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Abstract

This is a long journey in the modern realm of Conformable fractional
differentiation. In that setting the author presents the following types
of analytic inequalities: Landau, Hilbert-Pachpatte, Ostrowski, Opial,
Poincare and Sobolev inequalities. We present uniform and L, results,
involving left and right conformable fractional derivatives, as well engag-
ing several functions. We discuss many interesting special cases.

1 Introduction

Our motivations to write this work follow. The first inspiration comes next.
Let p e [l,00], I =Ry or I =R and f : I — R is twice differentiable with
[, f" €L, (I), then f" € L, (I).
Moreover, there exists a constant C), (I) > 0 independent of f, such that

1 1
1 s < Co (DA 1515

where ||-||, ; is the p-norm on the interval I, see [2], [13].
The research on these inequalities started by E. Landau [20] in 1914. For
the case of p = 0o he proved that

Coo (Ry) =2 and Cy (R) = V2,

are the best constants above.
In 1932, G.H. Hardy and J.E. Littlewood [16] proved above inequality for
p = 2, with the best constants

Oy (Ry) =2 and Cy (R) = 1.

In 1935, G.H. Hardy, E. Landau and J.E. Littlewood [17] showed that the
best constant C), (R4 ) above satisfies the estimate

Cp (Ry) <2forpel,00),
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which yields C, (R) < 2 for p € [1, c0).

In fact in [14] and [18], was shown that C, (R) < v/2.

The author in [8], studied extensively fractional Landau type inequalities
involving right and left Caputo fractional derivatives.

The famous Ostrowski ([21]) inequality motivates this work and has as fol-

lows:
(e 1, (z—=t)’ ,
b_alkﬂwdyf@)§<4+(;)>@aﬂfmw

where f € C* ([a,b]), € [a,b], and it is a sharp inequality.
Another motivation is author’s next Ostrowski type fractional result, see [8],
p. 44:
Let [a,b] C R, a > 0, m = [a] ([] ceiling of the number), f € AC™ ([a, D
(ie. fOm=1) s absolutely continuous), and ||Dg _ f“ fa.z0]’

oo (where Dg _f, D¢, f are the right and left Caputo fractional derivatives of
f of order a, respectively), zo € [a,b]. Assume f*) (zo) =0, k=1,...,m — 1.
Then

*frofH ,[xo,b]

1

S(b—a)r(omtz)'

b
[ F@dn = f ()

{11080~ ll o fongy @0 = "+ D2 Fll g gy 0= 20)° 7} <

1 «
mmax{n% Pl oy 1P s oy (0= @)

The author’s monographs [3], [4], [5], [6], [7], [8], motivate and support greatly
this work too.

Under the point of view of Conformable fractional differentiation the author
scans the broad area of analytic inequalities and reveals a great variety of well-
known inequalities in the Conformable fractional environment to all possible
directions.

2 Main Results - 1

‘We need

Definition 1 (/15], [19]) Let f : [0,00) — R. The conformable a-fractional
derivative for o € (0,1] is given by

f(t+et'=) = f(¢)

Do f (t) = lim . , (1)
Do f(0) = lim Dof (t). (2)

If f is differentiable, then
Dof (t) =t7"f"(t), (3)



where f' is the usual derivative.
We define
Dof =Dy~ (Daf). (4)

If f 1 [0,00) = R is a-differentiable at tg > 0, a € (0,1], then f is continuous
at to, see [19].

Definition 2 ([12]) Let « € (0,1] and 0 < a < b. A function f : [a,b] = R is

a-fractional integrable on [a,b] if the integral

b b
°f (b) ::/ F(t) dat ::/ £ t1at, (5)
exists and is finite.
We need

Theorem 3 ([12]) (Ostrowski type inequality) Let a,b,t € Ry with 0 < a < b,
and let f : [a,b] = R be a-fractional differentiable for a € (0,1]. Then

<M
~ 2a(b* — a®)

b
s | 1Ot =1

[ =)+ 0" = )], (6)

where

My := sup [Daf(t)]. (7)
t€(a,b)

Inequality (6) is sharp.

Corollary 4 (to Theorem 3) Let a,b € Ry with0 < a <b, andlet f : [a,b] = R
be a-fractional differentiable for « € (0,1]. Then

b
a M,
_ < a _ _«
ba_aa/af@)dat fla)| < 5~ (6% —a®), (8)
where
My := sup |D.f (¥)].
te(a,b)
‘We need

Theorem 5 (/10]) Let o € (0,1], and f : [a,b] = R, a > 0, be a-fractional
differentiable on [a,b]. Assume that D, f is continuous on [a,b]. Then

IGDaf(t) = f(t)— f(a), VtElab]. (9)
‘We make



Remark 6 Let a € (0,1], and any a,b € Ry : 0 < a < b, and D,f is a-
fractional differentiable and continuous on every [a,b] C Ry. By Corollary 4 we
get

o ’ My 1o o
|ba—aa/a Do f (t)dat — Do f (a) Sﬁ(b —a%), (10)

where
Ms ;= sup |Dif (t)’ .
te(a,b)

By Theorem 5, equivalently we have:

(P (0)~ F (@) ~ Daf (@) < 52 (67~ ). (1)
Hence it holds
Do (a) ()~ f (@) < 32 (07~ a?) (12)
Equivalently, we can write
D (@)] < 7 (0)~ @) + 52 07 ) < (13)

ba_aa

e b —a®
(75 ) (1) + (5= ) 102

VabeRy:a<b.
Notice that the right hand side of (13) depends only on b* — a®. Therefore
it holds

2 Dg‘f 00 [e ]
Do fll o [0, 400) S (ba_a > 11l J0,400) T (W) (0% —a®).
(14)

Sett :=b* —a® > 0. Thus

D3 o o, 00
HDO&fHoo,[O,Jroo) = < ) ||fH 0,+00) + (2(10“ t, Vi>0. (15)

Call
Hi= 2a Hf”oo,[O,—i—oo) P

and (16)

D21 o 0,00
20 ’

both are greater than zero.



That is we have

L
||DafHoo,[0,+oo) < n +60-t,Vt>0. (17)

Consider the function
y(t)::%+0-t,t>(). (18)

As in [8], pp. 80-82, y has a global minimum at

1
1 2
to = (7) : 19
o= (4 (19)
which is
y (to) = 2v/0p. (20)
Consequently we derive
¥ (t0) = 24/11 e 0. 420) 1025 0,4 (21)
We have proved that
1Defleosto) < 24/ 171 000y 102 fo.10 (22

We have established the following conformable fractional Landau type in-
equality:

Theorem 7 Let f : Ry — R be a-fractional differentiable, o € (0,1]. And D, f
is also a-fractional differentiable and continuous on Ry.. Assume that || f||

oo,Ry
||D§“/”||OO,RJr < oo. Then
1 1
IDaflle g, <2015 p, IPAFIIZ 5, - (23)
that is || Do f[| o g, < 00

Note 8 If f is differentiable then Do f (t) = t'=2f'(t), t > 0, a € (0,1]. When
t >0, t1=% is differentiable. If f is twice differentiable and t > 0, then we have

D2 f (t) = Da (Daf (1)) = Da (£7°f (1) = £ (¢ (1))
_ tlfoc ((1 _ a) t—af/ (t) 4 tlfaf// (t)) )

That is an interesting formula:
D2f(t) = (1 —a)t' =2 f (t) + 2= " (), t > 0. (24)

‘We need



Definition 9 Let o € (0,1]. We define the spaces of functions:

b
L? (|a,b]) := {f:[a,b]CR+—>R:/ f(t)|pdat<+oo,p>l},
and

LZ(R+)::{f:R+—>R:/R |f(m)|paZO¢:1::=/]R |f(a:)|pxa1da:<+oo,p21}.

