OSTROWSKTI’S TYPE INEQUALITIES FOR THE COMPLEX
INTEGRAL ON PATHS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we extend the Ostrowski inequality to the integral
with respect to arc-length by providing upper bounds for the quantity

‘f(v)f(v)f/wf(Z) dz]

under the assumptions that v is a smooth path parametrized by z (¢), t € [a, b]
with the length £(v), u = z(a), v =z (z) with = € (a,b) and w = z (b) while
f is holomorphic in G, an open domain and v C G. An application for circular
paths is also given.

1. INTRODUCTION
In 1938, A. Ostrowski [8], proved the following inequality concerning the distance
between the integral mean ;1 f: f (t)dt and the value f (z), z € [a, b].

Theorem 1 (Ostrowski, 1938 [8]). Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) such that f': (a,b) — R is bounded on (a,b), i.e., |f'|| ., =

sup |f' (t)| < co. Then
te(a,b)

2
1 x — afb
S|zt <b—2> 1Nl (b—a),

for all © € [a,b] and the constant  is the best possible.

b
(1.1) ’f(w) S el RACL

In [6], S. S. Dragomir and S. Wang, by the use of the Montgomery integral
identity [7, p. 565],

12 @)

b 1 b
/f(t)dt:m p(@t) £ (£)dt, x € lab],

where p : [a,b]* — R is given by
t—a if t€la,x],
p(z,t) =
t—b if te(x,b,
gave a simple proof of Ostrowski’s inequality and applied it for special means (iden-
tric mean, logarithmic mean, etc.) and to the problem of estimating the error bound

in approximating the Riemann integral fab f (t) dt by one arbitrary Riemann sum
(see [6], Section 3).
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For extensions of Ostrowski’s inequality in terms of the p-norms of the derivative,
see [1], [2] and [3]. For a recent survey on Ostrowski’s inequality, see [4].

In order to extend this result for the complex integral, we need some preparations
as follows.

Suppose v is a smooth path parametrized by z (), t € [a,b] and f is a complex
function which is continuous on «. Put z (a) = w and z (b) = w with u, w € C. We
define the integral of f on v, , =7 as

b
/f(z)dz= f(z)dz ::/ F(z(t) 2 () dt.

We observe that that the actual choice of parametrization of v does not matter.

This definition immediately extends to paths that are piecewise smooth. Suppose
v is parametrized by z (¢), t € [a,b], which is differentiable on the intervals [a, (]
and [c, b], then assuming that f is continuous on v we define

(2)dz := f(z)dz+ f(z)dz

Yu,w Yu,v Yo, w

where v := z (c) . This can be extended for a finite number of intervals.
We also define the integral with respect to arc-length

b
f(2) |dz] = / f (2 ()12 ()] dt

and the length of the curve «y is then

() = / BGE / 1 @l

Let f and g be holomorphic in G, and open domain and suppose v C G is a
piecewise smooth path from z (a) = u to z (b) = w. Then we have the integration
by parts formula

(1.3) f(2)g (2)dz = f(w)g(w) - f(u)g(u) - / f(2)g(2)dz.

Yu,w Yu,w

We recall also the triangle inequality for the complex integral, namely

[r@a| < [1r @l <171, 00)

where ||f||'y,oo = Susz’y |f (Z)| .
We also define the p-norm with p > 1 by

71 = ([ 17007 |dz|)1/p.

11,0 = [ 17 @l
v
If p, ¢ > 1 with % + % = 1, then by Holder’s inequality we have

I£1l,0 < UL, -

In the recent paper [5] we obtained the following result for functions of complex
variable:

(1.4)

For p =1 we have
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Theorem 2. Let f be holomorphic in G, an open domain and suppose v C G
is a smooth path from z(a) = u to z(b) = w. If v = z (z) with z € (a,b), then
7u,w = ’Yu,v U ’Yv,wv

N [l 0L, [ 1wl
v v

u,v v, w

< l/ |z — u| |dz] +/ |z — wl |dz|] Hf/llwu,w;oo
5 2!

