (A+v(b) —v(a))f(a)

b
—(v(b)—v(a))f(x)—/ £ () dv (t)

b
:/ (v(t)fv(a)fA)df(t)f/ (0(B) — 0 (£) + N df (1)

a
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Remark 4. If we take p = — fadg(s) dv (s) and A = fcbg(t) dv (t) in (2.2), then
we get

b
/gwmw@uw+fw>

+(/jg(t)dv(t)—/dmg(s)dv(s)—/adg(s)dv(s)—/Cbg(t)dv(t)>f(x)

b
—/fwg@wm

::Lx(Kﬂﬂgde>—lfgwde>dﬂw
+L%LE@@@+LZ@®@O%®,

which is equivalent to

b b
1) (fO+f@-f@) [ g6 )~ [ FOs0dw

:LKLE@@@O#@—[«AZ@M@OW@-

If we take A = fcdg (t)dv (t) and p= — fcdg (t)dv (t), then by (2.2) we get

b d
(/gwmw@+/gwmw0f@
d c

_/j (/ctg(s)dv(s)—/cdg(t)dv(t)> df (t)
+Lf<éﬂﬂgdv@)+[dgmdv@>dﬂw,
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which is equivalent to

d

(218) f(b) / 9()dv (s) + f (a) / g (t)dv(t)  f () / g (t)dv (1

[ rwewaw
-/ </dtg(s)dv(s))df(t)+/: (/:g(s)dv(s)>df(t)-

Remark 5. If we take pp = f;g (s)dv(s) and X = — [T g (t)dv (t) in (2.2), then
we get

(/cmg(t)dv(t)+/Idg(s)dv(5)+/dbg(8)dv(s)—&-/:g(t)dv(t))f(m)
—/abf(t)g(t)d |
-/ (/:g@)dv(s)+/acg<t>dv<t>) 4 (1)

b t b
+f (/dg<s>dv<s>—/d g(S)dv(8)>df(t),
which is equivalent to

b b
(219) f(2) / g(t)dv (1) — / F(t)g(t)dv(t)
=/j (Atg<s>dv<s>)df<t>—/zb (/tbg@)dw(s)) af (1)

3. INEQUALITIES FOR INTEGRANDS OF BOUNDED VARIATION
‘We have:

Theorem 3. Assume that f : [a,b] — C is of bounded variation, g, v : [a,b] — C,
A € Cand x, ¢, d € [a,b] are such that the Riemann-Stieltjes integrals below
exist. Then

(3.1) ([Jbg(S)dv(S)—u>f(b)+<A+/acg(t)dv(t)>f(a)
+</Cdg(t)dv( b A) /f
< mox / \/ £+ mox /dg(S)dv(S)—u\:/(f)

, max
t€(z,b] d

/:g(s)dv(s))\
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In particular, for p = X\ we have

(/dbg(s)dv(s)/\)f(b)Jr</\+/acg(t)du(t)>f(a)
+f(x)/cdg(t)dv(t)_/abf(t)g(t)dv(t)

t
d - A
tela,x] |/ t€(z,b] /d g (S) v (S)

[ o6 av =l ma | [ orav ) »

Proof. It is well known that, if p : [a,b] — C is continuous and v : [a,b] — C of
bounded variation, then [1]

b
[ v ( ><tgl[a>l§]lp()|\a/(v)-

By using the identity (2.2) and the property (3.3) we get

|</dbg(s)dv(s)#>f(b) (/\Jr/c ()dv())f(a)
+</cd (t) 1)+ u— /\> /f

'/( ) (t)‘Jr/w(/d (s) dv (s) — )df(t)
/Ct (s)dv (s) — A’d(\:/(f)>+/£” :

/dtg(s)dv(S)—u‘d<\x/(f)>
/Ctg(s)dv(s)—A‘?(f)+trerl[g?<

b
V&,
which proves the first inequality in (3.1).

