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FURTHER INEQUALITIES OF HERMITE-HADAMARD TYPE
FOR TRIGONOMETRICALLY p-CONVEX FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some new Hermite-Hadamard type in-
equalities for trigonometrically p-convex functions. Applications for special
means are also provided.

1. INTRODUCTION

The following integral inequality

a b a
8 (%) < it [ rwas HOTI0,

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, for which we would like to refer the reader to the
monograph [9], the recent survey paper [10] and the references therein.

Let I be a finite or infinite open interval of real numbers and p > 0.

In the following we present the basic definitions and results concerning the class
of trigonometrically p-convex function, see for example [13], [14] and [3], [5], [6],
[12], [15], [17] and [18].

Following [1], we say that a function f : I — R is trigonometrically p-convex on
I'if for any closed subinterval [a, b] of I with 0 <b —a < 7 we have

sin [p (b — )] sin [p (z — a)]
(1.2) flz) < [p(bfa)]f(a * b= a)] f(®)
for all = € [a,b].
If the inequality (1.2) holds with ” >, then the function will be called trigono-
metrically p-concave on 1.
Geometrically speaking, this means that the graph of f on [a,b] lies nowhere
above the p-trigonometric function determined by the equation

H (z) = H (x;a,b, ) := Acos (pz) + Bsin (pzx)
where A and B are chosen such that H (a) = f (a) and H (b) = f (b).
If we take x = (1 —t)a +tb € [a,b], t € [0,1], then the condition (1.2) becomes
sin[p (1 —1¢) (b—a)] sin [pt (b — a)]
———=f (b
slpG-al O o
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(1.3) f(A—t)a+th) <
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for any t € [0, 1].
We have the following properties of trigonometrically p-convex on I, [1].

(i) A trigonometrically p-convex function f : I — R has finite right and left
derivatives f! (x) and f’ () at every point x € I and f’ (x) < f} (x). The
function f is differentiable on I with the exception of an at most countable
set.

(ii) A necessary and sufficient condition for the function f : I — R to be
trigonometrically p-convex function on I is that it satisfies the gradient
inequality

(1.4) f(y) > f(x)cos|p(y — )] + Ky gsinp(y — )]

for any @, y € I where K, 5 € [f_ (2), f} (z)] . If f is differentiable at the
point = then K, r = f' ().

(iii) A necessary and sufficient condition for the function f to be a trigonomet-
rically p-convex in I, is that the function

w(w):f’(prz/wf(t)dt

is nondecreasing on I, where a € I.

(iv) Let f : I — R be a two times continuously differentiable function on I.
Then f is trigonometrically p-convex on I if and only if for all z € I we
have

(1.5) J" (@) + p2f (@) > 0.

For other properties of trigonometrically p-convex functions, see [1].

As general examples of trigonometrically p-convex functions we can give the
indicator function

log | F (re’
hr (6) := limsup C)g|7£1"e)|, b€ (o p),

r—00 T
where F' is an entire function of order p € (0,00).

fo<pg—-—a< %, then, it was shown in 1908 by Phragmén and Lindelof, see
[13], that hp is trigonometrically p-convex on (e, ).

Using the condition (1.5) one can also observe that any nonnegative twice dif-
ferentiable and convex function on I is also trigonometrically p-convex on I for any
p>0.

There exists also concave functions on an interval that are trigonometrically
p-convex on that interval for some p > 0.

Consider for example f (z) = cosz on the interval [—Z, 2], then

" (x)+p°f () = —cosz + p® cosz = (p* — 1) cos z,

which shows that it is trigonometrically p-convex on the interval [—g, g] for all
p > 1 and trigonometrically p-concave for p € (0,1).

Consider the function f : (0,00) — (0,00), f(z) = 2P with p € R\{0}. If
p € (—00,0)U[1, 00) the function is convex and therefore trigonometrically p-convex
for any p > 0. If p € (0,1) then the function is concave and

" (@) +p*f (x) = p°a? —p(1 —p)a? ™2 = p’zP~> (wz - p(1p2p)> , x> 0.
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This shows that for p € (0,1) and p > 0 the function f (x) = «? is trigonometrically
p-convex on (p p(1—p), oo) and trigonometrically p-concave on (0 5 p(l— )) :

Consider the concave function f : (0,00) — R, f (z) = Inxz. We observe that

9() = [ (@) + 77 f (@) = Iz — 5, 2 >0

We have ¢’ (z) = 2+" 2> = 0 for z > 0 and lim, o+ g(z) = —00, limy; o0 g () =
oo, showing that the functlon g is strictly increasing on (0, c0) and the equation
g (z) = 0 has a unique solution. Therefore g (z) < 0 for z € (0,z,) and g(z) > 0
for x € (z,,00), where z, is the unique solution of the equation Inx = ViR

In conclusion, if p > 0, then the function f(z) = Inz is trigonometrically p-
concave on (0,z,) and trigonometrically p-convex on (z,,0).