u,v v,w

aﬁ>)fwﬂw—u»—/fwww

~
< —ul||f’ - '
> Zrélax |Z u| ||f ||Fyu,v;1 + zg}yajiu |Z 'LU| ||f ||

u,v

Vo,wil

!
< mae { e ool e Jo =l {17, o

w,v

Ifp,qg>1 with%Jr%:l, then

u7>\fwww—u»—/fwwu

<(L W

1/q
q '
|z—wuz> 171, oo

1/q
q !
|z — vl d2|> I H’yu,v%P T (/
Yo
<[ s |
Yy v

Motivated by the above results, in this paper we extend the Ostrowski inequality
to the complex integral, by providing upper bounds for the quantity

u,v

1/q
|Z—U)|q|dz|> ||f/||'7u,w;p-

v, w

]ﬂwuw—wauz

under the assumptions that « is a smooth path parametrized by z (t), t € [a, ],
with the length ¢ (v), v = z(a), v = z (z) with « € (a,b) and w = z(b) while f is
holomorphic in G, an open domain and v C G. An application for circular paths is
also given.

2. OSTROWSKI TYPE RESULTS

We have the following result for functions of complex variable:

Theorem 3. Let f be holomorphic in G, an open domain and suppose v C G
is a smooth path from z(a) = u to z(b) = w. If v = z (z) with z € (a,b), then
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Yuw = Yuw U Yv,w and

(21) \fwm - [ s

3 [ (aw) 1€ (V) =€) NI, s

< () 1, 1 T € (o) 1715,

1/q
2 () + 2 (3, )] (||f/||zw1 709, a)
p, ¢>1and : + 5=

IN

8 () (1671 + !nf'n%,,);l 1]

Proof. Using the integration by parts formula we have

/Mf s = [ 1)1 0] - /f (/tz%s)ds)

=fzt))/a|z <s>|ds:—/ (/| o)l ds)
@) [l [ 7o) (/ e)lds) < 0yt
"y

tu) - [ reo) ([ e (9]ds) & ()

and

/%lwf(Z)leI:/zbf(Z(t (8) dt = /f (/bz’<s>ds>
= t))/tb|z'<s>|ds +/ </| |ds>
= f (@) /:|z'<s>|ds+z/z 7= (1) ( A |z’<s>|ds> 2 (1) dt

(o) + [ 7w ( [ <s>|ds> 2 (1) di

If we add these two equalities we get

/ £ (2)|dz] + / £ el = £ )£ (van) + 1 )€ (Ta)

- / 7 ( [ <s>|ds) 2 (t) dt + / ) < / gE <s>|ds> 2 (8)dt.
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which gives the following equality of interest

(22) f©)€(Vuw) = f(2)ldz]

Yu,w

- [ rem (/at|z'<s>|ds) z'(t)dt—/zbf%z(t)) (/tbw(s)ms) < () dt

By taking the modulus in (2.2) and using the properties of modulus, we get

(2:3) ’f(v)ﬁ (Yaw) = f(2)|dz|

o) ([ enas)=wa
) ( / i <s>|ds) oy
/|f ot @1 ([ 1261 ds) e

/|f I |</Iz |ds> B()

for z € [a,b].
We have
t T
/ |2 (5)|ds < / |2’ (s)| ds for t € [a,x]
and
b b
/ 1 (s)| ds g/ 1 (s)|ds for ¢ € [2,8],
t T
then

/|z |ds/ P ()12 () de
e |ds/ £ D11 0)]de

() [ 17 @I+ () [ 17 @]
w Yo, w
and by (2.3) we get the first inequality in (2.1).
The second part follows by Hélder’s inequalities

max {m, ¢} (n + d)
mn + cd <

(m? + )P (09 +d)V forp, ¢>1, L+ 1=1,

where m, n, ¢, d > 0.
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Corollary 1. With the assumption of Theorem 3 and if there exists m € v such
that ¢ (’yum) =/ (’ymw), then

(2.4 \fwnew»—/ () ]dz]] <

Y

( I, Lo

and if s € v such that f |f’ 2)||dz| = fv |f' (2)| |dz|, then

(25) reee) - [ < oI,

We have also the following result for p-norms:

Theorem 4. With the assumption of Theorem 3 we have for p, ¢ > 1 with ;;—Fé =1
that