(3.2)

< max /tg(s)dv(S)A‘\:/(fH max

< max{ max
tela,x]

max
te(z,b]

(3.3)

<[

< max
t€la,z]

t
/ g(s)dv(s)—p
b1Ja z
Observe that

b

Vi

tela,z] | /. t€[x,b] [ Jqg

t
/ g (s)dv(s) - A,
te(a,x] c

< max{ max
t
/ g(s)dv(s)—A|,
@] | Je te

= max max
tela

mas /tg<s>dv<s>—x\\?<f>+ wax | [ (61w (s)

max
t€(z,b] d

}\:/<f>,

which proves the last part of (3.1). O

[s@ars -
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m b
Remark 6. If m € (a,b) is such that \/ (f)= \/ (f), then under the assumptions

m
of Theorem 8 we have the inequalities

(3.4 (/dbg(S)dv(S)—u>f(b) (A+/C ()dv(>)f<a>
+</Cdg( t)+p— A) /f
s;[tggﬁ] / (s) v (s) — A+n[%/ (s)do (5) — u}\:/m
and
(35) (/dbg(s)dv(s)A)f(b)+<A+/:g(t)dv(t)>f(a)

d b
+f<m>/ g(t)dv(t)—/ £ (g () do ()

[ s> [ o -» a

b
[V
Corollary 2. With the assumptions of Theorem 8, and if d = ¢, then

b c
(/ g(S)dv(S)—ﬂ>f(b)+<A+/ g(t)dv(t)>f(a)
b
+ u—A)f(x)—/ (09 (t)dv(t)

< max /tg(s)dv(s)—)\’\:/(f)—k max

tela,x] |/, telz,b] | ).

t
/ g(s)dv(s) - |,
€la,z] c te(

< max { max max
t€la z,b] | ).

1
< — | max
2 |:t€[a,m]

4+ max
te[m,b)

(3.6)

In particular, for p = A, we get

(/ﬂbg(S)dv(S)—A> fb)+ <A+/:g(t)dv(t)>f(a)

(3.7)
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Remark 7. If we take ¢ = x in Corollary 2, then we get

(3.9) (/bg<s>dv<s>—A> Fo)+ (H/ g(t)dv(t)>f(a)
[ rwewan)
< max | o000 =3 V (1) + /:g(s)dv(s)—k\i/(f)

< max
t€la,b]

Corollary 3. With the assumptions of Theorem 3, and if c =b and d = a, then

(3.10)

(/ g(S)dv(S)—u>f(b)+ <A+/ g(t)dv(t)>f(a)

b b
+<u—>\—/ g(t)dv(t)>f(w)—/ f(#)g(t)dv(t)

b
| /t g(s)dv(s)+ A

Z~2<o—
—
=

< max
t€la,x

Vo + mey [ oot -

[ av -

< max { max
te(a,x]

b
/tg<s>dv<s>+x,

max
te(x,b]

11
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In particular, for p = X\ we have

b b
(/ g(s)dv(s)—A>f<b>+<A+/ g(t)dv(t)>f(a)

—/ g(t)dv(t)f(w)—/ £ () g (@) do ()

(3.11)

b x t b
< max / 9610 ()42 (1) + g / 91052V ()
b t b
Smax{trerm] /t g(s)dv(s)+ A ,tren[gfg]/ag(S)dv(S)—A‘}\/(f)

a

Corollary 4. With the assumptions of Theorem 38 and if the Riemann-Stieltjes
integrals below exist, then

d

b d
(3.12) ‘f(b) / g (s)dv(s) + f (a) / g (t)dv(t) - f (2) / g (1) do (1)

b
—/ F () g (t)dv ()

[aans) V)

/:g<s> v (5

< max
t€la,x]

[ s

\/ (f) + max

te(z,b]

/dtgcs)dv(s) ,

In particular, for c = a and d = b, we have

max
te(z,b]

b
\VAGR

< max {4 max
tela,x]