We need the conformable fractional L, Ostrowski type inequality:

Theorem 10 (/22]) Let a > 0, f : [a,b] — R be an a-fractional differentiable
function for a € (0,1], Dy, (f) € L2 (a,b]); p,qg > 1: %—i— % = 1. Then for all
x € [a,b], we have the inequality:

«

ba_aa

1 N A GG
Aa (1.7Q) = (ba _aa) <0¢(q+1) ( 2 > ) i

1

b
/ F(0) dot — £ (@)] < Aa (2.0) [Da (D], (25)

where

q

1 a® + b
(=) "
When z = a, we get:
o b
o — go / f(#)dat — f (a)| < Aa (a,q) | Da (f)l, , 27
where 1
o ay (gD @
1 1 b —a
Aa(aw(I)_bafaa <a(q+1)< 2 ) )
L b e
1 2
T Lu ( 2 >} *
‘We need

Corollary 11 (/22]) Let a > 0, f : [a,b] — R be an a-fractional differentiable
function for o € (0,1], Dy, (f) € L2 (a,b]), p,q > 1: Il] + é =1. Then

bafaa /abf(t)dat—f<(aa-2i-b“>l>

1 1 3 b — g 04(1-&-%)—1
2 (a(q+1)) ( 2a ) | Do (f)|‘p7[a’b].

Q

< (29)




‘We make

Remark 12 Here f : Ry — R be a-fractional differentiable and 0 < o < 1,
and Dy f is also a-fractional differentiable and continuous function on Ry, and
D% (f)eL? (Ry), p,g>1: %—f— % = 1. Here [a,b] C Ry.

Then, by (29), we get:

aa+ba o b
(55 ) sz [ o

1 1 L b _ g a(1+1)-1
) (555) T 120

equivalently it holds

‘Daf <<aa ;ba)

s (v 1))é (" aa)a(lml 192 (Pl oy (31)

Hence it follows

Do f ((aa;ba>

; (a(qlﬂ)) 192 ()l oy (b;>(”

Thus, it holds
a® + b* a
P ((57))

[20(3+;) (a (q]‘+ 1)) a “Di (f)’|p,R+] (ba _ aa)a(le%)*l

true, V a,b € Ry, a < b.
The right hand side of (33) depends only on b® — a®.

1
We have a® < % <b*, iffa < (%)“ <b.
From now on we assume that |D,, f| is increasing (or decreasing) then

ni((737))

Q=

< (30)

Q=

<

)— C (1 (b) - f(a))

ba_aa

Q=

ba_aa

)’— T _1f®) - fla) < (32)

(Gelfla.) |

ba_aa

(33)

<

|Dof (a)] <




Therefore it holds

1Pef oo ey <

5 )

(or |Daf (¥)] < ‘Daf ((a

(200flz,)

ba_aa

1

<2a(11+;) (a(q+ 1)) "|p2 (f)HMh) (b — @)*(1+3)-1

Sett:=b" —a“ >0, so that

|Dafllr, <

(20 ffm,&) N

1

1 P e
(204(14*(11) (a(q+1)> HDQ (f)‘|p,]1§+>t (1+q) 5 Vit>0.

Call

fii= 20|l g, -

and

0 1 1 I
0 := <2a@+ﬁ) <a(q+;w> HDa(fﬂuR+>

both are greater than 0.

From now on we consider a € (0,1), i.e. 0 < a < 1, thus

We would like to have

where 0 < % < 1.

R~

> 1.

1
O<a<1+)—1<1(:>
q

1-— 1 2 —
m<)aa<f< %

q (0%

2— 1 _ 2—
By a <1 we get =-* > 1. Therefore 7 < =2 always correct.

o

Inequalities (38) are written, equivalently, as

@« _ . __«
2o IS T o

Notice that % < a <1 s equivalently to 12 > 1.
From now on we assume that

2

1
<a<l and 1<q<i7
11—«

(37)

(39)

(40)



and it holds

O<a<1+(1])1<1. (41)
Next, we call
Vi=a (14—;)—1, ve(0,1). (42)
We consider the function
gt) = % +6t7, te(0,00). (43)

Neat we act as in [8], pp. 80-82.
The only critical number here is

. /’I ail
t - - B 44
’ ('176) #4)

and § has a global minimum at ty, which is

7 (k) = (0 )”“ @+ 1)), (45)

Thus, we have proved
1Dafllocr, < (16)

[<2a(11+é) <a(q1+ 1))3 1Dz (f)Hp7R+> (2a||fm7R+)a(1+é)1] )
(o))
(o (16 ) (14 2) 1)

We have established the following L, conformable fractional Landau type
inequality:

+ -q\»—t

1+4)-1)
=)

Theorem 13 Here f : Ry — R be a-fractional differentiable with % <a<l,
and D f is also a-fractional differentiable and continuous function on Ry, and
D2 (f) € LP. (Ry), where p,qg > 1: 1%—|—% =1,1<q< 2. Assume |D,f]| is

monotone and || f| ., g, < oo. Then

(o(1+3)-1) L
|Dafll e, < f||0<0R+( i) > GRS
()=t a0+ ()
2‘”(1(;;(@(%1))3 <a <1+Q>> <a (Hclz) _1> !
That is, || Dofll oz, < +oc. (47)



3 Main Results - 11

In this section we use generalized Conformable fractional calculus.

Here we follow [1] for the basics of generalized Conformable fractional cal-
culus, see also [19].

We need

Definition 14 ([1]) Let a,b € R. The left conformable fractional derivative
starting from a of a function f :[a,00) = R of order 0 < a < 1 is defined by

Ft+et-a' ™) - @

(T2) (1) = lim - (18)
If (T2 f) (t) exists on (a,b), then
(T5f) (@) = lim (T3f) (1) (49)

The right conformable fractional derivative of order 0 < o < 1 terminating at b
of f:(—00,b] = R is defined by

Flt+e®=-0"") - r@

(aTf) (t) = —lim . (50)
If (AT f) (t) exists on (a,b), then
(aT£) (0) = lim (ATf) (2). (51)
Note that if f is differentiable then
(Tef) () = (t—a) =" f (1), (52)
and
(@TH) W) ===t f (). (53)
Denote by ,
@n = [ - @), (54
and .
(L) 0= [ 6= f @) ds, (55)

these are the left and right conformable fractional integrals of order 0 < a < 1.

In the higher order case we can generalize things as follows:

10



Definition 15 (/1]) Let o € (n,n + 1], and set 8 = o —n. Then, the left
conformable fractional derivative starting from a of a function f : [a,00) = R
of order o, where f) (t) exists, is defined by

(Tah) (6) = (T570) @), (56)

The right conformable fractional derivative of order o terminating at b of f :
(—o0,b] — R, where ™) (t) exists, is defined by

(Tr) () = ()" (5Tr) (). (57)

Ifa=n+1then B=1and T2, f = f*+D.
If n is odd, then b\ Tf = —f"*D and if n is even, then b T f = f(+l),
When n =0 (or o € (0,1]), then 8 = «, and (56), (57) collapse to {(48)-
(51)}, respectively.

Lemma 16 ([1]) Let f : (a,b) — R be continuously differentiable and 0 < a <
1. Then, for allt > a we have

TS () @) = f () — f(a). (58)
We need

Definition 17 (see also [1]) If a € (n,n + 1], then the left fractional integral
of order « starting at a is defined by

I2f) (1) = / (t— )" (z — )’ f () dr. (59)

" onl

Similarly, (author’s definition, see [11]) the right fractional integral of order o
terminating at b is defined by

b
(L) @)= [ @002 @) e (60)
We need

Proposition 18 (/1]) Let o € (n,n+ 1] and f : [a,00) — R be (n+ 1) times
continuously differentiable for t > a. Then, for all t > a we have

n ) (a) (1 — o)
LT () () = £ -y IO (61)
k=0 '

We also have

11



Proposition 19 ([11]) Let o € (n,n+1] and f : (—00,b] — R be (n + 1) times
continuously differentiable for t <b. Then, for all t < b we have

N N IO ENIOR SEA A (62)

Ifn=0o0r0<a<1, then (see also [1])
"Ly T (f) (8) = f (1) = f (D). (63)
In conclusion we derive

Theorem 20 ([11]) Let o € (n,n+ 1] and f € C"* ([a,b]), n € N. Then

1)
W) (t-a)f 1 n B—1 ma
fO =3 == H/ (t—2)" (@ —a)"" (TG (f)) (z)dz, (64)
ra ! 1/,
and
2)
n (k) 1k b
-y O L it e () ) e, (65)
k=0 ’ Tt
Vtela,b.
We need

Remark 21 (/11]) We notice the following: let o € (n,n+1] and f € C"*! ([a,b]),
ne€N. Then (B:=a—-n,0<5<1)

(T4 (1) (@) = (T5) (0) = (@ = )~ F4D) (@), (66)

and

ET () (@) = ()" (575) (@) =
)" (=) b= 2) T (@) = ()" (b= 2) T Y (@) (67)
Consequently we get that

(Ta () (@), T () (2) € C([a,b]).

