TRAPEZOID TYPE INEQUALITIES FOR THE COMPLEX
INTEGRAL ON PATHS

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. In this paper we extend the trapezoid inequality to the integral
with respect to arc-length by providing upper bounds for the quantity

(-0 W+ w=0fw- [ e
Y

under the assumptions that v is a smooth path parametrized by z (¢), t € [a, b]
with the length £(v), u = z(a), v =z (z) with = € (a,b) and w = z (b) while
f is holomorphic in G, an open domain and v C G. An application for circular
paths is also given.

1. INTRODUCTION

Inequalities providing upper bounds for the quantity

b
(1.1) (t—a)f(a)+(b—t)f(b)—/f(s)ds, t € lab]

are known in the literature as generalized trapezoid inequalities and it has been
shown in [2] that

b
(1.2) (t—a)fla)+ (b= f(b)= | fls)ds
1 |- at b
< |3t ](b—a)\a/(f)

for any t € [a,b], provided that f is of bounded variation on [a,b]. The constant %
is the best possible.
If f is absolutely continuous on [a,b], then (see [1, p. 93])

b
(1.3) (tfa)f(aH(bft)f(b)f/ £ (s)ds
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atb \ 2
1 (52) | o-arir it f € Lo [a.b]:

IN

1
q+1 g+1]4q .
e [(2—2) + (&) } (b—a) N, i f e Lyab],
1 1 _ 1.
p > 1, 5 + E = 1,

Jo=a) s,

1 [t
|:2 +‘ b—a
1

for any ¢ € [a,b]. The constants 3, ; and are the best possible.

For other recent results on the trapezoid inequality, see [3], [4], [8], [9], [10] and
[12].

In order to extend this result for the complex integral, we need some preparations
as follows.

Suppose v is a smooth path parametrized by z (t), t € [a,b] and f is a complex
function which is continuous on «. Put z (a) = u and z (b) = w with u, w € C. We
define the integral of f on v, , =7 as

b
/f(z)dz: f(z)dz ::/ F(z(t) 2 () dt.

We observe that that the actual choice of parametrization of v does not matter.

This definition immediately extends to paths that are piecewise smooth. Suppose
v is parametrized by z (t), ¢ € [a,b], which is differentiable on the intervals [a, c]
and [c, b], then assuming that f is continuous on  we define

(2)dz := f(z)dz+ f(z)dz

Yu,w Yu,v Yo, w

where v := z (¢) . This can be extended for a finite number of intervals.
We also define the integral with respect to arc-length

b
/ £ (2)|dz] == / £z (017 (1) di

and the length of the curve v is then

e(v)L |dz|/ab|z'<t>|dt.

Let f and g be holomorphic in G, an open domain and suppose v C G is a
piecewise smooth path from z (a) = u to z (b) = w. Then we have the integration
by parts formula

(1.4) f(z)g (Z)dz:f(W)g(W)*f(U)g(U)*/ f(2)g(2)d.

Yu,w

Yu,w

We recall also the triangle inequality for the complex integral, namely
[1@de| < [1r @I 181, o)
2l 2l

where [|f]l, o = sup.e, [f (2)].
We also define the p-norm with p > 1 by

71 = ([ 170 |dz|)1/p.

(1.5)
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For p =1 we have
I£1l,00= [ 17 (a1,
¥
If p, ¢ > 1 with 1% + % =1, then by Hoélder’s inequality we have
1
17112 < EET 1Ly

We have the following recent result for functions of complex variable [6]:

Theorem 1. Let f be holomorphic in G, an open domain and suppose v C G
is a smooth path from z(a) = u to 2z (b) = w. If v = z () with x € (a,b), then
Vu,w = ’Yu,v U 7v7w’

(16) (vafw%wawf@Of/fwwz

5

Uy oe [ o ollda 417 [ 2= el
Y v

u,v v,w

Wy oo [l 0l
Y

u,w

and

(L.7) (v—wa%Hw—wf@O—/f@Mz

Y
! !
<UF o gme [z = vl ), o mase |2 =
<17

Yu,wi

, max |z —uv|.
PT

pr,q>1with%—|—é=1, then

(1.8)