(313) |[f () +f(a)— f ()] / g (1) dv (1) - / £ (g () do ()

/t g (s)dv ()

< max < max
t€la,z]

[ s

< max
t€la,z]

te(z,b]

x b
\ (f) + max \VAC))

b + b
/t g(s)dv (s) / g (s)dv(s)| Y\ ()

, max
t€(z,b]

}

forc=10b and d = a, we have

b b
(3.14) ‘f(w) [owae - [ 105

xT

\/(f)+ max

te[z,b]

< max
t€la,z]

[ / g (s)dv ()

b
\V ()

/t " (5)dv (s)

/:g<s>dv (5)

}\:/(f)

< max { max
t€la,z]
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and forc=d==x

T x t b
Stg?,};] /t g (s)dv(s) \/(f)+trél[%]/$g(8)dv(8) \m/(f)
- b
< max / 961 (5) V(1)

m

b
Remark 8. If m € (a,b) is such that \/ (f)= \/ (f), then under the assumptions

of Corollary 4, we have

[ rwema
<! Lé?fffi] /dtng )] + mavs, /:g<s>dv (s) ] \i/(f),

b

[V

a

+ max
te[m,b)

/,: 9(5)dv (s)

Using the equalities (2.9) and (2.10) one can obtain various inequalities as in the
recent paper [26]. The details are omitted.
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4. INEQUALITIES FOR LIPSCHITZIAN INTEGRANDS

We say that the function f : [a,b] — C is Lipschitzian with constant L > 0 if

(4.1) lf(t)—f(s)| < LJt—s| forallt, s€|a,b.

Theorem 4. Assume that f : [a,b] — C is Lipschitzian with constant L > 0, g,
v:fa,b] - C, A\, p € C and z, ¢, d € [a,b] are such that the Riemann-Stieltjes
integrals below exist. Then

(4.2) '(/ (s)dv (s) — u)f(b)Jr<A+/:g(t)dv(t)>f(a)

b
( 0+ A)f(&?)-/@f(t)g(t)dv(t)
Lgl?’i / —A (x—a)+tgl[gfl§] /dtg(S)dv(S)—u‘(b—x)}

< Lmax{ max
tela m]

/dtg<s>dv<s>u'}<ba>.

s)dv (s) — A

, max
te(z,b)

In particular, for = \ we have

(43) '(/dbg(s)dv(s)—A)f(bH<A+/:g(t)dv(t)>f(a)
+f(w)/cdg(t)dv(t)—/abf(t>g(t)dv(t)

/Ctg(s)dv(s))\ /dtg(s)dv(s))\‘(bm)]

(r —a) + max

<L {max
te€[z,b]

t€la,z]

, max

t€(z,b]

< Lmax{ max
t€la,x)

/Ctg(s)dv(S))\ /dtg(s)dv(s)/\'}(ba).

Proof. Tt is well known that, if p : [a, b] — C is Riemann integrable and v : [a,b] — C
is Lipschitzian with the constant L > 0, then

b b
[rwao| <t [ ol
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By using the identity (2.2) and the property (4.4) we get

‘(fg(w”@)—u)f(b) (3+ [ s ()dv())f(a)
+</cdg( 1)+ u— A) /f

'/ ( > m‘* /:(/dg(s)dv(S)u)df(t)
<L/a /: (s)dv (s) — Adt+L/: /dtg(s)d”u(s)u‘dt

/ g(s)dv(s) — Al (z —a) + max

te[z,b]
which proves the first inequality in (4.2).
The rest is obvious. O

< L max
t€la,z]

/dtg<s>dv<s>u\<bz>,

Remark 9. For x = “f% in (4.2) and (4.3) we get, under the assumptions of
Theorem 4, that

(/dbg(S)dv(S)—u>f(b)+<A+/09()dv()>f(a)
+</cdg<t)dv< . A)f(ajb> /f

[, 5] /Ct (s)dv(s) — A /dg(s)dv(s)—uH (b—a).