(26) Wmoaw—llf@nw|

1

< [ ) I ) 1

gt [ ) [ () = £ (o) 17
< (151 + 17 ]

+1 +1 Va e
= qg+1 [gq (’Y%v) + £ (’Yv,w)] ”f ”vu,w;p’

1/p
s 1+ =121
[€1+1/q ( Yu v) €1+1/q (711 w)] :

Proof. Using the weighted Holder integral inequality for p, ¢ > 1 with % + % =1
we have

[ ool [ 12 o)
: x|f/(z(t))|p|z/(t)|dt o tlZ’(S)Ids qu’(t)|dt
U Y ([ (o) v

— (/;f' (z(@)I° |2 (t)|dt> ((f |zQ+|1dS)Q+1>1/q

(1 ()] ds) (/ e (mdt)l/f’

(g+1)"

1/q
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and

/|f )1 (¢ (/ 2 (s |ds)dt
g( / 7 dt) ( / ( / 1 (s |ds> |z1 1;&)
</ ) () )

1+1/q
(L)1) v
(g+1)" / se ol
for x € (a,b).
If we add these two inequalities we get
(fy 12/ () ds) """ e
B < v ( / e |dt)
(g+1)

(i)’ "
1/p
:qil[em/q(vu,y) (/ s <>|p|dz|) T () </

which proves the first inequality in (2.6).
We also have

1/p
Y () </ 17 () |dz|> O (Y (/ If () dz|>
Vuu,w Vv, w

S max {€1+1/q (’}/um) 7£1+1/q (71),1[})}

1/p 1/p

{(/ f'<z>|”|dz|> +</ f'<z>|”dz|> ]
| 1/p 1/p
:[max{ﬁ(’yu’v),f(’yv’w)}]1+1/q[(/ |f'(z)|p|dz|> +</ |f/(Z)|p|dz|> }

1 1+1/
= 914+1/q [6 (Pyu,w) + |£ (Pyu,v) - (Pyv,w)H I

1/p 1/p
{(/ If’(Z)Iple> +</ f’(Z)I”IdZI> ]

1/p
/! (Z)Iple|> ;

u,v v,w

1/p
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and

1/p 1/p
0 () ( [ iwer Idz|> O () ( [ rer dz|>
5 Yo, w

1/p 1/p
gmax{</ f’(z)|pdz|> (/ |f’(z)”|dzl> }

y V1+1/q (V) + £/ (%’w)}

1/p
= lmax{/ | ()P |dz] I () IdZIH

u,v

y V1+1/q (V) + £1F1/ (%’w)}

=21/[/ £ @[ @l - [ 17 @

u,v

u,v

]1/17

y [gl-i-l/q (V) + L1/ (%’w)]

1/p
If' () le>

1/p
I ()P Idzll

1/p
[ () + 9% )] ( e dz|) |

which prove the last part of (2.6). d
We have:

By Holder’s discrete inequality we have

1/p
At1/a (%,v) (/ |f (z)P|dz|> 4+ (+1/g (%,w) (/

< [ (1) + €7 (7,,)] [ [oreras [

u,v Yv,w

u,v v,w

Yu,w

Corollary 2. With the assumption of Theorem 4 and if there exists m € ~ such
that ¢ (7um) =/ (’ym)w), then

(27) \f<m>m> - [ s

1 1+1/q / /
< mg ('Yu,w) [Hf ”vu,m;p +IIf ”vm,w;p

and if s € v such that f7 lf ()| |dz| = fv lf' (2)|" |dz|, then

(2.8) 'f<s>m> - / f ()|

1 141/ 141/
< m V 1 ('Yu,s) +4 K ('YS,w)] ||fl||'yu’w;p'

Finally we have:
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Theorem 5. With the assumption of Theorem 8 we have

(29) 'fwm - [ 1

< 5 [E 0D+ E o) 11, )

w\»—‘

2
L1 () + 1€ () = € (700)]
1l o0 17l ]

1/ /P
(20 (1) + 21 (1,,)] " (110 e I, )
p,g>1 and%+%:1,

IN
DN | =

[62 (’Yu,v) + 62 (7v7w)] ”f/H%,,inO ’