(v—@f@%ﬂw—@f@»—/f@ﬂz
1/q

< ”f,”%,_v;p (/ |Zv|qd2’|> + Hf/”% wP (/
’ Vv Y Yo

<nfwmmp</

Yu,w

1/q
|z — | |d2|>

1/q
|z —v|? dz|> :

In this paper we extend the trapezoid inequality to the complex integral, by
providing upper bounds for the quantity

ﬂwﬁth+f@0N%W)—/f®HW\

under the assumptions that « is a smooth path parametrized by z (t), t € [a,],
u=z(a), v=z(x)with z € (a,b) and w = z (b) while f is holomorphic in G, an
open domain and v C G. An application for circular paths is also given.
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2. TRAPEZOID INEQUALITIES

We have:

Theorem 2. Let f be holomorphic in G, an open domain and suppose v C G
is a smooth path from z(a) = u to z(b) = w. If v = z (z) with z € (a,b), then
Vuw = Yuw Y Vo and

(21) | )€ (a) + F (W) (70) - / £ (2) ||

Y

S ﬁ (’Yu,v) ||f/||—y“7v;1 + ﬁ (’Yv,w) ||f/H'Yu,w51
3 1€ (Vaw) H1Euw) = w11, s

1/q
£ () 0 (0] (I, o 11 0)
p, ¢ >1 and * -|- =1,

IN

30 (raa) 17 10t = 180 ]

Proof. Observe that for © € (a,b) we have

[ rewa([ = ora) = [ rewoa- [ e

u,w

and, integrating by parts

2.3 /bf<z<t>>d(/t|z'<s|ds)
/\z ) ds —/(/ 6l ds ) £ () (1)
) /|z’s|ds— 2 (a) /w|z’(s)|ds
/(/ [ 6)lds) £ () ()

*f( ) (’va)Jrf u) (’va)
f

/</ (s ds) dt*/ |Z’ |d8> (z(t) 2 (t)dt
f

= f(w)t ('va) ’Yvw)

N
+/: ([ |Z'(S)|d5> fis dt_/ ( 2 (s ds) () 2 (t) dt.

(u)
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By using (2.2) and (2.3) we get the following equality of interest

(24) F W) E(vyn) + F (W) (1) - / £ (2)1dz]

= /: (/: E4 (S)|d8> fr(z(8) 2 (t)dt — /: (/tr |2’ (s)ds) F (2 () 2 (t) dt,

for x € (a,b), where u, v, w are as in the statement of the theorem.
By taking the modulus in (2.4) and using the properties of modulus, we get

(2.5) ‘f(’w)ﬁ (Yow) +F @) € () — f(2)ldz|

Yu,w

/: (/; [ (5)] d5> f (2 ()2 (t)dt
/j (/tl [ ()] ds) (=)' (t) dt‘
= /: (/ 12 (5) ds) )12 (1) dt

i (/ 1 (s)ds) O Ot = B (@)

<

+

for z € [a,b].
We have
/: 12/ (s)|ds < /: 1/ (s)|ds for ¢ € [z, ]
and
[ 1 olds< [ @lds for € o),
then
B(z) < (/: 4 (8)|ds> /Tb|f' (z (@)1 (t)| dt

! </ i (S”ds) /z " (@D (1)) dt

(Vo) / 1 (2)] [zl + £ (v,.0) / F ()] |de]

and by (2.5) we get the first inequality in (2.1).
The second part follows by Hélder’s inequalities

max {m, ¢} (n + d)
mn + cd <

(m? + c®)'/P (4 4+ d0)"/ | for p, ¢ > 1, Tri=1,

where m, n, ¢, d > 0.
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Corollary 1. With the assumption of Theorem 2 and if there exists m € v such
that ¢ (’yum) =/ (’ymw), then

(2.6)

HOC! < SO,

S0 = [ 16

and if s € v such that f |f’ z)| |dz| = f7 |f" (2)||dz|, then

@D @) 1@ - [ FEE] < I,

We have also the following result for p-norms:

Theorem 3. With the assumption of Theorem 2 we have for p, ¢ > 1 with %—l—% =1
that

(2.8) 'f ()€ (1) + 7 @) (o) — [ £2)la

1

< = [ Q) I+ O () 11, )

ﬁ [é (Vu,w) + |€ (Vu,v) -4 (Vv,w) H s
S [V VR

3

+1 +1 1/q | ¢r
= [ (Ya) + 0 (o), s

1/p
21/17 |:||f ||fyuwp+‘||f ||'yuv7p Hf/”’vapH
[g1+1/q ( ) 4+ ('Yv w)] .