In particular, for p = X\ we have

(/ (5) o (s) - ) )+ ( /C()dv()>f(a)
<a+b> /f
AR

(4.5)

+ max
te[2ft b]

(4.6)

IN
N)\)—l

—|— max

5.0

/d (s)dv(s) — )\H(b—a).
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Corollary 5. With the assumptions of Theorem 4, and if d = ¢, then

In particular, for p = X\, we get

(4.8)

(/Cbg(S)du(S)—/\) £ )+ <)\+/acg(t)dv(t)>f(a)

—/abf(t)g(t)dv(t)
/ctg(S)dv(S)A o)+ s ||
/ctg(s)dv(S)— ax /ctg(s)dv(s)—)\'}(b_a).

Al, max
tE[" }

/tg(s)dv@A‘(b@]

<L {max
t€la,z]

) + max
telx,b
i

< Lmax{ max
t€la,x]

Remark 10. If we take ¢ = x in Corollary 5, then we get

(49) (/bgmd ()—u)f(b)+<A+L sOd () 10
+(u—A)f(x)—/abf(t)g(t)d (0
< 2| ma (@) + s | [ 9(6)dv(s) ~ |0~ o)




THREE POINTS INEQUALITIES 17

In particular, for p =\, we get

(4.10) |</:g(s)dv(s))\> f )+ <)\+/a$g(t)dv(t))f(a)

—/abf(t)g(t)dv(t)
< 2] max /:g<s>dv<s>—x (= )+ max /:g<s>dv<s>—A\<b—x>]
< I max Atg(s)dv(s)—A‘(b—a).

Corollary 6. With the assumptions of Theorem 4, and if c =0 and d = a, then

b b
(4.11) ‘( / g(S)dv(S)—u>f(b)+<A+ / g(t)dv(t)>f(a)

+<M—A—/ g(t)dv<t>>f<x>—/ F () g (@) dv ()

<L

max

max (x —a) + max

te[x,b]

[ oG+

t

/:g<s>dv<s>—u\<b—m>]

/tbg(s)dv(s)—i-)\, /atg(s)dv(s)—,u‘}(b_a)'

max
te(z,b]

< Lmax<{ max
t€la,x]

In particular, for p = X\ we have

b b
(4.12) ‘( / g(s)dv<s>A>f<b>+<A+ / g(t)dv(t)>f(a)

b b
() / g (t)dv (1) / £ () g () dv(t)

b t

SLLI&}%);] /t g(s)dv(s)+ A (x—a)+trerl[g?§]/ag(s)dv(s)—)\‘(b—m)]
b t

SLmax{txggz} /t g(s)dv(s)+ A ,trerl[g?z]/ag(s)dv(s)—)\‘}(b—a).
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Corollary 7. With the assumptions of Theorem 4 and if the Riemann-Stieltjes
integrals below exist, then

d d

(4.13) g (t)dv(t) — f (x) / g (t)dv (1)

f(b)/cbg(s)dv(st(a)L

b
—/ F () g (t)dv (1)

[ o
<Lmax{ max /itg(s)dv(s) )

tela,z] |/,

<L {max
t€la,z]

/:g<s> v (5

0-)

bo-a).

