SOME WEIGHTED INEQUALITIES FOR THE COMPLEX
INTEGRAL (I)

SILVESTRU SEVER DRAGOMIR!-?

ABSTRACT. In this paper we provide some upper bounds for the magnitude of
the error in approximating the weighted integral

[1@9@e
v
with the simple quantity

FW)G(w) =B+ f(w)a—G W]+ (8—a)f(v)
under the assumptions that f and g are holomorphic functions in D, an open
domain, v C D is a piecewise smooth path from z (a) = u to z (b) = w and
v = z(x) with z € (a,b) while G is a primitive for the function g on . Some

particular results for certain selections of the complex parameters o and g are
also given.

1. INTRODUCTION

Suppose v is a smooth path parametrized by z (¢), t € [a,b] and f is a complex
function which is continuous on «. Put z (a) = u and z (b) = w with u, w € C. We
define the integral of f on v, , =7 as

Lf(z)dzz/Mf(z)dz::/abf@(t))z'(t)dt.

We observe that that the actual choice of parametrization of 7 does not matter.

This definition immediately extends to paths that are piecewise smooth. Suppose
7 is parametrized by z (t), ¢ € [a,b], which is differentiable on the intervals [a, c]
and [c, b], then assuming that f is continuous on v we define

f(z)dz = / f(z)dz+ f(z)dz

Yu,w Yo, w

where v := zz. This can be extended for a finite number of intervals.
We also define the integral with respect to arc-length

b
f () |dz] = / f (2 )12 ()] dt

and the length of the curve « is then

z(v)—/m|dz|—/ab|z'<t>|dt.
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2 S.S. DRAGOMIR

Let f and g be holomorphic in D, and open domain and suppose v C D is a
piecewise smooth path from z (a) = u to z (b) = w. Then we have the integration
by parts formula

(1.1) f(2)g (2)dz = f(w) g (w) = f(u)g(u) - f(2)g(2)dz.

Yu,w Yu,w

We recall also the triangle inequality for the complex integral, namely

K/f(z) dz

where ||f||'y,oo = Susz’y |f (Z)| .
We also define the p-norm with p > 1 by

71 = ([ 1700 |dz|)1/p.

1£l = / 1 ()] |dz]

(1.2)

< / £ @l 1d2] < £, o £ ()

For p =1 we have

If p, ¢ > 1 with % + % = 1, then by Holder’s inequality we have

£l < AL, -

Suppose that a continuous function g on « has a primitive on -y, namely a function
G analytic on 7 such that G’ (z) = g (z) for all z € 4. Suppose v is a smooth path
parametrized by z (t), t € [a,b]. Put z (a) = u and z (b) = w with u, w € C. Then

b b
/g(Z)dZ=/ g(Z(t))Z’(t)de/ (G (1)) dt = G (w) = G (u).

In this paper we provide some upper bounds for the magnitude of the error in
approximating the weighted integral

Af(Z)g(Z)dz

with the simple quantity

Fw)[G(w) =B+ f (u) [« = G (u)] + (6 — ) f (v)

under the assumptions that f and g are holomorphic functions in D, an open
domain, v C D is a piecewise smooth path from z(a) = w to z(b) = w and
v = z(x) with € (a,b) while G is a primitive for the function g on . Some
particular results for certain selections of the complex parameters o and 8 are also
given.

For several previous results concerning three points inequalities, see [1], [2] and
[8]-[14]. For some trapezoid, Ostrowski, Griiss and quasi-Griiss type inequalities
for complex functions defined on the unit circle centered in zero, see [3]-[7].
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2. SOME PRELIMINARY FACTS

We have:

Lemma 1. Let f and g be holomorphic in D, an open domain and suppose v C D
is a piecewise smooth path from z (a) = u to z (b) = w and v = z (x) with x € (a,b) .
If G is a primitive for the function g on -y, then for any complexr numbers o, B we
have

21) f(w)[6@w)- 6+ [ Wla-Cw]+(E-a)f©)- [ (g
:/ f’(z)[G(z)—a]dz+/ £ (2)[G (=) — B dz.