Proof. Using the weighted Holder integral inequality for p, ¢ > 1 with % + % =1
we have

/ Lf" (2 (8)] 12" (¢ </ 12 (s |ds) »
= ( / ' (= () 1 <t>ldt>w </ m </ i (s)|d8)q B (t)|dt>l/q
— (/j If (@) |2 (t)|dt> ((f |zQ+|1dS)Q+1>1/q

(1 ()] ds) (/ e (mdt)l/f’

(g+1)"
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and

[ 15 o (/ ds)dt
<</ e |dt> (/ ([ 1nas) e |dt>

(/ reorioa) (u ))

/a

b 1+1/q
(1212 (5)1ds) )
- L /If (t)] dt
for x € (a,b).
If we add these two inequalities we get
1+1/q 1/p
Ja 12 (s
B < &) / 7 (0)ldt
(g+1)

(f 2 @)ds) 1/

(g+ 1)1 (/ fe |dt>

1 1/p 1/p
Sl [ém/q (Vaw) (/ If () IdZI> + 0 () (/ I8 (2)|p|d2|> ] :

which proves the first inequality in (2.8).
We also have

1/p
Y () </ 17 () |dz|> Y (Y (/ If () dz|>
Vuu,w Vv, w

S max {€1+1/q (’}/um) 7£1+1/q (71),1[})}

1/p 1/p

{(/ f'<z>|”|dz|> +</ f'<z>|”dz|> ]
| 1/p 1/p
:[max{ﬁ(’yu’v),f(’yv’w)}]1+1/q[(/ |f'(z)|p|dz|> +</ |f/(Z)|p|dz|>

1 1+1/
= 914+1/q [6 (Pyu,w) + |£ (Pyu,v) - (Pyv,w)H I

1/p 1/p
{(/ If’(Z)Iple> +</ f’(Z)I”IdZI> ]

1/p

| S
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and

1/p 1/p
O () </ I/ (Z)P|dz|> + O (Y (/ I () dz|>
Yo, w

1/p 1/p
gnmx{</‘ f%@f(ko ,(/ U%@phho }

y V1+1/q (V) + £/ (%’w)}

1/p
= lmax{/ | ()P |dz] I () IdZIH

y V1+1/q (V) + £1F1/ (%’w)}

=21/[/ £ @[ @l - [ 17 @

u,v v, w

u,v

]1/17

y [gl-i-l/q (Vo) 1 +1/a (%’w)]

By Holder’s discrete inequality we have

1/p
O () (/ I () |dz|> + O () (/ 1 () dz|>

1/p
< [€q+1 (Vu,v) 4 patl (7y7w)]1/q [/ |f/ (Z)‘P |dz| +/ |f/ (z)|p |d2’|1

1/p
If () d2|> ,

which prove the last part of (2.8). d

1/p

= 6 () + £ ()] ( /

Yu,w

‘We have:

Corollary 2. With the assumption of Theorem 8 and if there exists m € ~ such
that ¢ ('yu m) =1 (’ym w)s then

V u) + f (w /f ) 1d2]

1+1/ / /
< s ) i 17

and if s € v such that f |f’ ()" |dz| = fv lf' (2)|" |dz|, then

(2.10) \f()é(v“)w (o) /f )|z

1 1+1/ 1+1/
< m [é 1 (’Yu,s) + ¢ ¢ (%,w)] ||fl||'yu,w;p'

Finally we have:
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Theorem 4. With the assumption of Theorem 2 we have

(2.11) \f()emv)w (o) /f ) ldz

|:£2 (PYu v) ||f H’Yu 2300 +£2 (’Yv w) Hf ||’YU wv‘>®j|

l\')\'—‘

i [E ('Yuw) + M ('Yuv) *E('Yv w)Hz
S (A vl TR

IN
DN | =

1/
[ () + 27 (1) (0 e I )
p,g>1 and%—i—%:l,

[ (V) + € (o) LIF Ny, oo

Proof. We have

/|f ]I (¢ </ 12 (s |ds)dt
< 11 (2 |/ ([ @las) 1 ol

— L — 92 !
— g e 17 Gl ([ 16 |ds) = 120171, e

/|f )l 12 (¢ (/ ds)dt
< s [/ (2 |/ (/ lds) I (0

1 1,
3 </ e '“) =37 (0 Wl o

which by addition produce
1
B(2) < 5 [ (1) 17, oo & (o) 1771, ioc]

and by utilising the inequality (2.5) we get the first part of (2.11).