Furthermore it is obvious that
(T4 () (@) = (AT (f)) (b) =0, (68)

when 0 < B < 1, i.e. when a € (n,n+1).

12



@)= f(a) = % /at (t—2)" (@ —a)" " (T8 (f)) () da, (69)
Vtela,b.
If fB (b)) =0, k=1,...,n, then
f@)—f(b) = —% tb(b 2= )" (AT (f)) (2) da, (70)
Vtela,b.
We make

Remark 22 Here let o; € (ng,n; + 1], fi € C Y ([a;, b)), ny € Zy; Bi =
a;—n; (0<B; <1), wherei=1,2.
By definition we have

(T3 (f) () = (ng (ff””)) (t), i=1,2.

Assume that fi(ki) (a;) =0, k;=0,1,....,m5;1=1,2.
Then (by (69))

1/t n —1 s
fit) = o [ =) (= 0 (@ (1) @ s ()
A4 t; € [ai,b-]; 1= ].,2
Letp,q>1:%+%—1, then

i=1,2.
Therefore we get

by —ap)™t [t -
%/ (xq — al)ﬁl 1 |T511 (f1) ($1)| drq <
! ay

<bn|> < / (21— ay)P P dml);’ < / (T2 (1)) (ae1>|qdan>le <

(bl — al)nl (tl — aﬂpwl*l)ﬂ
nq! p(ﬁl — 1) +1

under the assumption 5y > é Sp(fi—1)+1>0.

If1(t)] <

v
) ||Tgll (fl)HLq([ahbl])’ (73)

13



We have proved that

1

ol (B —D+1 YUy (T

ny (B1—1)+1 %
()] < =) (“1 —a)’ ) |7z

Yt € [a1,b1], where B; > %.

Similarly, by assuming Bo > %, we get

2

ny! ¢(B2—1)+1 2L, (7D

. ng _ q(B2—1)+1 %
o ()] < L2 2) <(t2 az) ) |z

Yty € [ag,bg].
Hence we have (by (74) and (75) multiplication)

If1 (t0)] | f2 (t2)] < [(b1 - al)nl . (by — az)n2:|

nl! Tlg!

1 p(B1—1)+1 a(B2—1)+1

1 T (t —a P to —as) T (76
(p(Br—1)+1)7 (q(B2—1)+ 1)1 1—ar) (t2 — a2) )

||T‘$i (fl)HLq([(ll,bl]) HTS; (f2)||Lp([a2,b2]) S

(using Young’s inequality for a,b > 0, arbe < % + g)
((b1 — al)m (b2 — ag)"2> 1
1
il (0B~ )+ 17 (@ (82— 1)+ 1)

(tl _ al)p(ﬁl—l)-i-l . (t2 - a2)Q(52—1)+1
p q

Q=

& GO gy s oy 1705 2 a0 ) (77)
V ti € [ai,bi]; 1= 1,2

Therefore we can write

|f1 (t1)] [ f2 (t2)]

(t1—aq)PP1—D+1 + (ta—ag)9P2—D+1 <
p q

(by = 01)" (b2 — az)™ 1 (78)
nilng! (p(Br — 1) + )7 (¢(Be — 1) + 1)

||Tozal1 (fl)HLq([al,bl]) ||T§§ (f2)HLp([a2,b2])’
Vit € [ai,bi]; 1=1,2.

The denominator of left hand side of (78) can be zero only when both t1 = a4

and to = as.

14



Therefore it holds

/“/% 1 (t0)] | f2 (t2)| dtydts

p(fﬁ 1)+1 to—ao)d(B2—1)+1 —
+ (t2 2)q }

(by —ay)™ ™ (by — a2)n2+1 1755 ( fl i (taronpy 1782 G2 1t by
- .

natns! (p (B — 1) +1)7 (g (B2 — 1) +1)
Notice here that TG (f;) € C ([ai, bi]).

(79)

We have proved the left Conformable fractional Hilbert-Pachpatte inequal-
ity:

Theorem 23 Let «; € (n,,nl + 1}, fl e omitl ([ai,bi]), [a“b,] C R, n; € Z+,‘
Bi = a; —ng, 1= 1,2; p,g > 1: %Jr% = 1. Assume that fi(ki') (a;) = 0,
ki =0,1,...,n;; ¢ = 1,2. Suppose that 1 > % and o > %. Then

by bo
/ / (t1 a1|f1 (t1)| | f2 (t2)| dt1dts < (80)

)p(ﬁ1 1+1 n (ta— a2)q(/32 D+1] —
q

(by — )™ (by — az)nﬁl 175 ( fl HL o(la1,b1)) |75 (f2)||L,,([a2,b2]).
nilna! (p (61 — 1) + 1)7 (q(B2—1)+ 1)«
‘We make

Remark 24 Here let a; € (ng,n; + 1], fi € C™ L ([a;, bi]), ni € Zy; Bi =
a; —n; (0<B; <1), wherei=1,2.
By definition we have

G () (t) = (=)™ (Zf;T (f}"”)) (t:), i=1,2.

Assume that fi(k") (b;))=0,k =0,1,...,n;;i=1,2.
Then (by (70))

b;
fi(ti) = - L (b — 20)" 7 (2 — )" BT (f)) (24) da, (81)

’I’Ll' t;

Vit e [ai,bi]; 1=1,2 (ﬁz =a; —ni, 0< BZ < 1 when «o; € (ni,ni +1))

Letp,q>1:%+%:1, then
(b —a)™ " 1| (b;
i) < == | Gima)™ N @T () @) dz (82

15



We have
_ n1 o pby
el < O 7 o) 7 () ) <

’I’Ll! t

b _ ni by B %
o) (/ (by — )" Ddﬂfl) I T U g oy =

TL1! ty

1
(br —a)™ [ (b1 — tl)p(Bl—l)-H P | . oy )H
ny! p(B—1)+1 a1t VUL, (lay,ba)) -

We assume (31 > % and we have proved

(bl N al)m (by — tl)p(ﬂ1*1)+1 D ,
< 1
|f1 (t1)| = 7’1,1! p(,31—1)+1 !alT(fl)HLq([al,bl])7

Vit e [al,bl] .
Similarly, by assuming Po > %, we get

bg — as n2 b2 _ tQ ‘I(B2*1)+1 a
1fo (t2)] < ¢ )(( : 17 )2

na! q(62—1)+1

YV ity € [ag,bg].
Hence it holds

—a1)" (bg — a2)”2]

nl! 77,2!

ﬁmMMMSF“

1 p(B1—1)+1 a(B2—1)+1

(br—t1) 7 (ba—t2) 7

Q=

(p(Br—1)+1)% (¢(Ba— 1)+ 1)
18T L, ar oy 12T G L, (an o)y <

(using Young’s inequality for a,b > 0, arbe < % + g)

Q=

((b1 —a1)"™ (by — az)n2> 11
naln! (P(BL—1)+1)7 (q(B2—1) + 1)

(by — tl)p(ﬁl—l)-i-l . (by — t2)Q(52—1)+1
p q

ngllT (fl)HLq([al,bl]) Hgsz (fQ)HL,,([aQ,bQ]) ’

Vit € [ai,bi]; 1=1,2.

