ON THE FRACTIONAL INTEGRAL INEQUALITIES BY THE WAY OF
DOUBLE INTEGRALS

MUHAMMAD MUDDASSAR*, MUHAMMAD IQBAL, AND GHULAM HAIDER

ABSTRACT. This study presents some of the latest results annexed to Hermite Hadamard
inequality by utilizing Riemann-Liouville fractional derivatives by the way of double inte-
grals. Another aim of this article is to discuss some of the recent developments on Hermite

Hadamards type inequalities.

1. INTRODUCTION

The usefulness of inequalities involving convex functions is realized from the very be-
ginning and is now widely acknowledged as one of the prime driving forces behind the
development of several modern branches of mathematics and has been given considerable
attention. One of the most famous inequalities for convex functions is HermiteHadamard

inequality, stated as [8]:

b
f(“;b) < bfa/a fa)de < M (1.1)

Both inequalities hold in the reversed direction for f to be concave.

It is well known that the Hermite—Hadamard inequality plays an important role in nonlin-
ear analysis. In the recent years, this classical inequality has been improved and general-
ized in a number of ways and a large number of research papers have been written on this
inequality, [8, 10, 11, 12, 13].

In recent paper, [14] Sarikaya et. al. proved a variant of Hermite—Hadamard’s inequalities

in fractional integral forms as follows:
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Theorem 1. Let f : [a,b] — R be a positive function with 0 < a < band f € L[a,b]. If

f is convex function on [a, b, then the following inequalities for fractional integrals hold:

f (a ; b) < 2F((ba_+a;i [T F(b) + J2 f(a)] < M 12

Remark 1. For o = 1, inequality (1.2) reduces to inequality (1.1).

In the following, we will give some necessary definitions and mathematical preliminar-

ies of fractional calculus theory which are used further in this paper.

Definition 1. Let f € Lla, ], the Reimann-Liouville integrals J¢, and J; of order o > 0

with a > 0 are defined by

o, — ﬁ /:(x 0 @dt, @ > a
and
1 b
o — m/ (t— 2 f()dt, = <a
respectively. Here, T'(o) = [° e 'u® " du is the Gamma function and JO, f(x) =

Ty~ f (@) = f(2).

In the case of a@ = 1, the fractional integral reduces to the classical integral. Properties
concerning this operator can be found in [9].

In this article, we establish some new estimates of left and right Hermite—Hadamard
inequality in the form of fractional integrals by the way of double integrals for functions

whose absolute values of first derivatives are convex and concave.

2. MAIN RESULTS

I this section, first we will establish the identities with name as lemma 1 and lemma 1
and further utilizing these two lemmas we laid down some results which estimates the left

and right side of Hermite—Hadamard inequality.

Lemma 1. Suppose f : I C R — R be differentiable mapping over 1° (interior of

a,b € 1) fora < b. If | f'|9 be a convex function and o € (0, 1), then it gives

Ho IO o) 2 ) + 52 f (@)

b—a ('[! , , o o
D) /0 /0 [f'(ta+ (1 —8)b) + f(sb+ (1 — s)a)](s* — tV)dtds(2.3)

<
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Proof. Let

11:/0 /0 (5% — %) F'(ta + (1 — £)b)dtds

(6% 1 _ [0 1a—1 a _
+(a+1)(b_a)f(b) b—a/ot f(ta+(1—t)b)dt (2.4)

Similarly

s /O1 /Ol(sa — 1) f(sh+ (1 — s)a)dtds

= 1 o ! a—1
= e O arnea T G /O 1 F(sbt(1—s)a)ds2.5)
By adding (2.4) and (2.5), we have
b— + f(b +1 o o
( . a)(IlJrIz) _ f(a) : f) ;((ba_ a)l 2, £(0) + T f(a)]
Which completes the proof. D

Theorem 2. Suppose f : I© C R — R be differentiable mapping over 1I° (interior of
a,b €1)fora < b. If|f'|9 be a convex function and o € (0, 1), then it gives.