The second part is obvious and we omit the details. O

Corollary 3. With the assumption of Theorem 2 and if there exists m € v such
that ¢ (’yu m) =1 (’ym w)s then

(2.12) \f”” <v>—Lf<z>dz|

< 2 (10 e 10 o) 2 ) < T8N ()

OO\'—‘
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3. EXAMPLES FOR CIRCULAR PATHS

Let [a,b] C [0,27] and the circular path 7, ;) g centered in 0 and with radius
R>0

z(t) = Rexp (it) = R(cost + isint), t € [a,b].

If [a,b] = [0, 7] then we get a half circle while for [a,b] = [0,27] we get the full
circle.

We have
2 (t) = Riexp (it) , t € [a,b]
and |2 (t)] = R for t € [a, b] giving that

¢ (Vaiyr) = / 2 Oldt = RO a).

If « € [a,b] and v = Rexp (ix), then by (2.1) we have

b
R(x —a) f(Rexp (ia)) + R(b—z) f (Rexp (ib)) — R/ f(Rexp (it)) dt

T b
SR(:Z:—CL)R/ |f’(Rexp(it))|dt+R(b—$)R/ |f' (Rexp (it))| dt

that is equivalent to

b
(3.1) |(z—a)f(Rexp(ia)) + (b —z) f (Rexp (ib)) — / f(Rexp (it)) dt

<R

x b
(@ —a) / | (Rexp (i) dt + (b — ) / |f (Rexp (z’t>>|dt]

for z € [a,b].
In particular, if we take z = %*b in (3.1), then we get

. . b
(3.2) if (Re"p(m));rf (Fexp (), _ gy _ / F (Rexp (it)) dt

<

b
R(b— a)/ If (Rexp (it))] dt.

DO =

If m € [a,b] is such that

m b
/ | (Rexp (it))| dt = / | (Resp (i) dt,

m

then from (3.1) we get

b
(3.3) ’(m —a) f(Rexp (ia)) + (b —m) f (Rexp (ib)) — / f (Rexp (it)) dt

<

b
R(bfa)/ If (Rexp (it))] dt.

DO | =
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By making use of (2.8) we get

b
R(x —a) f(Rexp (ia)) + R(b—z) f (Rexp (ib)) — R/ f(Rexp (it)) dt

1

x 1/p
S RYY (g — a)' /O RYP (/ |’ (Rexp (it))|pdt)

b 1/p
FRWVa (h — )t H/a RY/p (/ |f’(Rexp(z’t))|pdt> ]

that is equivalent to

b
(34) |(z—a)f(Rexp(ia))+ (b—z) f (Rexp (ib)) — / f(Rexp (it)) dt
x 1/p
< k@ ([ re o)y )
b 1/p
+(b— ) e (/ |/ (Rexp (z’t))|pdt> ]
for z € [a,b].

If ¢ € [a, D] is such that

c b
/ | (Rexp (it)[? dt = / I (Rexp (it)" dt,

then by (3.4) we get

b
(35) |(ca) f (Rexp (i) + (b= ) f (Rexp @) ~ [ F (Rexp (it) de
1/p
1 1 l/q 1 l/q b 7 . p
< WR [(C—a) + +(b-c¢) + } (/a |f (Rexp (it))] dt) .

Further, if we use (2.11), then we have

b
R(x —a) f(Rexp (ia)) + R(b—z) f (Rexp (ib)) — R/ f(Rexp (it)) dt

< -R?