16
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(84)

(85)

(86)

(87)



Therefore we can write

|f1 (t)] [ f2 ()]

[(bl,tl)pwl—lwl 4 (52_t2)q(ﬂ271)+1} —

D q

(by —a1)™ (b2 —az)"
milna) (p (B~ 1) + )7 (a8 — 1)+ 1)*
1 T Oy s 0y 1T G2 )

Vit e [ai,bi]; 1=1,2.

The denominator of left hand side of (88) equals 0 only when both t; = by
and t2 = bg.

Therefore it holds

/bl /b2 |f1 (t1)] | f2 (t2)] dt1dtz
(b1—t1

)p(ﬁ‘1 1)+1 n (by— t2)q(52 D+17] —
q

ni+1 na+1 1 2
(b1 — a1) (by — az) Hb T( fl HLq([al,bl]) ng HL p(laz,ba])
mna! (p (81— 1) +1)7 (q (B2 — 1) + 1)
Notice here that b T (fi) € C([ai, bs)).

We have proved the right conformable fractional Hilbert-Pachpatte inequal-
ity:

(89)

Theorem 25 Let o; € (ng,n; + 1], fi € C™ L (as, b)), [ai,bi] C R, n; € Zy;
Bi = a; — m,zf12Assumethatf(k)() 0, k; =0,1,....,n;; i =1,2. Let
p,qg>1: 5+a—1wzthﬁl>a 52>p, Then

/bl /b2 |f1 (t1)] | f2 (t2)] dt1dtz
(b1—t1

)p(ﬁ‘1 H+1 n (by—t5)1(P2— 1)+1:| —

q

(b1 —a1)" T (by — ag)™ ™ |27 ( fl HL J(lar,b1]) H (f2) HL p(lazba))
nilng! (p (B1 — 1) + 1) (q(B2 — 1)+ 1)

Next we present Conformable fractional Ostrowski type inequalities:

(90)
Theorem 26 Let o € (n,n+ 1], n € Zy, f € C"" ([a,b]), B == a — n;
zo € [a,b] be fized. Assume f*) (x9) =0, k=1,...,n. Then

1 b L' (8)
m/ﬂ f(t)dt — f (x0) STlat2)(b-a)

{@0 =) 2T (Dllse o) + 6= 70) T N (Dllseposy - O1)

17



Proof. We have (by (69))

PO = 5 [ =0 o) @2 (1) )
Y t € [0,b], and (by (70))
£~ o)== [ o= o) T (1) ()
Y t € a, o)
We observe that

76~ (T/o)|<% | =) ) T () @) <

175" (Pl o 2o, b]/ CERE A1
o) e =
HT”0 (N os,izo.p) T (n +1) T (B) ntf _
n! F'n+B8+1) (t = 2o) B

ITE ()l oo, fe,5 T (B) _
T(n+pB+1) (1 —0)™"".

That is

175 (F)llo 0,01 T (B)
F'n+p+1)

[f () = f(z0)] < (t —x0)" P, VYt € [z0,0].

Similarly, it holds

(93)

(95)

£~ @0l < 2 T Dy | 20— o =0 e =

16T ()l oo fawo) T (B) T (1 + 1)
n! L(B+n+1)
180T ()l o, fa,00) T (B) Ban

T(B+n+1) (w0 = )"

(o —t)"" =

That is

180T (Nl o jarz0) T (B)
FrB+n+1)

b
ﬁ/ £t dt —

18

|f () = f (z0)| <

Hence, we can write

(zo — )P, Vit € [a,z0].

(96)

(97)



xo b
bia{A U@%ﬂ”%ﬂﬁ+l¥ﬁ@}iﬂwﬂﬂ}<

I (B) o B+n .
rorit e ([ -0 ) T Dl 9

b
(/ (t — z0)" 7 dt) T3 (f)loo,[xo,m} =

I'(5)
F(n+p+1)(b-a)

(b= 20)" " ITE ()l i}

{@0 =@ 2T (Pl o) +

proving (91). =

Theorem 27 Here all as in Theorem 26. Let pi,pa,ps > 1: p% + p% + p%’ =1,
with B > p% + p%. Then

<

b
b [ T ®de f
1

(b—a)n!(p1n—|—1)ﬁ(pz(ﬂ—l)*'l)% (O“’_piz—i_pis)

at+ L 4L T att+-L iy
{0 20)™ 555 T2 ()l gy + (0 = )55 2T () o -
(99)

Proof. By (92) we get

()~ f (wo)] < — / (t— )" (& — o) T2 (F) ()| da <

n!

1 t " B t _ s
([ amarmae)™ ([ e as) " iz (g -
: zo xo

1720 (F) s o ((t - m)pl"“) " ((f - wo>”2(’“)“> " o0

n! pin+1 pe(B—1)+1
. nt o +B-1+ -
U2 (), gy (8 — 0)" 70 HF7 152

nl (pin+1)7 (py (B — 1) + 1)72

Notice that po (6 —1)+1> 0, iff 3 > p%"" p%,'
We have proved

1

20 (£ gy (8 — 0)" 775

ft—fl' < 1 1
T s o )% (=1 + D%

(101)

19



Vite [xo, b] .
Similarly, we have (by (93))

[f () = f (zo)| <

1 1

1 v p2(B-1) vz o pin HTEN
([ oo an) ™ ([T w0 ) T )y gy =

o 1

) (xo _ t)p2(5_1)+1 P2 (1‘0 _ t)Pln-‘rl P1

o} - | 2T (Dlpy e =
ol pe(B—1)+1 pin+1

1207 (£l areg) (20 — )T 78

1 . (102)
nl (p2 (8~ 1) +1)% (pin+1)7r
We have proved that
goT —t B+n7%
)= £ (any) < BT Dl (0 =775 (103
nl(p2 (8~ 1) +1)% (pn+1)7
Yt € [a,zo], where 8 > p% + p%.
Therefore, we derive
1 b
o [ f0a= 1) <
o b
bia{/a If(t)f(wo)ldH/molf(t)f(:co)ldt}é
1
nl(pin +1)7 (p2 (8 — 1) +1)7 (b— a)
{7 =075 ) T (Dl g
b 1
+ ( / (t — )" dt) T2 <f>||p3,[xo,b]} = (104)
1 _ Bt s
- - Wo =) % 7 oo (£)l o
nlpint D) (2 (5= 1)+ 1% (b—a) | (B+n+k+%)
b— )" BestEs
POl g ()l s | (105)

proving (99). m
We make
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Remark 28 Here we will discuss about generalised conformable fractional Os-
trowski and Griss type inequalities involving several functions.

Let o € (n,n+ 1], n € Zy, fi € C"([a,b]), i = 1,..,7 € N, [a,b] C R
B:=a—mn, xy € [a,b], and fi(k) (£0)=0,k=1,...n;i=1,...,7

If n =0, initial conditions are void, i.e. 0 < a < 1.

By (69) and (70) we get that

fi @) = fi (o) = %/ (t—2)" (x — 20)" " (T2 (£)) (z) d, (106)
Vté€xo,b], dli=1,..,r,
and

fi(t) = fi(wo) = ’% /jo (w0 — )" @ =" (T () (x) dw, (107

Vtela,xo], alli=1,.