—a)+
(om0t e

t
d
Jnax / g(s)dv(s)

In particular, for c = a and d = b, we have

b b
@ |fe+1@-f@) [ gwa®- [ fogwd

b

\V ()

[ s

/ g (s)dv (s) [

< max
tela,x]

\/(f)+ max

te[z,b]

/tbg<s>dv<s> 7

< max { max
t€la,x]

max
te(x,b)

}\:/(f)

forc=10b and d = a, we have

b b
@15) |t [ oo~ [ Fgan
t b
SLLQ% [ o @-a+mx| [ o6 <bx>]
t b
SLmaX{tren[i);] [ o) ma | [0t }(b—a>

and for c =d = x we get

b x b
(416) | () / 9(s)dv () + f (a) / g (t) dv (1) - / £ () g () do ()
<L Lgl[i);] /f””g (s)dv (s)|(x —a) + tren[i,}li] / g(s)dv(s)|(b— x)]
< Ly /fg<s>dv<s> (b-a).
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Remark 11. If we take x = %H’, then under the assumptions of Corollary 7, we

have
b d a d
(.17) ‘f(b)/ s@ 0@+ 1@ [aane-1(5) [0
b
- [ 10s@av
1 t t
<ot | s, | [ 0@ o)+ s | g(s)dv<s>]<ba>,

1 b t
<gh| s, [ st - / g(s)dv<s>]<ba>
a b
(4.19) ‘f( ;b)/g /f
1 t b
< iLmax {ter[le,a%b] /a g(s)dv(s) ,tE@(b] /t g(s)dv(s) }(ba)
and
b afb b
(4.20) ‘f( g()dv()+f(a/ g@ydo(t)~ [ F)g®)ao(e
1 t
§L Ler[ilau(“) s)dwv (s) —|—t€1[r21%g<,b] /a;rhg(s) dv (s) ] (b—a).

5. SOME SIMPLER ERROR BOUNDS

If g : [a,b] — C is continuous and v : [a,b] — C is of bounded variation, then the
Riemann-Stieltjes integrals f g (s)dv(s) and ft ) dv (s) exist for ¢ € [a,b] and

[swao|< [l d( ><Sm3§]g IV @
b b s b
[ e < [ g<s>|d<y<v>> < max s/ )

which implies that
t T
[ e

< max |g(s \/
b
/tg@dv()

and

max
tela,x]

s€la,x]

and
b

< max |g ()| \/ (v),

s€[xz,b]

max
te[xz,b]
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for x € (a,b).
Therefore, by (3.14) we get for x € (a,b) that

b b
CBY 'f(af) [ - [ 105w

< max
tela,x]

x b
\/ (f) + max / g (s)dv (s)

te[z,b]

[

x

< max [g(s)|\/ (v)

s€la,z]

b
\V ()

b
(f) + max [g ()| \/ () \/ ()
b

m<a o

M s€(x,b]

xT

b
max {maxse[a,m] |g (8)| \/ (U) » MaXse[z,b) |g (8)| \/ (,U)} \/ (f) ’

a x

<

T b b
max {maxse[a,x] |g (S)| \/ (f) y MaXse(z,b] |g (S)| \/ (f)} \/ (’U)

a T a

provided f, v are of bounded variation and g is continuous and such that the integral

f:f (t) g (t) dv (t) exists.

b
If m € (a,b) is such that \/ (f) = \/ (f), then from the first inequality in (5.1)

m

a
we get

+ max
t€[m,b]

b b
/tg(s)dv(s)]\/(f)-

b
If p € (a,b) is such that \/ (v) = \/ (v), then from the inequality (5.1) we get
P

a

b b
(5.3) ’f(p) / g (t)dv (t) - / £ () g () do ()

p

< max
t€la,p]

/t g (5)dv (s)

t b
[ e \/

1 P : b
<3 Lgl[gf;] 9V (1) + ma g (s)l\/(f)] \ ().

\/ (f) + max

t€(p,b]

s€[p,b
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By (4.15) we also get for « € (a,b) that

b b
(5.4) ’f(:c) / g (t)du (t) - / £ (t) g (t)dv (t)

t b
SLL%I / 9(5)dv () (o )+ max / g (s)dv (s) <b—x>]
b
< L| max g(s I\/ (2= a) + max [g (s )I\/(v)(bx)]
x b
max {maxse[a,z] 9V () maxaeges 19 ()] \/ <v>} (b—a),

b
max {maxse(q, |9 (5)| (z — @), maxge 4 g ()] (b— )} \/ (v)

a

provided v is of bounded variation, f is Lipschitzian with the constant L > 0 and
g is continuous on [a, b] .
In particular, for x = aTer we get from the first inequality in (5.4) that