1
2

(z —a)® sup |f'(Rexp(it))| + (b—z)* sup |f (Rexp(it))]

t€la,z] te[x,b]

< -R? [(ac —a)’+ (b—x)z] sup |f' (Rexp (it))|

t€la,b]

N =
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that is equivalent to

b
(3.6) |(z—a)f(Rexp(ia))+ (b—z) f (Rexp (ib)) — / f(Rexp (it)) dt
< %R (z —a)® sup |f'(Rexp(it))| + (b—z)* sup |f (Rexp (it))|]
t€la,r] te[x,b]
1 ) a+b\? . .
<R|{0-0f+ (2= 250 s 1 (Rexp 1)
for z € [a,b].

In particular, we have

(b—a)f (Rexp (“;%)) - /abf(Rexp (it)) dt

s;mba)?[ sup |f (Rexp (it) |+ sw If’(Rexp(it))|]

(3.7)

tefa, 452 te[4F2 b]
1
< SR(b—a)® sup |f' (Rexp (it))|.
4 t€la,b]

We give now examples for some fundamental complex functions.
Consider the function f(z) = 2", z € C with n > 1. Then f’ (z) = nz""1,

f (Rexp (iz)) = R" exp (nxi),
' (Rexp (it)] = nR" fexp (n — 1)it)] = R, ¢ € [a,]
and

exp (nbi) — exp (nai)

b b
/ f(Rexp (it))dt = R"/ exp (nti) dt = R"

Making use of the inequality (3.6) we get

ni

» €Xp (nbi) — exp (nai)

(x —a) R" exp (nai) + (b — ) R" exp (nbi) — R
ni

1 2 a+b 2
Z(b—a) —i—(x— 5 )

<R

n—1
nR"™ ",

which is equivalent to

(38) |(o — ) exp (nai) + (b — z) exp (nbi) — 220 e (nai)

for x € [a,b].
If we take in (3.8) z = %+, then we get

exp (nai) + exp (nbi)

! (b—a)— exp (nbi) f'exp (nai)

(3.9)

ni
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for n > 1.
Consider the exponential function f (z) = exp(z), z € C. Then f’ (z) = exp (2),

|f' (Rexp (it))] = |exp (R (cost +isint))| = exp (Rcost), t € [a,b]
and by the inequality and by the inequality (3.1) we get

b
(x —a)exp (Rexp (ia)) + (b — z) exp (Rexp (ib)) — / exp (Rexp (it)) dt

a

(3.10)

b
<R

(x—a)/xexp(Rcost)dt—i—(b—a:)/ eXp(Rcost)dt],

while from the inequality (3.6) we get

b
(3.11) |(z —a)exp(Rexp(ia)) + (b — x) exp (Rexp (ib)) — / exp (Rexp (it)) dt
< 1R (z —a)® sup exp(Rcost)+ (b—xz)* sup exp (Rcost)
2 tela,x] te(x,b]
2
<R l(bfa)2+ (xa—i—b) sup exp (Rcost)
4 2 t€la,b]
for z € [a,b].

From the inequality (3.4) we get

b
(x —a)exp (Rexp (ia)) + (b — z) exp (Rexp (ib)) — / exp (Rexp (it)) dt

a

x 1/p
(z— a)H_l/q (/ exp (pRcost) dt)

b 1/p
+(b— ) (/ exp (pRcost) dt)

forxe[a,b],wherep,q>1with%—&—%:1.

(3.12)

1
<——R
“q+1

If in the inequality (3.10) we take z = “t2, then we get

exp (Rexp (ia)) + exp (Rexp (ib))
2

b
(3.13) (b—a)— / exp (Rexp (it)) dt

b
< R(bfa)/ exp (Rcost) dt,

N |
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while from the inequality (2.10) we get

exp (Rexp (ia)) + exp (Rexp (ib))

b
(3.14) 5 (b—a)-— / exp (Rexp (it)) dt

<-(b-a)’R| sup exp(Rcost)+ sup exp(Rcost)

tefa, %42 te[242,b]

|~

1
< ~R(b—a)® sup exp(Rcost).
4 t€la,b]

From (3.12) we have

(3.15) exp (Rexp (ia)) —2|— exp (Rexp (ib)) b—a)— /b exp (Roxp i£))

1 141/
S Grpamali-a

ath 1/p

b
2
X / exp (pRcost) dt + / exp (pRcost) dt
a atb

2

1/p
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