Multiply (106), (107) by H fi (t) to get
=1
J#t

15— Hf] fi (x0)
k=1

J;ﬁl
115 )
J=1 t
S / (t—2)" (& = 20)" " (T3 (£)) () de, (108)
and
Il Hfj fi (o)
= J#Z
114, (1)
i=1 o
J?ﬁln' /t (zo — x)ﬁfl (z )n (T (f;)) () dz, (109)
Vi=1,..,r

Adding (108), (109) per set, we obtain

r(ﬁfk(t)>_§: Hf] fz xO =

i=1
J#L
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an{Hfj / tx)n(l’Io)Bl(To”f”(fz))(I)diE} (110)

=1
J#i

YVt € [zo,b], and

r(@““);[(ﬂf] )fz ]

J#i

j=1
J#i

- [H fi(t / (o —2)" 7" (x = )" (T (f) (@) dw] ; (111)

YVt e [a,zo).
Neaxt we integrate (110), (111) with respect to t € [a,b]. We have

T/mj<kljlf’“(t)> E{f 70 /mO(JHlfJ ) ]

J#i
;,Z { / b (Hf <t>) (/ (1= )" (o = a0) ™ (20 () (o) dt]
o (112)
and
r/:“ (Efk(t)> E {fl %o / (HfJ ) ] _
J#i
— _ {/ (Hfj )( [ 00 e T () @) e )
7 (113)

Adding (112), (118) we obtain

T b T
0 (f1 e fr) ( fr/ (ka )dt {fi(x())/ (Hfj(t)) dt
a i—1 a j=1

i=
J#i

22



Jj=1
J#i

/ (H fi “)) </ (1= )" (o = a0)" (T2 (1) () ) dt]

ﬁ I (t)) (/fmﬂ (o — x)ﬁ_l (x —t)" (2T (f;)) (v) dm) dt

i
JF#i
(114)

Hence, it holds

‘9 (fla sy f’r‘) (1’0)‘ S

Jj=1
J#

;.; {/b (ﬁfj (t)) (/t (t = 2)" (x — o) T3 (f:) (z)|d;z:> dt]
+ {/:0 1j|fj (t)) (/:70 (2o — )"t (z — )" [2°T (f;) (a:)|dx) dt” = (%).

J#i

(115)

We notice that

(*)SZ

o
“/
a j=1

J#i

Hlfj (t)) e (J:Zﬁ)tn[“j"l) 6) (a:ot)5+"dt”. (116)

- b . TCC ? zo, n
[/ (Hfm)) P et Z100 oy +ﬂdt]+

i

Thus we have proved so far

T

i=1

b r
72 ey | (=)™ | TT 185 01| o] +
" =

[z Dot [ 200" (Hfj(t)) dt”. (117)
7
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We further notice that

I'(5)

0 (o 1) (@0l < w0 )

<

n+p+1
o 175 (fi) 00,[z0,b] H 1/l 00,[z0,b] (b — o) +
- J#Z
2o ()] [Mdljwm oy | o=
J#z

which is an co-Ostrowski type inequality.
Next let P1,D2,p3 > 1: p% + p% + p% =1, such that 3 > p% + p%’.
Hence we can write

1

b r T n+pf——-
I, | L1 OF |10 Gl gy ¢ = w0)" 755
j=

1 i
(*) S - 1 1 dt
; (pin+1)70 (p2 (B —1) +1)72

2 | XLV O 12T (Gl (0 = 0755

i J#l i dt _

(prn+ D)7 (py (B —1) +1)72

1
nl (pin+1)7 (pa (B — 1) + 1)72

b 1 T
/‘a—x@””*ﬁ L1155 @1 de {172 il oo
To =1

‘],7 .
J#i

IA

zo
+ / (wo — )47~ fﬂﬁ e [ 12T (Gl fan

J?él
1

n!(pin+1)7 (pa (8= 1) +1)72

24
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(119)

(120)



3

(b — Io)n+ﬁ+ﬁ+%

(n+B+i+L)

T oo | 1720 Gl oy (120)

=1 j=1
L i
1 1
(zo — a)n-&-ﬂ-i-ﬁ-i-ﬁ r
+ [T 151 [T (f)l
1 1 00,[a,zo] a p3;[a,zo]
(n + B8+ ot E) i=1

L i
We have proved the L,-Ostrowski type inequality:
16 (fr, s fr) (o) | <
1
nl(prn+ 1) (p2 (8= 1)+ 17 (n+ B+ L+ L)

3

n a1, 1 0
(b= )" or 7 Hufjn ooy | 1T )l o
J#l

+ | (w0 — a)" e Hllfgll o] | 18T Udllpy faeoy | | - (122)

J#Z

From now on we assume 0 < o < 1, i.e. n = 0. So no initial conditions are
needed.
Notice that

b
A(fla"'7f7“) ::/ g(fla"wfr) (il')dl’:

b r
r(b—a) fr(x)de | | =
([ (00))
r b b r
(/ fi(x) dac) / H fi(x)dz ||, (123)

i=1
J#i
and it holds )
A (f1, o fr)] < / 16 (f1,- fr) (z)| d. (124)
By (124) and (118) we get the co-Gruss type inequality (here a = j8):

T () (b—a)*™?

|A(f177f7”)|§ F(Oé+3)
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<sup 1720 (£ .. wo,b]> H sup 15l oot (125)

i—1 zo€la,b] moe[a,
J#l

+< sup inT(fi)Hoo,[a,xo]) I s 115l o

zoE[a,b) j= 1106[(1
i
We have proved that

|A(f17'~'7f?”)| S

<sup [T (£l oy + S0P T2 () M) HHfJII o

i=1 zo€la,b] z0€[a,b]
J#z 126
126
Next by (122) we get the L,-Gruss inequality:
|A (flv ceey fr)| S
(b — a)a+ﬁ+%“
= T
al (pin + 1)71 (p2 (@ — 1) + 1)72 <a+p%+p%> (O‘“Lp%ﬂ%zj”)
< sup TS (fidllps, o ) s 16T Cfill g o) ) H 177l o,
i=1 x a, x a,
J#z
(127)

We have proved the following results:
An oco-Ostrowski type Conformable fractional inequality for several functions
follows:

Theorem 29 Let o € (n,n+ 1], n € Zy, f; € C" T ([a,b]), i oy €N,
[a,b)] C R, 8 :=a—n, x¢ € [a,b], andfi(k)( 0)=0,k=1,...ni=1,..r.
Call
r b T
0 (fi,es fr) (x i ( fi (o) fi (@) | dt
' /a (H ’ ) =1 " /‘1 jl;[l
Jj#i
(128)
Then I (8)
10 (f1s - fr) (0)] < Ta+2)
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3

T a+1
IT2° (fi)lloo o 51 H||f]\| o | 0= 20) |+
J#l

i=1

[T

a+1
o) H il oy | @o =)™ | (129)
J751
Next follows the corresponding L,-Ostrowski inequality for several functions.
Theorem 30 All as in Theorem 29. Let p1,p2,p3 > 1: p% + p% + p%’ =1 such
that 8 > p% + p%. Then

10 (f1, s fr) (@0)] < (130)
1

nl(prn+ 17 (p2 (8= 1)+ 1)7 (a+ L + L)

<3

(b~ 20)" H 1l g | 1720 ()
J#%

|p3’ [z0,b]

o
Il
—

+ [ (2o —a)* o0 H||fa\| fazo] | 1&T (Fi)llpg amo)
J?ﬁz

The corresponding Gruss type inequalities follow:

Theorem 31 Let all as in Theorem 29, with 0 < a < 1. We denote

b
A(fla"'vfr) ::/ e(fla"'afr) (Qﬁ)déﬂ:

r(b—a) H fr (x ) (131)

(/abfi HfJ da

| (f17 7f7“)|—

T

=1

Then
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( sup oe T(fl)” Ja,xo] + Sup ”T ( [xo,b]> H Hf]” ,[a,b]

i—1 zo€la, b] €la,b]
J#l
(132)

Theorem 32 Here all as in Theorems 29 and 31. Let p1,p2,p3 > 1: p% + p% +
p%:l, with 0 < a < 1, such that 8 > p%"'p%' Then

|A (fla'“afr)| S

(b— a)a+ﬁ+%+1

N T
n! (pin+1)71 (po (= 1)+ 1)72 (a—&—p%—&—p%) (oz—l—p%—l—p%—l—l)

<sup IT20 ()l ooy + 50D 20T (£, [> anju

i—1 z0€la,b) z0€la,b)
J#z

‘We make

Remark 33 Here we discuss about Conformable fractional left Opial inequality.
Let o € (nyn+1],n € Zy, f € C"([a,b]) (B=a—-n,0<p < 1)
Assume f®) (a) =0, k =0,1,...,n, then (by (69))