In particular, for B = «a, we get
(22) f(w)[G(w)—a]+ f(u) o= G (u)] - / f(2)g(z)dz

G(z) — aldz

|
A
=
O
Q
—
.
|
2
QU
N
_|_
—
I
O

If we add these two equalities, we get

/ f%d@%d—aww+/ ' (2) (G (2) - B dz
y

Yo,w

(v)(G(v)*a)*f(U)(G(U)*OA)*/ f(z)g(2)dz

Yu,v

+f@ﬂewo—m—fwﬂawrwn—/ f(2)g(2)dz

=fWMGw0—m+fWMa—GWD+W—aUﬁ0—/f@mwﬁ&

which proves the desired result (2.1). (]
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Corollary 1. With the assumptions of Lemma 1 and if 5 # o and w # u, then

23) f(w)[G(w)—m+f(u>[a—G<u>1+(ﬂ—a)wl [fwa

w—u w—u —Uu

e RACTICEE

_ (w_lu)z/v <A £ ()G () —q] dz) dv
+ (w_lu) / ( / reeE-a dz) dv.

Proof. Taking the integral on v over v we have

(w—U){f(w)[G(w)—6]+f(U)[a—G(U)]}+(5—a)/f(v)dv

*(w*U)/f(Z)g(Z)dz

~

111111

which is equivalent to (2.3).

From the equality (2.2) we have for a = G (v) with v € v

(24) [ (W) [G(w) =G )]+ f(w)[G(v) =G (u)] - / f(2)g(z)dz

~

:/ f'(2)[G(2) = G (v)] d2+/ f1(2)[G(2) = G (v)]dz

v, w

- [rEEE-cwe

Y

If m = z (“£2), then by (2.4) we get

(2.5)  f(w)[G(w) =G (m)] + [ (u) [G(m) = G (u)] - / f(2)g(2)dz

~
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If p € v is such that G (p) = w, then by (2.4) we get

fw) + f(w)

(2.6) [GW%GWHj/H@Md@

~

2
:/ fawnw—awmu+/ ' (2)[G () — G (p)) d2

Now, if we take oo = (1 — s) G (u) + sG (w) with s € [0,1] in (2.2), then we get

27) (=) f )+ 5f (@) (6 (w) - G - [ £()g(z)dz
— [ 1166 - 1= 96w - 56 (w) =

and, in particular

dv = W, then we get

If we take 0w = —1— J,9()

G(w)(wfufl)JrG(u)f(w)ﬁ_G(w)Jr(ufw—l)G(u)

w—u w—u

(2.10)
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If we take in (2.1) @« = sG(u) + (1 —s)G (v) and 8 = (1 —s) G (v) + sG (w),

then we get

(211) (1—8){f ) [G(w) — G )] + f (w) [G (v) — G (w)]}
+SWWM%MMHMf/f@g@&

~

:/" F(2)[G(2) = 5G (u) — (1 - 5) G (v)] dz

+ [ FE6EE-0-960) -Gl

v,w

for s € [0,1].

If we take in (2.11) s = 1, then we get the Montgomery type identity

(2.12) WW%%WMNmf/ﬂ@MdW

= ()G (2) - G (w)]dz + / F'(2)[G (2) - G (w)] dz.

v,w

If in (2.11) we take s = 3, then we get

(2.13) % {f (W) [G(w) = G (V)] + [ () [G(v) = G ()] + [G(w) = G (uw)] f (v)}

- [r@9)
:A ﬁ@ﬂm@_GM;qum
+L f@ﬂm@—GW;GW)@

v,w

If in (2.11) we take s = 0, we recapture the equality (2.4).
If in (2.1) we take
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then we get