’f(a)+f(b) ~ la+1) a(b—a)
2 2(b — a)° (a+1)(a+2)

(1 (@) + 1 B)]
(2.6)

[T, F(6) + T f(a)] \ <

Proof. Lemma 1 can be rephrase as

‘f(a)Jrf(b) _ e+ 1)
2 2(b—a)>

[Jay f(b) + T f(a)]

b—a e ! / a o s
< 5 /0 /0 I[f (ta+ (L —=t)b) + f(sb+ (1 — s)a)] (s* —t%)| dtd (2.7
By applying convexity,
’f(a);rf(b) B ;((l)a_—s—a;i T2 F(b) + I8 F (@)
b—a bt a @ / . / s
<50 [ =@+ -0l o) a
b—a

+

| [ = o i@ @

Here

bt a g« s = ! 18 U s = a(3a+5)
/O/O (s — )| dtd _/O/O (57 = ) duds = 5 Do
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And
101 Lo B 1 rl (s g - a?+Ta
/0/0 (1—4)|(s°— )|dtd5f/0/0 (1= 8)l(s" 47 dbds = 5t T s

Now equation (2.8) becomes

‘f(a)+f(b) _oflatl)
2 2(b—a)>

[ﬁJ@+ﬁf@H

b—a tr el o ! b—a e a g« l
5 ] e — e @das + 252 [ a i - el o)s

b_ 11 b 1,1
+ “// s|(s” — 19| dtds + “// (1= 8)|(s* — )| dtds
2 0J0 2 0J0

a(b_ a) / ’
S ) ) [1F"(a)[ + [ (®)]]

<

Which completes the proof. D

Theorem 3. Suppose f : I C R — R be differentiable mapping over 1I° (interior of
a,b € 1) fora < b. If | f'|? be a convex function and o € (0, 1), then it gives

‘f(a)Jrf(b) _qlat)
2 2(b—a)e

25 (b—a)

I 1 9 — | £ (b)]7) 7
aptD)igen: WAl =IF O

(2.9)

[ﬁ#@+mﬂmk

Proof. By applying Holder’s inequality on lemma 1, we have

’f(a)+f(b) _alatl)
2 2(b—a)®

[ﬁJ@ﬁmﬂM‘

g(b—a)/o/o (s* =] | £ (ta+(1—t)b)| dtds

<(b—a) (/01/01 |(s“—ta)|pdtds> : (/01/01 |f’(ta—|—(1—t)b)|thds)(q2.10)

utilizing the coming inequality in (2.10), we get (2.11)

lz® =y <z +y P < [z + [y P

1 1 1 1 2
/ / |s* — t*|Pdtds < / / (|s“|P + [t¥|P)dtds < (2.11)
o Jo o Jo ap+1

Since | f’|? is convex, we have

11
1
| [ 1rtas @ - oppads < = @p - o)
o Jo q+1
Now by using these values in (2.10), we catch

’f(a)Jrf(b) _qla+1)
2 2(b—a)e

2%(b—a)
(ap+1)7 (g+1)

[J8, F(0) + T f(a)]| < (1f (@)= (b)]1)
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Which completes the proof. D

Theorem 4. Suppose f : I° C R — R be differentiable mapping over 1° (interior of

a,b € 1) fora < b. If | f'|9 be a convex function and o € (0, 1), then it gives.

’ fla)+ () ;((b‘ﬁa;)l (72, £(0) + T f(a)]

2
ap+1

Q=

< (b— a)(in2)’} ( ) (Afa)le + 7O .12

Proof. By applying Holder’s inequality on lemma 1, we catch

’f(a)Jrf(b) _la+1)
2(b—a)e

(h—a (// (5%t |pdtds>; (/01/01|f’(ta+(1—t)b)|qdtds)z(ll.m)

By s-convexity, we get

// |f (ta+(1—1)b |qcltds<//té|f |thds+// (1—¢)°|f(b)|%dtds

<In2(|f"(a)|” + [ f/(b

1 1 9
/ / |s¢ — t*|Pdtds <
o Jo ap+1

Now by utilizing above values in (2.13), we get

fla)+f(b)  A(a+1)

[Jay £(b) + T3 f(a)]

And

(T2 f(b) + T f(a)]

2 2(b—a)”
1 2 v ’ ’ L
<o-am2} (2) (r@e o
This completes the proof. D

Theorem 5. Suppose f : I C R — R be differentiable mapping over 1° (interior of

a,b € 1) fora <b. If | f'|9 be a convex function and o € (0, 1), then it contributes

f@ 10 ;((baja;i [T () + J5 f(a)]‘

1\ 2 \»
< —
s(b-a) (21112) (ap+1>

£ <“‘2H’>’ (2.14)
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Proof. By utilizing Holder’s inequality on lemma 1

‘f(a) + /() ;((bajayu 2 f(b) + J¢ f(a)]

b—a (// (s |pdtds>; </01/01|f’(ta+(1—t)b)|thds>;(2.15)

By s-concavity, we have
+b a+b 1
q <|f a
// | (ba-+ (1—1)b)| dtds ( ) ( ) (21112)
1 1 9
/ / |s¥ — t¥|Pdtds <
o Jo o 1

And
By utilizing above values in (2.15), we have

’f(a)+f(b) _ e+ 1)
2(b—a)>

1
2 P
<o-a(2)
ap+1
It can also be written as.

