AN EXTENSION OF TRAPEZOID INEQUALITY TO THE
COMPLEX INTEGRAL

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we extend the trapezoid inequality to the complex
integral by providing upper bounds for the quantity
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under the assumptions that « is a smooth path parametrized by z (¢), ¢ € [a, b],
u=2z(a),v==z(z) with € (a,b) and w = z (b) while f is holomorphic in G,
an open domain and v C G. An application for circular paths is also given.

1. INTRODUCTION

Inequalities providing upper bounds for the quantity

b
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are known in the literature as generalized trapezoid inequalities and it has been
shown in [2] that
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for any ¢ € [a,b], provided that f is of bounded variation on [a,b]. The constant 1
is the best possible.
If f is absolutely continuous on [a,b], then (see [1, p. 93])
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for any ¢ € [a,b]. The constants 3, 7 and are the best possible.

1
(¢+1)'/¢
Finally, for convex functions f : [a,b] — R, we have [4]

04 S[o-02r 0 -0 o)

<SO=0)fO)+E—a)fla)— [ f(s)ds

a
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for any t € (a,b), provided that f’ (b) and f! (a) are finite. As above, the second
inequality also holds for ¢t = a and t = b and the constant % is the best possible on
both sides of (1.4).

For other recent results on the trapezoid inequality, see [3], [7], [8], [9] and [11].

In order to extend this result for the complex integral, we need some preparations
as follows.

Suppose v is a smooth path parametrized by z (t), t € [a,b] and f is a complex
function which is continuous on 7. Put z (a) = u and z (b) = w with u, w € C. We
define the integral of f on v, , =7 as

b
/ f@dz= [ f(o)de:= / F2(0) 7 (0)dt.

We observe that that the actual choice of parametrization of v does not matter.

This definition immediately extends to paths that are piecewise smooth. Suppose
« is parametrized by z (¢), t € [a,b], which is differentiable on the intervals [a, (]
and [c, b], then assuming that f is continuous on v we define

(2)dz := (2)dz + f(2)dz

Yu,w Yu,v Yo,w

where v := z (¢). This can be extended for a finite number of intervals.
We also define the integral with respect to arc-length

b
f () |dz] = / f (2 ()12 ()] dt

and the length of the curve 7 is then

£<v>=[w|dz|=/:|z'<t>|dt.

Let f and ¢ be holomorphic in G, an open domain and suppose v C G is a
piecewise smooth path from z (a) = u to z (b) = w. Then we have the integration
by parts formula

(1.5) / f(2)g (2)dz = f(w)g(w) = f(u)g(u) - f(2)g(2)dz.

Yu,w Yu,w

We recall also the triangle inequality for the complex integral, namely

/ f(2)dz| < / £ @l 1d2] < £, o £ ()

where || f[l, oo == sup.e, [f (2)]-

(1.6)
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We also define the p-norm with p > 1 by

Hﬂhwﬁ=([;f@NpW4>ue

Hm%p:/iﬂaumw

v

For p =1 we have

If p, ¢ > 1 with % + % = 1, then by Holder’s inequality we have

£y < TEENYUA, -

In this paper we extend the trapezoid inequality to the complex integral, by
providing upper bounds for the quantity

@fmﬂm+wfwﬂmf/f@w

Y

under the assumptions that + is a smooth path parametrized by z (t), t € [a, ],
u=2z(a), v=z(x) with z € (a,b) and w = z (b) while f is holomorphic in G, an
open domain and v C G. An application for circular paths is also given.