(2.14)  f (w)

vw L Yow

Moreover, if we take the integral mean over v € v in (2.11), we get

215) (=9 {so) |60 - = [ coa)
+f () Luiu/vG(v)dv—G(u)}}
+sW/f(v)def(Z)g(Z)dz
/(/ 7(2)[G (2) ~ 5G (u) - (1—s>G<v>]dz>dv

w / 'z (1—15)G(v) —sG (w)] dz) dv.

for all s € [0,1].
In particular, for s = 1 we get

(2.16) [G(w)—G(U)]wiu/f(v)dv—/f(z)g(z)dz
iu (/ f’(Z)[G(Z)G(u)]dz)dv
+wiu/</ f’(z)[G(z)—G(w)]dz> dv.

Suppose v C C is a piecewise smooth path parametrized by z(t), ¢t € v from
z(a) =u to z(b) = w with w # w. If f and g are continuous on 7, we consider the
complex Cebysev functional defined by

2)dz - — u/vf(z)dzwiu/vg(z)dz.
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Now, if we use (2.16), then we get the representation

1 /
(2.17) Dy (f.9) = WL < - ()G (z) = G (u)] dz) dv

1
—_— "(2)[G(2) — G (w)]dz | dv.
+(wu)2/7<%wf()[ (2) ~ G (w) )
1

For s = 5 we get from (2.15) the following equality as well:

w—u

219 5{rw|ew- 2 / G w)av]
+f () [iu G(v)dv—c(u)”

+;G(wlz:fw)Af(v>du—lf<z>g<z>dz

_ wiu/v ( e [G(z) - G(“);G(”)] dz> dv

b (/ e e - CEEW)] dz) v

v,w

3. INEQUALITIES FOR p-NORMS OF PRIMITIVES

We consider the norms sup-norm or oo-norm defined by
1£1ly,00 :=sup [f (2)].
zEey

We also define the p-norm with p > 1 by

191, = ( [uer |dz|>1/p,

For p =1 we have
1Ay o= / £ (2)]|dz]
Yy

We have the following result:

Theorem 1. Let f and g be holomorphic in D, an open domain and suppose v C D
is a piecewise smooth path from z (a) = u to z (b) = w and v = z (x) with x € (a,b) .
If G is a primitive for the function g on -y, then for any complex numbers o, 5 we
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have

(3.1) 'f(W) (G (w) = BI+ f (u) [a—G(U)H(ﬂ—a)f(v)—/f(Z)g(z)dZ

<[ 1 @IEE -allal+ [ 17116 ) - 8lld]

w,v Yo, w

I
11, G =0l .

! i a1, 1 _
<< Wl pIG=all,, o ifp.g>1 with 5+ ¢ =1,

T [
/
170, o IG =Bl s

! ; 11
+ ||f ||'Yv,w’p ||G o B”’Yv,w)q pr7q > 1 with P + q 17

/
17, 16 =Bl oo

Proof. Taking the modulus in (2.1) we get

(3-2) )f(w) G (w) = B+ [ (u) [a—G(U)H(ﬁ—a)f(v)—/f(Z)g(Z)dZ

< f1(2)[G (2) — ol dz| + f'(2)[G (2) - Bl dz
S/ 1 (2) [G(Z)*Oé]lleIJr/ 11" (2)[G (=) = BI] ldz|

— [ 17 @IEE -alldsl+ [ 17 @6 E - Bl = B @),

Yu,v Yv,w

which proves the first inequality in (3.1).
By making use of Holder’s inequality, we have

!
171, e IG=all, s

I
17 ”"/u,,v,p G = O‘H% v
if p,g>1with 2 +1 =1,

[ 17 @I6E) - alla: <

u,v

171, 216 —al,

and

170, e IG =Bl s

/
10, 2 IG=8l,, . 4
if p,g>1 with 241 =1,

/ 1 (2)]1G (2) - Bl |dz] <

v, w

171, A IG =Bl o



10 S.S. DRAGOMIR

We have the following generalized trapezoid inequality:

Corollary 2. With the assumptions of Theorem 1 we have

(3-3) V@OW@O—M+NWM—GWH—/f@9®Mz

s/ wamaw»—awa+/’\fumau»—mwﬂ

w,v Yo, w

170, G =l .
< ||f/||7W,p HG _ aHVu,vvq if p,q > 1 with % + % =1,

11,2 1C—all,,

/
1115, 00 16 = el s

/ - - 1 1 _
+3 W, p NG =ally, | g ifprg>1 with  + 4 =1,

Yo

!
17 ”71 G - O‘”"/v,unoo )
171, IG = all,,

1

,wo

/ - . 1 1 _
<{ Ny, G =0l ifpa>1withd+i=1,

11, 26 —all,,

4. INEQUALITIES FOR BOUNDED PRIMITIVES

Suppose v C C is a piecewise smooth path parametrized by z(t), t € « from
z(a) =wu to z (b) = w. Now, for ¢, ® € C and 7 an interval of real numbers, define
the sets of complex-valued functions

U, (¢,®) := {h:'y—>(C|Re {(CI)—h(z)) (Wz)—a)} >0 for each zeW}
and

o+ @
2

The following representation result may be stated.

57(¢7¢)1={h:7—><€| 'h(Z)— ’S;@—qﬂ for each zE’y}.

Proposition 1. For any ¢, ® € C, ¢ # ®, we have that U, (¢, ®) and A, (¢, )
are nonempty, convexr and closed sets and

(4.1) Uy (6,®) = DAy (6, D).
Proof. We observe that for any w € C we have the equivalence
o+ 1
TR 2 p -
R

if and only if
Re [(® — w) (w—¢)] > 0.
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This follows by the equality
2

1 o+ @ S
4<I>—q§2—’w—2 =Re [(®—w) (W - ¢)]
that holds for any w € C.
The equality (4.1) is thus a simple consequence of this fact. ([

On making use of the complex numbers field properties we can also state that:
Corollary 3. For any ¢, ® € C, ¢ # ®,we have that
(4.2)  Uy(¢,®)={h:v—C| (Re®—Reh(z)) (Reh(z) —Reg)

+(Im® —Imh (2)) (Imh(2) —Ime¢) > 0 for each z € v} .

Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (¢) , then we can define
the following set of functions as well:
(4.3) S, (¢,®):={h:v—C| Re(®) >Reh(z) > Re(q)

and Im (®) > Imh (z) > Im (¢) for each z € ~}.

One can easily observe that S, (¢, ®) is closed, convex and

(4.4) 0# S,y (6,2) C U, (6,9).

Proposition 2. Let f and g be holomorphic in D, an open domain and suppose
v C D is a piecewise smooth path from z(a) = u to z(b) = w and v = z (z) with
x € (a,b). If G is a primitive for the function g on v and there exists the constants
¢y ©i € C, ¢y # @iy i € {1,2} with G € A, (61, 1) NA, (6, P2), then

45) |1 |6 - 252 4w |25 - <u>]

Oy + Po ¢1+‘I>1
+(%5 Jsw-[ 16

o1+ Py
2

¢+ 0 oy + P
<[ relee- g e+ [ 1f @6 - 25 )
’Y’llr,’l) v, w
1
<sle-ol [ 17 @I+ 5@ -0l [ 1 ()1
Vau,o Yo,w
1
< gmax{|®y — ¢, [P2 — o} |f" (2)] |dz] .
Fy'u.w
The proof follows by the first inequality in (3.1) by taking a = @ and

_ 9t
p= 2

Remark 1. If we take ¢ = ¢y = ¢ and &1 = &3 = & then we get, by (4.6) for
GeA,, (¢, @), the following trapezoid type inequality

48) |7 |6 -52 ]+ 1w |52 -6 - [ reee
<[ relee - 5 < oo e

w,w
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5. TRAPEZOID TYPE INEQUALITIES

We have

Theorem 2. Let f and g be holomorphic in D, an open domain and suppose v C D
is a piecewise smooth path from z (a) = u to z (b) = w and v = z (z) with x € (a,b).
If G is a primitive for the function g on v, then

(5.1) ‘f(W)/ Q(Z)dz+f(u)/ < B(v)

v, w Yu,v

g(z)dz—/ﬂz)g(z)dz

~

where

(52) B(v) = / (=) dz] .

u,v

L 9(q)dq

z,v

@+ [ 17 @)

v, w

L 9(q)dgq

v,z

We also have the following bounds for B (v),

maxzey, |f (), |f, . 9(@)dalldz].