’f(a)Jrf(b) _ e+l
2(b—a)>

<o-0 () () I (*5°)

Which completes the proof. D

2‘“"1dtd <

T2 10)+ 55 @)
fw;%Mﬁ;f

[Jay £(b) + T3 f(a)]

B =

Lemma 2. Suppose f : I° C R — R be differentiable mapping over 1° (interior of

a,b € 1) fora <b. If | f'|9 be a convex function and o € (0, 1), then it gives.

a+b o
FOGD) = e 210 + I (@] = 5o ka 2.16)

1 1

I = /0 /) (ta _ Sa)fl <ta;_b + (]_ — t)a,) dtds
1 1

12:/ / (tafsa)f, <5a;b+(15)a) dtds

s // 2 4 5 1+t)]f’(ta+(1—t)a;b)dtds

14=/0 /O [(1+s)“—2a—ta]f’(sb+(1—s)a+b)dtds

where,
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Proof
= // a;b + (1 — t)a)dtds
<ba><a+1>f<a§b>+(baf(aﬂ)ﬂa)
- b2—aa / 2 U 2,2
k= // =] ;—b+(1—t)b)dtds
T - )(a+1>f<a;b>+(b_af(aﬂ)f(b)
- /b 2ot (0ot 0
b= //2“8 (1+0)°)f b0+ (10— 1) 5D s
—@)Mf(a)+bfa(2a_ail)f(a;b)
i /aa;b@:Z)‘* )2

1,1
n= [ [asor -2 - sipe s 0 -0 s
2 o «@ a+b
bfa(2 _Ot+1)f( 2 )
b U—a 2d'
_b20£ ‘/l 2(x_1(b_a)(x lf( ) U

atb —a
2

this gives

@ a+2
ZIZ - ljl—2a - —2|— b) - 22(1, O;V)gﬂ [Ja F(0) + T f(a)]

It can also be written as

WZ F(*57) - s e+ g5 s

Which completes the proof.
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Theorem 6. Suppose f : I C R — R be differentiable mapping over 1I° (interior of

a,b €1)fora < b. If | |9 be a convex function and o € (0, 1), then it gives

7(U50) - Je D e+ 5 @)

a)®
_b-a {6a2+12a—4.20‘(a+3)} ,(a—i—b)‘
2042 | 2(a+1)(a+2)(a + 3) 2
b—a [2a + 10a 4+ 2%(a + 3)(a? — a + 2)
2042 2(a+1)(a+2)(a+3)

b—a [6a2+ 12a — 4.2%(a + 3)
202 | 2(a+1)(a+2)(a+3)

)

} 7)) @.17)

Proof. From lemma 2

‘f (”b) 2((ba_+a§l [, F(b) + JE f ’ = Zuk (2.18)

where

|11 =

t% —
0 Jo
1 1
S//Ma_sﬂ
0 Jo

By using convexity of |f'|, we have

i< [ [ = (el (S52) |+ - o1 @) aras
S/o/o e — 9] f’<a2b>’dtds+/01/ol(1—t)|t“—sc’|f’(a)|dtda{2.19)

1 1 2
/ / t|t® — s%|dtds = 3a” + Sa

Lot o o _ a2+ 7
/0 /O (L= Dl = s%ldtds = S e 2+ 3)

By putting values in (2.19), we have

)V f! (ta ; b +(1— t)a> dtds

7 <ta ;r L. t)a) ‘ dtds

Here

And

3a? + b
= 2@+ 1)(a+2)(a+3)

|11

() i s sy

Now

|2 =

f (sa ;_ b +(1— s)b> dtds

o Jo
1ol
b
S/ / [t* — s*||f <sa+ +(1s)b)‘dtd5
o Jo 2
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By using convexity of | f’|, we have

|12|<//|ta (s (“50) |+ 4= o) auas

1 p1
g// st — 59 f’<a+b>‘dtds+// (1= )|t — s*||f(b)\dtds (2.20)
0J0 0J0

2
Here

1 1 2
/ / s[> — s*|dtds = 30" + 50
o Jo 2(a+1)(a+2)(a+3)

And

1 o o B o? + Ta
/0 /0 (L= )" = sldtds = 5 e e T 3y

By utilizing values in (2.20), we have

3a? + b
~ 2(a+ D) (a+2)(a+3)

|I2| < 2 2(a+1)(a+2)(a+3)

a Oé2 «
( “’)\ n A 120!