2. TRAPEZOID TYPE INEQUALITIES

We have the following result for functions of complex variable:

Theorem 1. Let f be holomorphic in G, an open domain and suppose v C G
is a smooth path from z(a) = u to z(b) = w. If v = z (z) with z € (a,b), then
7u,w = ’Yu,v U ’Yv,wv

(2.1) (v—WfW%Hw—wf@O—/f@Mz

Y

Uy oe [ ool 417 [ T2 el
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u,v v,w

g
Y

w,w

and

(2.2) (v*waVHw*waO*/f@Mz

.
! !
<|f IIWUJZI&K |z = vl + [Lf]]

Yo, w3

| max |z —v|
2€Yy,w

/
<Nl e |z o,
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pr,q>1with%—|—é=1, then

(2.3)

(v—@f@%ﬂw—@f@»—/f@ﬂz
1/q

1/q
swwmﬁ</ V—Wdﬂ 44ﬂmw(/ u—wuﬂ
' Y, v ' Vo, w
1/q
gnfmww</‘ v—mqwo .
' Y

Proof. Using the integration by parts formula (1.5) twice we have

u,w

/ (c—0) f ()dz=(w—u) fw)— | f(2)dz

u,v Yu,v

and

A -0l = w-vfw)- [ e

v, w Yo,w

If we add these two equalities, we get the following equality of interest

(2.4) wfwﬂw+w7wﬂw7/f@w
—[ G-or@ar [ coorede- [ cooreds

v Yo, w

with the above assumptions for u, v and w on 7.
Using the properties of modulus and the triangle inequality for the complex
integral we have

w—wfwruw—wﬂm—/fumZ

Y

L (z—v)f’(z)dz—i—/ (z—v) f (2) d

u,v Yo,w

< +

L (2= 0) ' () dz

w,v

L (2= 0) ' () dz

v, w

sA w—Mf@mw+L Iz — ol | (2)]|d2]

u,v v, w

! ! !
SJWMMMZ;IZMMAHUH%WW/;IZMMZSHfMWMwA 2 — ol dz]

u,v v, w u,w

which proves the inequality (2.1).
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We also have

/ \z—v\lf’(Z)lleI+/ 2 — ol |f ()] |d]

Yv,w
< max Iz—vl/ " ()] 1dz] + max |2 — | 1" (2)]|dz]
2&Y v, w

zEey
wv Yu,v Yo, w

u,v

Smax{ max |z —v|, max |z—v|}
zey ze

u,v v, w

X <[yu,u |f’ (Z)‘ |dZ| + /yv,w |f’ (z) |dz|> = zrer})la;xw |Z _ U|[y |f/ (Z)| |d2:|,

u,w

which proves the inequality (2.2).
If p, ¢ > 1 with % + % = 1, then by Holder’s weighted integral inequality we have

/

|z = vl [ ()] |d2| +/ |z = o[£ (2)] |dz|

Yv,w

1/q
s(/ |z—v|Q|dz|) (/
Vu,o Vu,o
1/q
+</ |zv|q|dz|> (/
Yo, w Yy

By the elementary inequality

w,v

1/p
If" () |d2|>

1/p
I (=) |d2|> =: B.

v,w

ab+cd < (ap+cp)1/P (bq _|_dq)1/q7

where a, b, ¢, d > 0 and p, ¢ > 1 with % + % =1, we also have

1/q
B< (/ |z —v|? |dz|+/ |zv|q|dz|>
gl g

u,v v, w

1/p
x ( / 1 ()P ldz] + / ()P |dz|>

1/p
1" (=) |d2|> :

_ (L 2 — ot dz|> " (L

which prove the desired result (2.3). O

w,w

If the path v is a segment [u,w] C G connecting two distinct points v and w in
G then we write fv f(2)dzas [ f(z)dz

Using the p-norms defined in the introduction for the segments, namely

||hH[u,w],oo: sup |h(2)|

z€u,w]

w 1/p
1l gy = ( [ mer |dz|) for p > 1,

we can state the following particular case as well:

and
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Corollary 1. Let f be holomorphic in G, an open domain and suppose [u,w] C G

is a segment connecting two distinct points u and w in G and v € [u,w]. Then for
v=(1-3s)u+ sw with s € [0,1], we have