O = [ -0 -0 (@) (@) da (134)
Vtela,b.
Let a < w < t, then we have
)= [ e @) @ (39)
Then ; —
fl < C [P - () @)l de <
([ @m0t ra) ([ ere) -
(b . a)n (w _ a)p(571)+1 % %
— ( e veswl (136)
where w
+ (w) ::/ 79 (f) (@) dz, alla <w <t (137)
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[weneed p(B-1)+1>0&p(-1)>-1a-1>—1ef>1—1=_

so we assume that B > %]

and
z(a) = 0. (138)
Thus
2 (w) = |Tg (f) (w)|*, and |T3 f (w)] = (2" (w))? . (139)
Therefore we obtain
" a ZEENES )
Frer ) < O )Tyt a0
o (p(B-1)+1)r
Integrating the last inequality we get
/|f T2 f (w)] dw <
(b-a) w—a)" T (2 (w) # (W) dw <
n!(p(ﬁ_l)H);/G< )T e ) @) <
(b-a) tw—ap(ﬂ_l)ﬂ w ’ tzwz’w w %:
nl(p(B—1)+1)7 (/( ) ! ) </ w)# tw)d ) "
b—a)" (t— a2\ ? ") de (w i
nl(p(B—1)+1)» ( p(ﬁ—1)+2> </a ) dz )) -
(b—a)" (t — a)(ﬂ—1)+% (Zz (t))‘ll _
nl(p(B—1)+1)7 (p(B-1)+2)7 \ 2
(- a)" (=)’ T (f) (@) do ) 142
n12%[(p(5—1)+1)( —1)+2)] (/| ) > ' (142

We have proved the conformable left fractional Opial inequality:

Theorem 34 Leta € (n,n+1],n € Zy, f € C" ([a,b]), B:= a—n. Assume
f® (a) =0, k=0,1,....,n. Let p,q > 1: l—+—1:1, 8 > %. Then

[1siimes wiav <

2

(b-a)(t-a)"* T () (@) de ) 143
n!Q%[(p(ﬁ_l)H)( —1)+2)] é(/| ) ) ’ (149)

Vtelab.
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‘We make

Remark 35 Here we discuss the Conformable right fractional Opial inequality.
Let o € (n,n+1),n € Zy, f € C" Y (a,b]) B:=a—-n,0< B <1).
Assume that f*) (b) =0, k =0,1,...,n, then (by (70))

b
£ == [ =2 @ GT (1) (@) da, (144)
Vtela,b.
Lett < w < b, then we have
b
fw)=— [ o= - (T ) e (145)
Then ) -
rl s E oo i () )] do <
(b ;L’CL)" </b (b p(ﬂ 1) dl‘) (/ ‘b ’ dl‘) _
(b—a)" (b—w) " 2 () 146
oG e (146)
where

b
z (w) ::/ ’gT (f) (z) qu, (147)
t<w<b z(b)=0. Thus

2 (w) = / BT () ()| d, (148)

and
(—z(w)) = 5T (f) @)|" = 0, (149)

and
5T (f) (@)] = (=2 (w))') T = (=2 <w>ﬁ . (150)

(wantp(B—1)+1>0<p(f-1)>-1<5-1>—
we assume B> 1 ).
Therefore we obtain

p(B—1)+1

(b—a)" b—w)">

f(w ’(;Tf w)| <
[F (@) [aT () (w)] < = (p(B—1)+1)

=

allt <w <b.
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Hence it holds

/|f 2T () ()] dw <

. b_wp(ﬂf})ﬂ 2 (w) (=2 (W) dw <
n!(p(6—1)+1)i/t< ) (2 (w) (=2 (w)))* dw <

(b—a)" bb w)PC l)ﬂdw);( bzw s dw>q:
nl(p(B—1)+1)» </t (b=w) /t (w) (2" (w)) -
(b—a)" (b— )P ()t

n(p(B—1)+1)7 (p(B—-1)+2)» 21

(b—a)" (b—t)’ 13 ( ) o qdz>§ -
123 [(p(B—1)+1) (p(B—1) +2% /| ) : (153)

We have proved the Conformable right fractional Opial type inequality:

Theorem 36 Leta € (n,n+1],n € Z;, B:=a—n, f € C""1 ([a,b]). Assume

f® () =0, k=0,1,....,n. Let p,q > 1 :%—i—%:l such that 8 > %. Then

b
/t 1 )| [T () (w)) dw <

(b—a)" (b—1)""" ( T () (a qd;z:>3 154
2in! [(p(B—1)+1) (p(B—1) +2)]7 / [oT ) ’ (154)
Vtela,b.

Next we give a left conformable fractional Poincare type inequality:

Theorem 37 Let o € (n,n+ 1], n € Zy, f € C""([a,b]), B =

= a—n.
Assume f*) (a) =0, k =0,1,...,n. Let p1,pa,p3 > 1: p% + L 4+ L =1 such
1 1
that 8 > o T oos Then
(0= a)* | T8 fll s oty
1 1lpg a0y < T T T (155)
nl(pin+1)71 (p2 (B —1) +1)72 (ap3)?s
Proof. Since f*) (a) =0, k =0,1,...,n, then (by (69))
1 K n 571 a
fFOy=— [ t=2)"(z—a)" (I3 (f)) (z) de, (156)
* a

Vitelab.
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1
Letp17p27p3>1 F""E‘"

£ [ =0 @)’ T () (@) do <

e}

1 1
1 ! 1 = ‘ 2 (65— 2 a
. </ (t — 2)" "dx) (/ (z — a)7® Ddx) ITE oy = (157)
1 (t )Pl"‘"l (t )P2(/3—1)+1
—a) P1 —a o
Nl 1 ||Taf||p3,[a7b] =
"l (pyn 4+ 1)55 (p2 (B — 1) +1)72
‘_ a)n+ﬁ+6—1+,% .
oo T2l ) = (158)
nl(pin+ 1) (p2 (B —1) + 1)
(t B a)n+B_E a
1 1 ||Taf||p3,[a,b] :
nl(pin+1)71 (p2 (B —1) + 1)
We have proved
t—a) P s
e €9 T g (159)
nl(pin+1)71 (p2 (8 —1) +1)72
Vitelab].
Then
(t— a)P3(n+5)*1
F@F < 7 o 1 Taflre o (160)
()P (pyn+ )5 (po (B — 1)+ 1) Pl
Therefore, it holds
b p3(n+pB)—
t— dt
/ |f |p3 dt < fa ( a) P3 || af||p3 [a, b]
(n)?* (prn+1)71 (pa (B — 1) + 1)
(b— )=+ ||Taf||p3,[a . (161)
(n)P* (prn+ 1) 54 (p2 (8 — 1) + 1) py (n + B)
Consequently, we get
b—a (n+8) Tg
71, e < (i ) | fllpi,[a,b] _ (162)
nl(pin+1)71 (p2 (B — 1) +1)72 (ps (n+ )7
(Wewantpg(ﬁ—l)—Fl>O<:>pg(ﬁ—l)>—1®ﬁ—1>—p%®ﬁ>l—p%<:}
8> p% + p%, by assumption). m

It follows the right conformable fractional Poincare type inequality
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Theorem 38 Let o € (n,n+ 1], n € Zy, f € C" ' ([a,b]), B := a —n,
f® () =0, k =0,1,...,n. Let p1,pa,p3 > 1 : p% + p% + % = 1, such that

B> p% + p%. Then
a |lb
b—a)* [&T (D, fasy (163)

1T -

1 llps far) < T T T
nl(pin +1)71 (pa (B —1) +1)7= (aps) s

Proof. By (70) we get (V¢ € [a,]])

b
F0) =55 [ 0=2" @0 (T () @) d (164)
Hence
b
FO1< 5 [ =2 @0 T () @) do <
; o &
7;(/t @;t)”l"@;) (/t (bx)mw—”dz> 15T ()], oy = (165)

pin+l p2(B—1)+1
1(—t) m (b—t) LT ()]
n(pin +1)%5 (2 (B—1) + )75
_ ot tA-1+os
(b tL L HgﬂT (f)Hpg,[a,b] =
n!(pin+1)71 (p2 (B —1) + 1)