Now

b
|13|—|// 2% + 5% — (1 +1)9] ’(ta+(1—t) ;r )dtds
0 0

//|2“+s (1+1)" ’(ta—&—(l—t)a;b)’dtds

By convexity of |f'|, we have

|I3|<//|2°‘+s (1+18)° |<t|f’(a)|+(1—t) ’<a;b>’>dtds
// H2% 5% — (140)™) | (a \dtds—i—// (1—£)(2° +5%— (146)%)

From (2.21)

// H2% 4 5% — (1 + 1) )dtds:/O{QO‘—&-s /tdt / 1+tadt}

20 4 g 2a+1 2a+2
:/0{ 2 atl (atD@t2 (a+1)(a+2)]d
2% —a+2)+a
2+ 1)(a+2)

(a;b>’dtds
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Also from equation 2.21

/1/1(1—t)(2“+sa (14 1)) dtds
// 2% 4 5% — (14 ) dtdsf// #H(2% + 5% — (1 + t)%)dtds

oo+l 1 2¢ — 2
/ {2‘“4—5 + ]ds (a at2)+o
0

a+l a+1 2a+1)(a+2)
B 2a(a—1)+2_2°‘(a2—a+2)+a
B a+1 2a+1)(a+2)

29(a? 4+ 3a —6) + 3a + 8
2(a+1)(a+2)

By putting values in equation (2.21), we have

2%? —a+2)+a
2(a+1)(a+2)

29?4+ 3a—6)+3a+8 ., a+b

[fs] < sarary M)

[ (a)] +

Now

[(1+8)% = 2% — 2] f'(sb+ (1 — )°

1 1
g/ / (14 )% — 20 — 42 f’(sb—&-(l—s)a;b)’dtds
0 0

By convexity of | f/| we have

4] =

b
i )dtds‘

1 1 a
I A A e A CIACIRA (BB C D2

§/0 /0 s((148)* —2% —t%)|f/(b)|dtds
+/0 /0 (1_8>((1‘5)“—2"‘—t“)|f<‘L+b)|dtd (2.21)

From equation (2.21), we have

Lol o oa  ja 5_2"‘(—042—1—&—2)—04
/0/05((1+s) 2 — i) = S S

Also from equation (2.21), we have

R e

By putting values in equation (2.21), we have

2%(—a?+a—-2)—a
2(a+1)(a+2)

2%(—a? — 3a+2) —3a—6|f,(a+b)|
2a+1)(a+2) 2

1] < 1F(0)] +
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Now
. 3a? + 5o L a+b
;Ik:|.’1|+\12|+|]3\+|14|: 2(Oz+1)(oz+2)(a+3)|f( 5 )|
a? +7a , 302 + 5a a+b
arneroeea’ M e ey )
2 a2
crTa gy Ele ot ba

et D@t 3) 2(at at2)

2%(a? + 3a — 6) + 3o+ 8 a+b 2%(—a? +a—-2) -«
TR VT R S el T e sy

20‘(—a2—3a+2)73a—6|f,(a+b

2a+1)(a+2) 2

~ [6a? +1200 —4.2%(a+3)], ,,,a+b

B [ 2@+ 1)(a+2)(a+3) } FC 2 )

{2a2+10a+2a( a+3)(a?—-a+2)

2(a+1)(a+2)(a+3)
{Ga + 1200 — 4.2%(a + 3)
2+ 1)(a+2)(a+3)

()]

)|

)

[

Now equation (2.18) becomes

150 - J ) o)+ 5 f(@))
b—a [6a%+ 120 — 4.2%(a + 3 a+b
242 [ 2(a+1)(a+2)(( +3))] (=)
b—a [2a% + 10a + 2%(a + 3)(a? —a+2)

2042 [ 2@+ 1)(a+2)(a+3)
b—a [6a2+12a—4.2°‘(a+3)
2042 | 2(a+ 1)(a+2)(a+3)

)

17w
Which completes the proof. D

Theorem 7. Suppose f : I© C R — R be differentiable mapping over 1° (interior of

a,b € 1) fora <b. If |f'|9 be a convex function and o € (0, 1), then it gives

OG- g +ﬂ)+ﬁ)ﬂ)w

b—a 0 ap+3 g 10 \lg fa+by v
*2(”2 q+1> ( ap+1 2 <ap+1> >(|f(a) +|f< 2 >)

bfa ap+3% p ,(a+b
+ 2« b)|4 7(2.22
(W (apﬂ))(ww(z)q >

Q=
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Proof. From lemma 2

a+b y(a+1)