(2.5) (v—U)f(u)+(w—v)f(w)—/wf(Z)dz

1 2 2
< sl =ul [21F1,, oe+ @=L, )

1 IR I
e (2) ] 17 Moo s

< |wfu|2

(2.6) (va)f(UH(wfv)f(w)f/wf(Z)dz
< fw =l {517 g + 0= )1 N }

. D T,

1

pr,q>1with%+$:1, then

(2.7) (v—u)f(U)+(w—v)f(w)—/f(Z)dz

! 11 1+1
s o S g+ (0= 9
1 141/q [ g+1 g1V
< W |w — ul {8 +(1—-3s) ] [P
q

Proof. Observe that if the segment [u, w] is parametrized by z (t) = (1 — t) u + tw,
then 2/ (t) =w —u

/|zfv||dz|:|w7u|/ [(1—t)u+tw—(1—s)u—sw|dt

|w7u|/ (s—t)d |w7u|

and

/|z—v||dz\ |w—u|/|1—t)u+tw—(1—s)u—sw|dt

v

|w7u|/ (t—) §|w7u|2(175)2.
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Using the inequality (2.1) we get

w—mnm+m—wﬂm—/fww

1 2
< Lw—uPs2)f)

1 2 2 /
e F 50—l A= 97IF 1

1 1 1\*
2 2 2
< 5lw—uf* [+ (1= 9] 171, o0 =l —ul 4+(»—)]nﬂnﬂm,
which proves (2.5).
Also
max |z —v| = max [(1 —t)u+tw—(1—8)u—sw| =|w—uls
Z€Yy v tel0,s]
and
max |z —v|= max {Jw—u|(1—-8t)} =|w—u|(1—-3),
2€Y 4w te(s,1]

then by (2.2)

w—wfw»uw—wﬂm—/fwmz

Y

< |w—ul {s ||f/||[u,v];1 +(1—5s) ||f’||[’u,w];1}

1
< o= ulmx s, 1= 5} 17 g = o=l (5 + s

1
3|) 17
which proves (2.6).

Finally, since

/|Z—U|Q|dz|=\w—u|/ (1= )+ tw— (1 — s)u— sw|?dt
u 0

s
1
— \’u) _u|q+1/ (s _t)q dt = ?sq+1 |w _u|q+1
0 q

and

w 1
/ |z—v|q|dz|:|w—u|/ (1= ) u+ tw — (1 — s)u— sw|?dt

1
1
= Jw — u|?t / (t—s)dt=——(1—8) " jw—u/,
s q+1
hence by (2.3) we get (2.7). O

Remark 1. Let f be holomorphic in G, an open domain and suppose [u,w] C G
15 a segment connecting two distinct points u and w in G. Then

‘f u) + f (w /f

/ !/
—m[wuhﬁmm+wmﬁwﬁ4<

(2.9) ‘f();f w—u) /f

2
< ‘w_u| ||f/||[u,w];oo’

ol
=

1
Z| < 5 lw — ul ||f/||[u,w];1 .
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pr,q>1with%—|—é=1, then

(2.10) M (w—u)— /u f(z)dz
1 1+1/q ’ ’
< it i/a (g 1) lw — ul [Hf ey + 11 ||[%,w};p}
1 fay ¢
< W |’LU - u|1+1 ||f ||[u,w];p :

Suppose that v C G is a smooth path from z (a) = u to z (b)) = w. f v = z ()
with z € (a,b), then 7, ., = Yy » Uy 0
If we consider f (z) = exp (z) with z € C, then

/ exp (z) dz = exp (w) — exp (u),
lexp (2)| = |exp (Re (2) + 71m (2))| = exp (Re (2))

and by Theorem 1 we have
(2.11) |(v—u)expu+ (w —v)expw — exp (w) + exp (u)