Proof. We have

[ e ol at|z'<s>|ds) d
< max 11/ /(/ @l ds) I (0] a

— g 7 Gl ([ 1 <>|ds) = 22 () 17,

- 2 tea,z)

and

[ 15 o (/| |ds>dt
< e 17 ) [ (/ s ds)|z<>|dt

1 15, ,
=225V </ s 'ds> =30 ) 1l e

which by addition produce

[ () 171, e + € o) 151, o]

l\DM—l

B(z) <

and by utilising the inequality (2.3) we get the first part of (2.9).
The second part is obvious and we omit the details.
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Corollary 3. With the assumption of Theorem 3 and if there exists m € v such
that ¢ (’yum) =/ (’ymw), then

1
(2.10) ‘f(m)ﬁ(v) / F@1A <5 1700 + 171 € ()
Y

1
S n ”f/H'Yu,w?OO ‘€2 (P)/u,w) .

3. EXAMPLES FOR CIRCULAR PATHS

Let [a,b] C [0,27] and the circular path [, g centered in 0 and with radius
R>0

z(t) = Rexp (it) = R(cost + isint), t € [a,b].

If [a,b] = [0,7] then we get a half circle while for [a,b] = [0,27] we get the full
circle.

We have
2’ (t) = Riexp (it), t € [a, b]
and |2’ (t)| = R for t € [a,b] giving that

(Vosn) = / @)= R a).

If 2 € [a,b] and v = Rexp (ix), then by (2.1) we have

b
R(b— a) f (Rexp (iz)) — R/ F (Rexp (it)) dt

gR(x—a)R/mU’ (Rexp(it))|dt+R(b—x)R/ ' (Rexp (it))| dt

that is equivalent to

3.1) |(b—a) f (Rexp (iz)) — / £ (Rexp (it)) dt

T b
<R —a>/ f (Rexp (z’t))\dwR(b—x)/ F (Rexp (it))| di

for « € [a,b].
In particular, if we take z = ‘%"b in (3.1), then we get

(b—a)f (Rexp <‘“2Lbz)> - /abf(Rexp (it)) dt

b
R(b— a)/ If (Rexp (it))] dt.

(3.2)

<

[N

If m € [a,b] is such that

m b
|17 (Resp e = |17 (Rexp it)) at,

m
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then from (3.1) we get

b
(3.3) |(b—a)f(Rexp(mi))— / f(Rexp (it))dt

<

b
R(b— a)/ I (Rexp (it))] dt.

DO =

By making use of (2.6) we get

b
R(b—a) f (Rexp (ix)) — R/ f (Rexp (it)) dt

1

@ 1/p
< — R1+1/q (x_a)l-‘rl/qu/p (/ |fl (Rexp (Zt))|pdt)
q a

b 1/p
YRV (- x)”l/q RY/P (/ |f' (Rexp (it))[ dt) ]

that is equivalent to

b
(34) |(b—a)f(Rexp (ix)) — / f(Rexp (it))dt
x 1/p
<R |- (1 (e )l ar)
b 1/p
+(b—a) e (/ /" (Rexp (it))lpdt> ]
for z € [a,b].

If we take z = %+ in (3.4), then we get

(b—a)f (Rexp <“;bz)> _ /abf(Rexp (it)) dt

a+b

1 141/ 2
= fgrpaaa T [</

b 1/p
+ </a+b |f" (Rexp (it))|" dt) ] .

2

(3.5)

1/p
|f" (Rexp (it))| dt)

If ¢ € [a, D] is such that

c b
[ 1 Rexp (o) at = |17 (Rexp )",
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then by (3.4) we get

b
(3.6) |[(b—a)f(Rexp(ic)) — / f (Rexp (it)) dt

1
[ —
T (g2t

R {(c — a)1+1/q +(b— c)lH/q}

b 1/p
X (/ |f' (Rexp (it))[" dt) .

b
R(b—a) f (Rexp (ix)) — R/ f (Rexp (it)) dt

Further, if we use (2.9), then we have

< -R?