_ n+3—%
(b 1) e )]

p3,[a,b] =

n (prn -+ 1)77 (py (8 — 1) + 1) poletl
We have proved
O - T,y (166
nl(pin+1)71 (p2 (B —1) +1)72
Vitelab.
Then, it holds
(b= )BT (D) s
FOP < — o el (167)
(n)™ (pin+1)7 (p2 (B —1) + 1)
YV t € [a,b]. Hence, we derive
(b— a);Ds(THFB) ZT f) pf’* .
H Hps»[ ,b] ) (168)

b
/umwws - i
a (M) (pin+1)71 (po (B — 1) + 1)z p3 (n+ B)

Then, raise (168) to the power %, and we are done. ®
Next we give a left conformable fractional Sobolev type inequality:
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Theorem 39 All assumptions as in Theorem 37 and r > 0. Then

gl g1 u
(b—a) B T, o

1l oy < 1 : S (169)
n! (pin+1)71 (p2 (B —1) +1)72 [7" (a - p%) + 1}
Proof. We use (159). Hence it holds
f—a r(nJrﬂfé) Taf r
por < — 0 R ey (170)
(n1)" (pin+1)71 (p2 (6 —1) +1)72
Vitelab.
Consequently we obtain
b b_ar(n-i-ﬁ—%)-i-l Taaf r
[roras— -0 175 1 |
“ (m)" (i +1)77 (2 (8= 1)+ 1)7 [r (n+8— %) +1]
(171)
We have proved that
n B_;_,_;)
(- a) U Tl
11l o < : . o (172)
nl (prn+ D)7 (p2 (8= 1)+ 17 |7 (n+ 8- L) +1]
We have established (169). m
It follows the right conformable fractional Sobolev type inequality:
Theorem 40 All assumptions as in Theorem 38, and r > 0. Then
1 1
-l F D RT )], 0
||f||r,[a’b] S ; - p3,[a,b] - (173)
nl(pn+1)71 (p2 (B—1)+1)7= [r (a - p%) + 1]
Proof. We use (166). We get that
r(n 5,L> b T
O RSl )
FOr s — 2T Dl (174)
(n!)" (pin+ 1)1 (p2 (B —1) +1)72
and
1
b (b—ay 5 o ()]
/ |f(t)|7' dt S - — ||04L HpSv[a,b] .
: () (rn+ D (2 (B— 1) + U [r (n+5— %) +1]
(175)
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Finally, we derive

b (n+B-E+1) b
Hf||r7[a7b} < ( - a) ||10‘ (f)Hp's,[a,b] 7 (176)
n!(pln‘Fl)H (p2(,@—1)—|—1)m [ (n+ﬁ_7>+1:|

3=

proving the claim. m
We need

Corollary 41 (of Theorem 26) Let o € (0,1], f € C* ([a,b]), [a,b] C R. Then

L -9
/ Fydt—f (@) € TP T Dloogo . 077)
and
. (b—a)”
/ f(t)dt — < m ||bT(f)HOO7[a7b]. (178)
We need
Corollary 42 Leta € (0,1], any [a,b] C Ry, f € C* (Ry) with || T2 (f)”oo R, <
+00. Then ,
b (e}
. / Fwd- 1@< TS Ds, - 79
Proof. It comes from (177), and the following:
Here
T (f) (@) = (@ —a) " f' (x),
all z € [a,b], 0 < a <b.
Then
T3 (f) (@) = (@ = a) " |f (@) <&'= | (2)| = |T2 (f) (@)],
Vo€ la,b].
Therefore it holds
1T (Dlloo o) < 170 (Dl e, - (180)
L]
Corollary 43 Leta € (0,1], any[a,b] C R_, f € C* (R_) with ||4T (f)HOO g <
+00. Then ,
b—a)®
/ f(@)dt — < ((a+)1 10T (Nl p_ - (181)
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Proof. It comes from (178), and the following:
Here

~CT() @) =b-2)""f (2),

all z € [a,b], a < b <0.
Then

5T (f) (@)] = (b —2)" " |f (2)] < (=2) " |f" (@) = [2T () (2)]

V€ lab].
Therefore it holds

16T (Do oy < NoT (Dl oz (182)

[
‘We need

Corollary 44 (to Theorem 27) Let a € (0,1], f € C*([a,b]), [a,b] C R. Let
p1,p2,p3>12p%+p%+p%:1, witha>p%+pi3. Then

<

b
s [ 0@

1 ,
b—a)* P ||T? ,
(b1 + 17 (p2 (0= 1) + )7 (a+ 2+ L) (b= @)™ P T (Dl o
(183)
and .
[ 10— ) <
1 ,
: : b =a)* 8T (Ol s -
(p1+1)71 (p2 (= 1)+ 1)72 (a+pi2+pi3) ¢ 1aT (Dl o
(184)

‘We need

Corollary 45 Let a € (0,1], f € C* (Ry), any [a,b] C Ry. Let p1,pa,ps > 1:
1 1 1 : 1,1 0

oo, Ty =L withao > =+ —=. We assume that |72 (f)HszRq < 4o0.
Then

<

b
[ fd- @

1
1)7r 1)+ 1)72 L1
1+ D7 (p2(a— 1)+ 1% (a+ L+ 2

. (185)

p3,R4

) (b—a)* 7 |TS ()|
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Proof. As in the proof of Corollary 42 we have that
Ty (f) ()] < |TQ (f) (=)],

«

V€ lab].
Clearly then

172 (Dl gy < 172D e (186)

) <172 A, e, -

Corollary 46 Let a € (0,1], f € C*(R_), any [a,b] C R_. Let py,p2,p3 > 1:
1 1 1 - 1 1 0
ottt = 1, with o > o o We assume that HaT(f)HnglL < +o00.

Then
<

b
| rwa- s

. ) (b=a)* "7 [RT ()] -

(1 + D)7 (p2(@—1) +1)7 (a+ L+ L
(187)
We make
Proof. As in the proof of Corollary 43 we have that
5T () @) < 0T () ()]

Vaelab.

Clearly then

(188)

16T (D)l oy < 12T Dl gy < 16T Dl -

]
‘We make

Remark 47 Leta € (0,1], any [a,b] C Ry, f € C* (Ry), with || T2 (f’)Hoo]R+ <
+oo. Then (by (179))

b —u -
ﬁ/ f’ (t) dt — f’ (a) u ||T0 (f/)||OO,R+ . (189)

«

= ala+1)

That s
U@ - @ < S, )

b—a

Hence it holds
@l = 0 - f@) < SS90
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FEquivalently, we can write
1 (b—a)”
b) — N
7—a f ) f(a)|+a(a+1)

2[flor,  (b—a)®
b—a ala+1)

[ (a)] <

172 P ooz,

VabeRy:a<b.
The last right hand side of (192) depends only on (b—a).
Therefore it holds

2 ||f||oo,]R+ (b - a)a /
b—a ala+1) 17 (f)HOO»R+’

15 oo, <

Sett:=b—a>0. Thus

21 £l R t
/ 00, R4 0 /
1 loe < =%+ giazm 178 o,
Vit>0.
Call
t=2|floor,
and
172 ()]
g .— @7 THooRy 1
e e

both 1,0 are greater than zero.
That is we have “
1 N, < SO, V>0,
Consider the function

y () :2%—&—91%‘1, t>0, ac0,1].

Next we act as in [8], pp. 80-82. The only critical number here is

1
M\ aFT
w=(35)""
0 af
and y has a global minimum at to, which is
(o) = ()™ (a4 1) o (557).
Thus, we have proved:

1T ()l o e
ala+1)

1

1 Moo gy <

under the assumption || f|| < 4-00.