<lesp e (D, oo [ 12 ollds

Yu,v

Hllexp @)l [ 12 ollds
:

v, w

< [lexp (Re ()l |2 = o] |dz],

Yu,w

w,w )

and

(2.12) |(v—u)expu+ (w—v)expw — exp (w) + exp (u)]

< llexp (Re ())ll,, o max |z —ov| + Jlexp Re (), o max |z—uv|

||7u,u§ cy

v, w

< llexp (Re ())ll,, 1 max |z —v].

pr,q>1with%+%:1,then

(2.13) |(v—u)expu+ (w —v)expw — exp (w) + exp (u)

1/q
< lesp (Re (D], ( [ |dz>
v
1/q
Hles Re O, ( [oteer |dz|)
Yo, w

1/q
< Jlexp Re D, ., ( [oe-or dz|> .
Y

u,v

u,w
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With the same assumption of the path v and if we consider f(z) = 2" with

n > 1, then
/ anz _ wn+1 _ u71,+1
5 n+1
and by Theorem 1 we get, by denoting ¢ (z) = z, z € C, that

wn+1 _ un+1

(214) |- u)u" +(w—v)w" - L
<ofle o femela e, [l
’ Tuw ’ Voow
<ulle o [ el
w,w? Yo

and

whtl — g tl
(2.19) |0 — w4 (w - v)ur ~ T

<o [l s ool e ma o=

max |z —v|.

<nfer
"/u,w§1 zE'yu’w

pr,q>1with%+%:17then

n+1l _ ., n+1l
(2.16)  |(v —w)u"™ + (w — v) w" — %
1/q 1/q
<o fle, ([ o) el ([ e ie)
’ Yu,v ’ Yo, w

<l

1/q
.(/'|z—mqwo ,
’Yu,uﬂp
;

where v C G is a smooth path from z(a) = u to 2z (b) = w and v = z(z) with
x € (a,b).

u,w

3. EXAMPLES FOR CIRCULAR PATHS
Let [a,b] C [0,27] and the circular path [, ;) r centered in 0 and with radius
R>0
z(t) = Rexp (it) = R(cost +isint), t € [a,b].
If [a,b] = [0, 7] then we get a half circle while for [a,b] = [0,27] we get the full

circle.
Since

|eis . eit|2 _ |eis|2 ~ 9Re (6i(s—t)) + |eit‘2

-1
=2 —2cos (s — t) = 4sin” (82>
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sin st
2

sin st
2

(5]

If u = Rexp (ia), v = Rexp (iz) and w = Rexp (ib) then

for any ¢, s € R, then

T

(3.1) ‘eis - e"tr =2"

for any t, s € R and r > 0. In particular,

zs_ezt| =9

e

for any t, s € R.
For t, x € [a,b] C [0,27] we then have

2x_61t| -9

e

v —u = Rlexp (iz) — exp (ia)] = R[cosx + isinx — cosa — isin a]

= R[cosz —cosa +i(sinz —sina)].

Since
. a-+x . xr—a
cosTr —cosa = —2sin | —— | sin
(7))
and
. . . xr—a a+x
sinx — sina = 2sin Ccos ,
()= (*5")
hence

v—u:R[ ZSln( )sm(x_a)+2isin<m_a>cos(a+w
2 2
—2Rsm( ) [— sin

L. Tr—a a+x a+x
2stm( 5 ){ < 5 ) zsm( )}

.. r—a a—+x
—2R251n(2)exp K 5 >

Similarly,
b
wv—?stm( 2m> exp <m—2|— )z}
for a <z <b.
Moreover,
t— [[t+D
z —v = 2Risin <2m) exp (;) z]
and

|z —v| = ‘QRiSin <t;:r) exp {<t+2b> z]

fora <z, t<b.
We also have

2/ (t) = Riexp (it) and |2’ ()| =R
for ¢t € [a,b].
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Proposition 1. Let f be holomorphic in G, on open domain and suppose Y p) r C
G with [a,b] C [0,27] and R > 0. If x € [a,b], then

sin (x 3 a) exp [(a;”:) z} f (Rexp (ia))
+sin <b;x> exp KT) z} f (Rexp (ib))

b
f%/a f (Rexp (it)) exp (it) dt

(3.2)