The following Hermite-Hadamard type inequality that was obtained in 2013 in

[2].

Theorem 1. Assume that the function f: I — R is trigonometrically p-convex on
I. Then for anya,be I with0<b—a < 1 we have

(1.6) f(a+b)bin{ b“] /f ():f(b)tan[p(b2a)].

The inequality (1.6) for p = 1 was obtained in 2004 by M. Bessenyei in his
Ph.D. Thesis [4, Corollary 2.13] in the context of Chebyshev system (cos, sin) . For
a simpler proof than provided in [2] and the following related results, see [11]:

Theorem 2. Assume that the function f: I — R is trigonometrically p-convex on
1. Then for anya,be I with0<b—a < % we have

(1.7) f(a;b><bia/abf(x)sec{p(w—a;b>}dx<f(a);f(b)

and

(1.8) ;{b—a—l—;sin[p(b—a)]} <“+b> /f COS{ (x_a—kb)}

b—a+Lsinp(b—a) s 0F:
- .| plb—a)
2 cos [p > ]

Motivated by the above results, in this paper we establish some new Hermite-

Hadamard type inequalities for trigonometrically p-convex functions. Applications
for special means are also provided.

2. THE MAIN RESULTS
We have:

Theorem 3. Assume that the function f: I — R is trigonometrically p-convex on
I. Then for anya,be I with0<b—a < % we have

b
(2.1) M(b—a)Jr%pz/ b—t)(t—a)f dt>/ £t
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Proof. By the property (iii) from introduction, we have for y > z that

+p/f ydt > f' (x +p/f

f’(y)—f'<x>+p2/yf<t>dtzo.

By multiplying with y —x > 0, we get

namely

(2.2) ()= @) =)+ 7 @) [ 100

If we assume that x > y, then similarly, we have
(@~ @)=+ ey [ fa=o0
Yy

namely, the inequality (2.2) also holds in this case.
Therefore, for a.e. x, y € [a,b] we have the inequality (2.2). If we integrate the
inequality (2.2) on [a,b]”, then we get

e | b / ") — £ @) (y — ) dady
+p2/ab/ab(y—m) (/:f(t)dt)dxdyZO.

Now, by using the Korkine identity

b b
%/ / (9 (@) =g () (h(z) = h(y))dedy

:(b—a)/abg(x)h(ac)dx—/abg(x)dx/:h(x)da?,

that can be easily proved by multiplying in the left side and integrating, we have

e [ [ 0w 7@ -y
:(b—a)/abxf'(a:)d;v—/bxdx/bf’(m)dx

= (b—a) [bf (b) ~af (a /f dx]— SE G ® - r@)
-0 f<>-af<a>—b;a 1) —/fmdx]
_(b_a):bf(b)—af();af @y ]

— (b—a) :f(b);f(“)(ba)/a f(x)dm].
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By denoting F' (z f f (s)ds, then in a similar manner, we have

(2.5) . / / (y— ) ( / ’ f(t)dt> dady
zlfb/b — o) (F (z) - F (y)) dady
:(b—a/axF dm—/a:da;/F

(b—a)/ F (x) 5 F(a:)dz

/abxF(x)dx— b;a/abF(as)d:c] .

Moreover, using integration by parts, we have

=(b—a)

and

Therefore

b
= /(bQ—xQ)f(a:)dx—b_ga/ (b—2) f(z)dx

a

/

—5 [ G- @d

a

1 b
2

1 b
3 b—2z)(b+z—b—2a)f(x)dx
1 b

and by (2.5) we get

(2.6) // —x </ ft dt)dxdy—/ (b—2)(z—a) f (z)dz.

By using the inequality (2.3) and the equalities (2.4) and (2.6), we get the desired
result (2.1). O
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As we have shown in Introduction, there are many examples of concave functions
that are also trigonometrically p-convex functions for some p > 0 and on some
apropriately chosen intervals.