OG0 - L )+ @) = 5 Zuk
where,
L] = oy A 4 (1 pya)deds
/ / it — 5| a;—b—&—(l—t)a) dtds
By applying Holder’s inequality, we have
|11|§(/01/01|t°‘—sa|pdtds) (/ / F( a—|—b +(1—1t)a)

By convexity of |f/|, we have

([ fr-evan) ([ e

From equation (2.24), we have

1 1 2
/ / [t* — s¥|P dtds <
0 0 ap + 1

Also from equation (2.24), we have

a—i—b)q
2

ot ,a+b
[ ] (el +a-orirr ) aas
1 ,,a+0b 4 , q
< (lreh[ +irar)
Putting values in equation (2.24), we have
2 % 1 % a-+b q
1= ()’ ()’ (e )
Now,
|2 = — ) (s b (1 — s)b)dtds

o Jo
1 1 b
S/ / [t* — s |f <sa+ —|—(1—3)b)‘dtds
o Jo 2

By applying Holder’s inequality, we have

we ([ [eeran) ([ [

( a+b

+(1—s)b)

q 7
dtds)

H1=07 |7 () s

q 7
dtds)

(2.23)

1
q

(2.24)
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’|, we have

|12

< / / e - sﬂ”dtds)’l’ ( 1 / (P - st @29

From equation (2.25), we have

1,1 9
/ / [t* — 5P dtds <
o Jo ap+1

Also from equation (2.25), we have

[k el

<7
q+1<

Putting values in equation (2.25), we have

a+b

)

s @ ) duds

a—i—b
(

HIror)

2 \*/ 1 \7/(|, a+b ] ‘
n< () () () < wor)
Now,
Iy = 1 N (C RPN —t)a+b)dtds‘
//|2a+s (1+1)" ’(ta+(1—t)a2+b)‘dtds

By applying Holder’s inequality, we have

e ([ [ vorras) ([ [

’I, we have

m<(f 1 / 1|2a+sa<1+t>a|’)dtds); x
([

(“+b> D dtd ) (2.26)
From equation (2.26), we have

1 1 1 1
//|2O‘+sa—(1+t)°‘|pdtds§/ / 129 4 5% 4 (14 6)° P dds
0 0 0 0

ap+3)
ap+1

b
(ta+ (1— 1) ; )

dtds)

< 29(
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Also from equation (2.26), we have

[ (1@ ool | ) anas
< @

Putting values in equation (2.26), we have

ap+3 ’ 1 . 10.\19
I < 2¢
] < (ap+1> <q+1> (f(a” "

[(148)* = 2% =27] f'(sb+ (1 — )

0 0
<[ [asoe-

By applying Holder’s inequality, we have.

1| < (/01/01(1+s)a—2a—t”dtds) (

’I, we have.

< </01/01|(1+s)“2°‘t‘“pdtds>;</01/01 <sq 7 ) (1

From equation (2.27), we have

a+b

7(5=)

1
Q)q

)dtds‘

Now,

a+b

4] =

"(sb+(1— s)a;—b)’ dtds

a+b

q 7
dtds)

) 1
o (557 ) )

(2.27)

)

f(sb+(1—ys)

1 1
/ [(14 s)” (2°‘+t°‘)|pdtds</ |(1+8)* — (2% +t*)|" dtds
0 0

< gap (OPF3
o ap+1

Also from equation (2.27), we have

[ (s1rora-s

< (ror+

Putting values in equation (2.27), we have

1 1
ap+3\” 1 “ 1\ 19
Iy <2¢ b
<o (22 () (e

G

Y
)

a+b
2

a+b
5)

F(

F(

)

q>§
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Now,
4
> L= N + || + | T3] + | 4]
k=1
. 2 1 1 1 ,a+b q , P
= (D IS+ P @)
2 1 1 (1, ,,a+0 q , gt
Ho D S I+ 1P ®)Y)
ap+3.1, 1 1, ;@b
2D I @I + 1751
op+3.1, 1 (1, ., ;040 1
2¢ » q b)|? IR
CDF = PO+ 17 ()
Which implies that,
4 1 1 1
> () (Gr) = (55) )
Pt g+1 ap+1 ap+1

, atb NT atb N\
Kf@wﬂﬂ“2w)+(U@WHﬂﬁzw)]
Putting values in equation (2.23), we have

a+b,  yla+1)
‘f( 2 )_2(b—a)a

b—a 1 @ 2 » ap+3 v , ,(a+0b
PO o q orv
T2 (q+1> ((aerl) i <ap+1> )('f(aﬂ o ( 2

[ﬁJ@+mJ@M

Which completes the proof.
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