< 4RI (e ()l 50" (52

b_
+||f’(Rexp(i'))||[x,b],ooSiI12 < 11$>]
T—a b—x
< AR(|f' (Rexp (i)l 0 51,00 [Sinz <4>+Sin2< 1 )]

Proof. We write the inequality (2.1) for v, zr and € [a, ] to get
.. (T—a a+zTy . .
‘QRZ sin (2) exp {( 5 > z] f (Rexp (ia))
+ 2Risin <b;r> exp [(m —2|— b) z} f (Rexp (ib))
b
—Rz’/ f (Rexp (it)) exp (it) dt

sin t_J
2

xz
ORI (Rexp () ey |

dt

t—x
in | —— || dt.
sm( 5 )’

b
2R F (Rexp (Dl |

This is equivalent to

sin (x 3 a) exp [(a;x) z} f (Rexp (ia))
+ sin (T) exp Kx;b) z} F (Rexp (ib)

b
f%/a f (Rexp (it)) exp (it) dt

: t—x
in | —— || dt

< RIS (Rexp () |
. t—x
S (2) ‘ dt

(3.3)

b
RIS (Rep (Dl [

for « € [a,b].
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Observe that
/a sin(?)'dt:/a sin<$2_t>dt=2—2cos<x;a>
— 4sin? T —a
sm( 1 >

and
b b
t— t— b—t
/w sin (;)‘dt :/1; sin (2$) dt =2 —2cos <2>
b—x
= 4 gin?
e (122).
which by (3.3) produce the desired result (3.2). O

Corollary 2. With the assumptions of Proposition 1 we have

sin (T) exp [(3“; b) z} f (Rexp (i)
+ sin (T) exp K“ Z%) z] F (Rexp (ib)

b
f%/a f (Rexp (it)) exp (it) dt

(3.4)

b—
< 4R [”fl (Rexp (i'))H[a,r],oo + Hf/ (Rexp (i'))||[z,b]7oo} sin? < 3 a)

b—
<8R (Rexp (i)l 4 4),00 80 < 3 a) :

Remark 2. The case of semi-circle, namely a = 0 and b = 7 in (3.2) gives the
inequality

(3.5) )sin (g) exp [(g) z} f(R) +icos (g) exp Kg) l] f(=R)
7% /O £ (Rexp (it)) exp (it) dt‘
<AR [ (Rexp (1) gy 500° (5

)
+ |1 (Rexp (i)l 2,00 80> (W T fﬂ)}

<ARNS (Rexp (Dl s (5) 45007 (7).
for x € [0,7].

Since
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. R
then by taking = 7 in (3.5), we get

1+ -1+

Ly ery -1 /O”fu-zexp(it))exp(z't)dt\

< (2= v2) [IF (Rexp ), 50 + I (B exp )]z 1] ]
<2 (2= V2) If (Rexp (i)ljgn o -

Further, we have the following result as well:

(3.6) ‘

Proposition 2. With the assumptions of Proposition 1 we have
sin <x ; a> exp [(a;x> z} f (Rexp (ia))
+ sin (b;x) exp KT) z} f (Rexp (ib))
1 b
—5/ f(Rexp (it)) exp (it) dt
. t—x
sin { —
. ft—w b )
sin | —— | (Rexp (it))] dt

o b
< R max |sin (t;)‘/ |/ (Rexp (it))] dt.

t€la,b]
Proof. We write the inequality (2.2) for v, ) g and z € [a,b] to get

‘QRiSin (”3;“) exp {(a;x) z] F (Rexp (ia))
+ 2Risin (b;m> exp [(I "; b) z}  (Rexp (ib))
_Ri / " F (Rexp (it)) exp (if) dt
sin (t;x>
sin (t;"”) /: ' (Rexp (it)) dt]