OO,R+
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178 Moo e, <

(2 f||oo,R+)°“] ™ @ Do (e,

(192)

(193)

(194)

(195)

(196)

(197)

(198)

(199)

(200)



We have established the following co-conformable left fractional alternative

Landau type inequality:

Theorem 48 Let a € (0,1], f € C?(Ry); Hf||OO,R+,||TOé0 (f’)HOQ]R+ < +o0.

Then
1
a+ 1 2a af1 % %
1 loe e, < ( a > (a+ 1) IR T2 )2k
That is || f']| o g, < o0
‘We make

Remark 49 Leta € (0,1], any[a,b] C R_, f € C* (R_), with |37 (/)|

+o00. Assume also || f[|, r_ < +oo. Then (by (181)) we get

b —a)®
i L 7050 < S 0T ()]
That is
/ b—a)® /
- @) -0 < S ()

Hence it holds

1 (b—a)"

£ 0= 5= 1 0)— F@)] < 7

FEquivalently, we can write

1 (b*a)a /
o O F @+ T kT (s

[ () <

2 e | (b—a) )
ety Lot or ()

VabeR_:a<b.
The last right hand side of (205) depends only on (b—a).
Therefore it holds

W W - o
e el ] N

Sett:=b—a>0. Thus

2 flloo Lt
t ala+1

1 loor. < ) [T (Mo »

39

HTS (fl>Hoo,R_ .

IN

(201)

<

oco,R_

(202)

(203)

(204)

(205)

(206)

(207)



Vt>0.

Call
Bi=2]flloop_ >
and
_ T ()
9 = &7 o € (0’ 1]7
ala+1)
both 11,60 > 0.
That is we have B
1flp < 5+t vi>o.
Consider the function
gt =540, t>0, ac(0.1]

Next we act as in [8], pp. 80-82. The only critical number here is

=
—_ l,L @
=2 ,
’ <a9>

and Y has a global minimum at to, which is
_ — 1 o
7 (@) = @)™ (a+Da(=H),
Thus, we have proved:

1
a+1

OT / N
1 ooz < [”(f)”” 21z ) ] (a+1)a (=5,

ala+1)

(208)

(209)

(210)

(211)

(212)

(213)

We have established the following co-conformable right fractional alternative

Landau type inequality:

Theorem 50 Let o € (0,1], f € C?(R_); 1flloor_ s
Then

1
a1\ [ 20 \7 e .
17en < (“52) (25) 7 NET R 0TS

That is || f'|| o p_ < +00.

‘We make

40

|gT(f’)HOO,R_ < +o0.

(214)



Remark 51 Let o E (0, 1] any [a,b) C Ry, f € 02 (R+) ||f||007R+ < +00.
Let p1,pa,p3s > 1 =— + E + = =1, with « > — + =. We assume that

p1 Pl
0 (£
|79 (f )Hps’]R<+ < 4o00. Then (by (185))
0
. / 7 @<y b= |72, 5, (215)
where
1
y o= — ., (216)
(b1 + D7 (2 (0= )+ 1) (a+ &+ L)
and 1
di=a— —. 217
Y41 (217)
Szncea<1—|—p— thena—p— < 1. Since o > 7+7>7 thena—— > 0.
Hence 0 < 6 < 1. That is
1
o T = f@) = (@) <vb-a) T2 )], 0, - (218)
Hence it holds
5
f (@) )~ @ <70-a) [T0]], 5 - (219)
FEquivalently, we can write
5 0 (¢!
@< A0~ @+ - T2, e, < (220
2([flloo,r 5§ 1170
ﬁ +(b—a)y HTa (f/)’|p3,m+ )
VabeR,:a<b.
The last right hand side of (220) depends only on (b—a).
Therefore it holds
2[[flloor 5
1 lor, € ————+(b-a)~||T3 (f')HpS,RJr- (221)
Sett:=b—a>0. Thus
2 Hf”oo]R S 0
1 ooy < ——— + %7 178 (P, 2, - (222)
vit>0.
Call
H= 2 Hf”oo,]R_'_ ’
and (223)
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0= |10, 5.+ @€ (0.1,
both 1,0 > 0.
That is we have
1, <5 +08° v E>0. (224)
Consider the function
y(t)::%+9t5,Vt>O,O<5<1. (225)

Next we act as in [8], pp. 80-82. The only critical number here is
1
M ) 5+1
to = [ L= 22
0 (50 ’ (226)

and y has a global minimum at to, which is

y (to) = (01°) ™ (6 + 1) 5~ (5%7). (227)
Thus, we have proved:

/ 0 (4 aka ~(5%1)
7o, < [ (T2 0, ) (21 lz,)] ™ @055, 29
We have established the following L,-conformable left fractional alternative
Landau type inequality:

Theorem 52 Let o € (0,1], f € C? (R,), ||f||oo,R+ < +o0o. Let p1,p2,p3 > 1:

111 ~ 1,1 0 (f
ottt =1 witha> -+ -~ We assume that T2 (f )||p3,R+ < +o00. Set

1
T + 1 1 1 )
(p1+1)Pr (p2(ax—1)+1)P2 (a+ L4 E)
and (229)
1
di=a— —.
P
Then
/ 56? 0 !/ ﬁ 1 5 _(L)
17 ooy < ISR, T (P55 R, v 27 (B4 1) ) (230)
That is ||l o, < -+oc.
We make
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Remark 53 Let o € (0,1], any [a,b] CR_, f € C*(R), [fllon < +oo.
Let p1,pa,p3 > 1 : p% + 1+ p% =1, with a > + + p%. We assume that

P2

9T (f/)Hpg,]R, < 4o00. Then (by (187))

P1

<v(b=a) 87 ()],

b
[ rwa-ro

where

1
V= 1 0\’
01+ D% (a0 = 1)+ 1% (ot &+ 5
and 1
0=a——.
h

It holds 0 < § < 1. That is

1
b—a

Hence it holds

1
b—a

I (b)] — 1f(6) = f(a)] <~v(b—a) ST ()

FEquivalently, we can write

IN

O < 2 1FO) = F @) +7 6= |87 ()], o
201/l

Tt gy 2T ()]

p3,R_ 7

VabeR_:a<hb.
The last right hand side of (236) depends only on (b — a).
Therefore it holds

2 fllo

1 locn. € o=+ =)y [aT ()], -

Sett:=b—a>0. Thus

2[[fll ooz
t

1 oo < +t9 8T (]|

p3,R_"7

Vt>0.
Call

=2 lloor >

and

43

<ﬂw—fm»—f@ﬂfvw—@ﬂmTU%mm-

p3,R_°

(231)

(232)

(233)

(234)

(235)

(236)

(237)

(238)

(239)



0=~ ),z » @€ (01],
both 11,60 > 0.
That is we have o
1l < 5488, v >0, (240)
Consider the function
7 (1) ::%Jr?t‘;, Vt>0,0<0<1. (241)

Next we act as in [8], pp. 80-82. The only critical number here is
7\ #
— _(F
=% , 9249
o= (%) (242)
and Y has a global minimum at to, which is

)

7 () = (%)™ (6 4+ 1) 6~ (%), (243)
Thus, we have proved:

1
4] 5+

17len < | (1T ) (2071n )]

We have established the following L,-conformable right fractional alternative
Landau type inequality:

3

T4 GR). (24

Theorem 54 Let o € (0,1], f € C*(R_), [ flloor_ < +oo. Let p1,p2,p3 > 1:
11,1 : 1,1 0(f
or oy Ty =1 witha > =+ —-. We assume that |79 (f )HpS’R_ < +o0. Set

1
T + 1 1 1 )
(p1+1)P (p2(ax—1)+1)P2 (a+ L + pi)
and (245)
1
di=a— —.
p1
Then
S 1 s s
Hf/”OO’R* < Hf||§<t%R7 H(C)!T (f/)H;:,IR_ ’75+125+1 ((5—‘,— 1)6 (5 1) (246)

That is || f'|| o p_ < +00.

Comment 55 Let f,g > 0 be functions. Then it is well-known that

sup (fg) < (sup f) (supg) . (247)

Property (247) strongly supports our inverstigations throughout Section 3.
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