(5.5 'f<;b>/ - [ sws0wo
/atg@dv(s)

+ max
te[2ft b]

/t g (5)dv (s)

](b—a).

tefa, 21

P b
If p € (a,b) is such that \/ (v) = \/ (v), then from the inequality (5.4) we get
a P

b b
(5.6) ’f@) / g (t) dv (t) - / £ (g () do ()

[ / g (s)dv ()

b
< 0| o 96 0= )+ 96 6= )| V ).

2 s€la,p] s€[p,b]

<L

—a)+
(p—a)+ max

max
t€la,p]

(b— p)]

—_

a
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Similarly, by (3.15) we have for z € (a,b) that

T T t b
< s | [ @@ V(1) + mag | [V )
x b b
< Sreng); lg (s |\/ \/ +Sré1[i;l?§] g (3)|\/(U)\/(f)
x b b
max {maxse[a,w] |g (5)| \/ (”U) » MaXse[z,b] |g (8)| \/ (’U)} \/ (f)

<

T b b
max {maxse[a,x] ‘g (S)| \/ (f) y MaAXsec(x,b] |g (8)| \/ (f)} \/ ('U)

a €T a

provided f, v are of bounded variation and g is continuous and such that the integral
f; f () g(t)dv(t) exists.
b

If m € (a,b) is such that \/ (f) = \/ (f), then from the first inequality in (5.7)

m
we get

[ s

S)| + max
te[m,b)

]\i/(f»

p b
If p € (a,b) is such that \/ (v) = \/ (v), then from the inequality (5.1) we get
a P

b D b
(5.9) ’f(b) / g(s)dv (s) + f (a) / g (t)dv (t) - / £ () g (t)do (1)
/fg<s>dv<s>

b
V
1 P b b
=3 [m[] 9V () + max lg ()Y (f)] \ ().

P

\ (f) + max

< max
t€[a,p)

t€[p,b]

/ptg<s> dv (5)
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From (4.16) we have

b x b
(5.10) |f(b) / g (s)dv (s) + f (a) / o (t) dv (1) / f () g () do(t)

(x —a) + max

<L {max
te(z,b]

t€la,x]

[ o -2

/fgcs) o (s)

x

b
masx g (5)| \/ () (2 — @) + max g (5)] \/ (0) (b w>]

s€la,z] M s€[x,b]

<L

T b
max {maxse[a,x] l9 (I (v) maxoepe ) |9 ()] \/ (v)} (b—a),

a x

<L

b
max {maX,c(q 1 |9 (s)| (¢ — ), maxoea g ()| (0 —2)} \/ (v)
provided that v is of bounded variation, f is Lipschitzian with the constant L > 0
and g is continuous on [a, b] .
In particular, for z = %% we get from the first inequality in (5.10) that

2
b atb b
(5.11) |f (b) /7 g (s)dv(s) + f (a) / g dv(t)— [ Ft)g(t)dv(t
1 kR ¢
< §L LGI[E,E?;L’] /t g(s)dv(s)| + tel[g%i?’(,b] /a;rb g (s)dv(s) ] (b—a).

P b
If p € (a,b) is such that \/ (v) = \/ (v), then from the inequality (5.10) we get
P

a

(5.12) ‘f(b) / g(s)dv(s) + f (a) /pg<t>dv<t>— / £ (g () do (1)

<t max | [ 96 0| @0+ max [ o@ants -
< 50| s o910~ @)+ max 96 0 ) \ )
-2 s€la,z] s€z,b] '

a

Using the equalities (2.9) and (2.10) one can obtain various inequalities as in the
recent paper [27]. The details are omitted.
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