_ b
< 982 max |sin (tj)‘ / | (Rexp (it))] dt,

t€la,b]
which is equivalent to (3.7). O

(3.7)

<R {max
t€la,z]

|15 e ) at

+ max
t€lx,b)

< 2R? [ max
t€la,z)

/ "1 (Rexp (it))] dt

+ max
t€(z,b]

In particular, we have:
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Corollary 3. With the assumptions of Proposition 1 we have
b— b
sin <4a> exp [(3(1: ) z} f(Rexp (ia))

+ sin (b - “) exp K“ f’b) Z] F (Rexp (ib))

b
_%/a f (Rexp (it)) exp (it) dt

(3.8)

< Rsin (b;a) /ab |f' (Rexp (it))] dt.

Proof. If we take in (3.7) z = “T'H’, then we get

sin (l’;“) exp [(“: b) z} f (Rexp (ia))

+ sin <b;“> exp K“Z‘%)z} F (Rexp (ib) —;/abf(Rexp (it)) exp (it) dt

(3.9)

t— atb atd
<R| max |sin 2 / F' (Rexp (it))| dt
tefa, 252 2 a
t — atb b
+ max |sin 2 / | (Rexp (it))] dt
te[ 442 ] 2 atb
t — atb b
< R max |sin 2 / |/ (Rexp (it))| dt.
tc[a,b] 2 o

Since the intervals [a, “T*'b] and [‘ib, b] have a length less than 7, then

2
a+b
sin t_i = sin b—a
2 4

t _ a+b
sin 2 = 1max
2 te[2Ft b]

and by (3.9) we get (3.8). O

max
te[afT*b]

The case of p-norms is as follows:

Proposition 3. With the assumptions of Proposition 1 and p, q > 1 with %—i—% =1

we have
sin (g“) exp Ka ; x) z] f (Rexp (ia))

4 sin (b - 9”) exp KT) z} F (Rexp (ib)

b
f%/a f (Rexp (it)) exp (it) dt

(3.10)
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p 1/q
. T —1 .
< R (/ sin? <2> dt) [f" (Rexp (Z'))H[a,x],p
b - t—=x /e , .
+R / sin dt |f" (Rexp (Z'))H[z,b],p
x _ b _
/ sin? (m 5 t) dt—|—/ sin? (t $

‘ _ atb
In particular, for x = %

sin (b;“> exp [(3“:b> ]f(Rexp (i)
+ sin (2“) exp [(“236) ]f(Rexp(zb))

b
_%/a f (Rexp (it)) exp (it) dt

< R (/2 sin? < ) ) ”.f (Rexp (1 ))H[ L
b
e (/wb sin’ ( ) ) 1f (R exp (i ))H[‘%bb]p

b t — atb
/ sin? 2
a 2

Proof. By making use of the inequality (2.3) for i, ;) r and = € [a, b] we get

‘2Risin (”“EQ) exp Ka ;r m) z] f (Rexp (ia))

+2Risin (b2x> exp {(fjb) } f (Rexp (ib)) / F (Rexp (it)) exp (it) dt

) T . r—1 1/q , )
<2R sin { —— ) dt 1" (Rexp (i) fq,0
b t—x Ha
Lo / i ( )dt 1 (Rexp (i)l 1.
1/q

T —t b t—
/ in (g) dt + / sin <2x) dt] 1 (Resxp (i)l sy

which proves the desired result (3.10). O

1/q

< R )dt] 1" (Rexp (i)ll4,41.p -

we get

(3.11)

< R

1/q
> dt] 1" (Rexp (i)l (g0,

< 2R?

The interested reader may consider for examples some fundamental complex
functions such as f(z) = 2" with n a natural number, f(2) = exp(z) or f a
trigonometric or a hyperbolic complex function. The details are omitted.
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