Corollary 1. Assume that the function f : I — R is concave and trigonometrically
p-convex on I. Then for any a, b€ I with0 <b—a < % we have

b b
(2.7) %;ﬂ/ (b—t)(t—a)f(t)dtz/ f(t)dt—w(b—a)zo.
We have:

Theorem 4. Assume that the function f: I — R is trigonometrically p-convex on
I. Then for anya,be I with0<b—a< % we have

atb b
2.8) W+;p2[/ (tfa)f(t)dt+/ (b—1) f () dt

a+b
2

Proof. Consider the function F': I — R, defined by

F@)=¢ [ (=050 di+ @)~ @), vel

The function F' is differentiable on I with the exception of an at most countable
set and

F(2) = (pr/mf(t)dt—pQ/xtf(t)dHf(w)—f(a)>
-2 [ " F () dt+ Pk () - pPaf (2) + f ()
:pz/zf(t)dw+f’(w)-

Using property (iii) from Introduction we conclude that the function F' is convex
on I, then for any a, b€ I with 0 <b—a < % we have

s i@+ rozF (950,

namely

;[f/ (b_t)f(t)dt—l—f(b)—f(a)]

a+b

22 [T () s s (P50) < f ).
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This is equivalent to

f(b)+f(a)f<a42rb>

atb b
1 2
—24/ (a—t)f(t)dt—/m(b—t)f(t)dt]
and the inequality (2.8) is proved. O

Corollary 2. Assume that the function f : I — R is concave and trigonometrically
p-convex on I. Then for any a, b€ I with0 <b—a < % we have

a+b b

(2.9) %pz V i (t—a)f(t)dt—k/m(b—t)f(t)dt]

2f<a—2kb> _fO+f@

3. SOME INEQUALITIES FOR SPECIAL MEANS
Recall the following special means:

(1) The arithmetic mean

a+b
2 b)

A= A(a,b):= a,b>0;

(2) The geometric mean:

G = G (a,b) := Vab, a,b > 0;

(3) The harmonic mean:

2
H:H(a,b)::1 T a,b>0;
a '
(4) The logarithmic mean:
a ifa=5
L=1L(a,b):= _ a,b > 0;
b-a ifab

Inb—1Ina
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(5) The identric mean:

a ifa=0»b
b\ 5=a

(b> ifa#b
aa

ppt+1l _ gptl » .
{@H)(ba)} Ha7b

a ifa=10
where p € R\ {—1,0} and a, b > 0.

It is well known that L, is monotonic nondecreasing over p € R with L_, := L
and Lo := 1.
In particular, we have the inequalities

I:=1(a,b)= a,b>0;

[

(6) The p-logarithmic mean:

L,=1L,(a,b):=

(3.1) H<G<L<I<A.

Assume that the function f : I — R is concave and trigonometrically p-convex
on I. Then for any a, b € I with 0 <b—a < 7 we have by (2.7) that

(3.2) ;p2b1a/b(b—t)(t—a)f dt>7/f dt—M > 0.

Consider the function f : (0,00) — (0,00), f(z) = 2P with p € R\ {0}.
If p € (0,1), then the function is concave and trigonometrically p-convex on
(% p(l—p),oo).Let a,be (% p(l—p),oo) with0<b—a<%

We have

1 b
b_a/a tPdt = LP (a,b)

and

b
m/ (b—1) (t — a) Pdt
_M_a)/b [(a+0b)t—ab—t*] tPdt

TP 1 1P 11
:A(a, b) b a/ thrldt* §G2 (a,b) b—a/ tpdtf im/ tp+2dt

= A(a,b) L2 (a,b) - 7G2 (a,b) 2 (a,b) - %Lgig (a,0),

therefore by (3.2) we get

33 A0 100 - 36 (@d) L (0.b) - 3153 (0]
> L (a,b) — A(a?,0") >0

for any a, b € (% p(l—p),oo) With0<b—a<%
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We also have
b
a;» b

1 1
_ _ p _ _ p
2/@ (t a)tdt+2/a;b(b t) tPdt
a+b a+b b
1 2 1 2 1 1
— p+1 g P - p_ p+1
2/(1 tPTodt 2a/a tdt—&-?b/‘ibt 2/ tPTdt
a+b Ler
:lA(a,b)—a/ gy 1 A (a,b) — / Pt
2A(a,b)—a J, 2 Aabfa
1,b—A(ab) (* , 1b—A(ab) b1
T T A (a0 /+t 2b—A(a,b)/2 Bt
= i (b—a) LP* (a, A(a,b)) — i (b—a)alLP? (a,A(a,b))
1 1
—&-Zb(b—a)Lp(A(a,b),b)—i(b—a)Lp“(A(a,b),b)
1
=3 (b—a) [LP™ (a, A(a,b)) — LP™' (A (a,b),b)]
1
+ 1 (b—a)[bL? (A(a,b),b) —aL® (a, A(a,b))]

and by (2.8) written for the function f : (0,00) — (0,00), f (z) = zP, we get

(34) 7 (b—a)p (L7 (0, A0, 1) — L7 (A(a,b) D)

+ i (b—a) p* [bLP (A (a,b),b) — aLP (a, A(a,b))]
> Ap(avb) _A(ap’bp) >0

for any a, b € (% p(l—p),oo) With0<b—a<%
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