B (@ —a) s | (Rexp(i0)] + (b—2)° sup |f (Rexp(z’t»]
t€fa.z) el
< SR (@ a) + (b —2)°| sup |f' (Rexp (it))

t€la,b]

N =

that is equivalent to

b

37) |(b—a) f (Rexp (i) — / £ (Rexp (it)) dt
< %R (x—a)® sup |f'(Rexp (it)|+ (b—x)® sup |f (Rexp (it))q
t€a,x] te[xz,b)
2
<R 1(b—a)2+<x—a+b> sup |f' (Rexp (it))]
4 2 t€la,b]
for « € [a,b].

In particular, we have

(b—a)f (Rexp (“;%)) - /abf(Rexp (it)) dt

S;R(ba)Ql sup |f' (Rexp (it))| + sup If'(ReXp(it))ll

g te[=52.]

(3.8)

1
< LR sup |7 (Rexp (i)
4 t€la,b]

We give now examples for some fundamental complex functions.
Consider the function f(z) = 2", z € C with n > 1. Then f’ (z) = nz""1,

f (Rexp (iz)) = R" exp (nxi) ,

|f' (Rexp (it))] = nR" " |exp ((n — 1) it)| = nR"", t € [a, ]
and

exp (nbi) — exp (nai)
ni ’

b b
/ f(Rexp (it)) dt = R”/ exp (nti)dt = R"



OSTROWSKI'S TYPE INEQUALITIES

Making use of the inequality (3.7) we get

» €Xp (nbi) — exp (nai)

1 2 a+b 2
Z(b—a) +<x— 5 >

‘(b — a) R" exp (nzi) — R

ni

<R nR" 1,

which is equivalent to

exp (nbi) — exp (nai)

<n[;(b—a)z+<x—a—2’—b)2

(3.9) '(b —a)exp (nxi) —

ni

)

for z € [a,b].
If we take in (3.9) z = %t then we get

1
< Zn(bfa)2,

(3.10) ‘(b —a)exp (n <a ; b> Z) ~ exp (nbi) ;iexp (nas)

for n > 1.

Consider the exponential function f (2) = exp (z), z € C. Then f' (2) = exp (2

|f' (Rexp (it))| = |exp (R (cost +isint))| = exp (Rcost), t € [a, ]

and by the inequality (3.1) we get

(3.11) |(b—a)exp (Rexp (ix)) — / exp (Rexp (it)) dt

<R

(Z’—a)/xexp(Rcost)dt—l—(b—.’l?)/ exp(Rcost)dt],

while from the inequality (3.7) we get

b
(3.12) |(b—a)exp (Rexp (ix)) — / exp (Rexp (it)) dt
< 1R (z —a)® sup exp(Rcost) + (b—x)* sup exp (Rcost)
2 tela,x] te(x,b]

<R

sup exp (Rcost)
t€la,b]

1 2 CL+b 2
i(b—a) +<:r 5 >

for z € [a,b].

13

)5
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From the inequality (3.4) we get

b
(3.13) |(b—a)exp (Rexp (ix)) — / exp (Rexp (it)) dt

x 1/p
(x —a) T4 (/ exp (pRcost) dt)

< Lop
q+1

b 1/p
+(b—a)'tHe (/ exp (pRcost) dt)

for:ce[a,b],wherep,q>1with%—&—%:1.

If in the inequality (3.11) we take z = %52

(b— a)exp <Rexp (a ; bz)) - /ab exp (Rexp (it)) dt

b
R(b—a) / exp (Rcost) dt,

, then we get

(3.14)

<

DN =

while from the inequality (2.8) we get

(b— a) exp (Rexp (“ : bz)) _ /ab exp (Rexp (it)) di

(3.15)

1
<Z(b—a)®R| sup exp(Rcost)+ sup exp(Rcost)
8 tefa, 452 te[ 452 b]
1
< ZR (b—a)® sup exp(Rcost).

te(a,b]
From (3.13) we have

(b— a) exp <ReXp (“‘;bz)) - /: exp (Rexp (it)) dt

«_
UESIPRT

atb 1/p b 1/p
X (/ exp (pRcost) dt) + (/ exp (pRcost) dt)
a axb

2

(3.16)

R(b— a)lﬂ/q
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