1/q

63 B <] (. 'f'()‘p'dz? pl( | o ta)da| az))

p,g > 1 with 1 >+ 3

maxzefyuyv

L. g@dd [, 1f (2)]1dz]
max.c,, 1" N [, |f, 9@ da|ldz],

A rere)” (5 | e@dd )

g1, 1
p,q>1wzth5+a—1

L, g(q)dq\f £ ()]l
f' (= ‘f g(q)dq‘ldzl

maXze,),v)w

MaxXzey, .,

(h P (5, atdd 1ael)

1, 1
p7q>1wzth];—&—a—17

IN

9(@)da [, I ()] |z

ma‘XZG%L,w

Proof. We have v =7, ,, = Yy, U7y Where u, v, w are as above.
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Then by (2.4) we have

(5.4) if(w) / REENT / RELS / f(2)g(2)ds

= ‘f(w) G (w) = G ()] + f () [G (v) = G (u)] —/f(Z)g(Z)dz

y

+

IN

/ £ (2)[G () - G (v)]] |dz] + / F (2)[C () - G ()] |dz|

v, w

:/ I (2)] |G (v) - G ()| |dz] +/ 1 (2)][G (2) - G (v) |d]

/ 9(q)dg|dz] = B (v),
Yo,z

dz] + / )

111111

which proves the inequality (5.1).
Using the Holder’s inequality we have

max.c,, ') [, |/, 9@ daldz],

q |dz|)1/q

|dz| < (f%w Lf (=) |dz|)1/p (fyw, ’fvz,v g(q)dq

: 1 1 _
p,q>1w1th5—|—a—1,

maXsey, ,

L. g(@da| [, 1 (2)]]dz]

and

max.c,,  1f (), |[, 9@ dalldz],

q |dz|)1/q

[, 9(a)dg

ldz| < (fvw | ()| IdZIPUP (f%‘w
1

p,q>1with%+a: ,

/% (=)l

/%zg(q)dq

9@ dq) i, 1 @) dz].

maXze’Yv,U)
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This implies that

max.c,, |/ ()N [, |/, 9@ daldz,

sy < | (L er)” (1 |5 swal )

p,q>1with%+5:1,

maxees, | [, g(a)da| [, 1 (2)l]dz]

9@ dq’ |dz|,

maxee, |, |F ()],

q 1/q
dz)

(e e ) | et da
1

p,q>1with%+a: ,

I, 9(ada| [, If'(2)llaz],

MAX €7,

which proves the first inequality in (5.3).

Since
wax ()] [ || g@dallazl+ max 7@ [ | [ g@ddla:),
2V Ya,o [V V20 2w Vo,u |4 Yo,z

< max { o [ (2], max 1f ()]}
Z€Y v zey

L 9(q)dq IdZ|+L

/ 9(q)dq
= ax | (2)]

vz
o Vuw

q 1/q
|d2|>
/ g(q)dq

v,z

gl

"
/ g(q)dq

z,v

w,v v, w

|dz|,

e |dz|> v ( / / ol

1/p 1 Ha
(o) (] )
1/p\ P 1/p\ P
K(/ |f’(z)|p|dz|> /) v ((/ If’(Z)I”IdZI> /> ]
q N . g\ 47 1/4
e V(o)

v,z

v,w

IN
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1/p
=V ()P |dz| + / If’(Z)I”IdZ]

Y v, w

q q 1/q
X V / 9(q)dg |d2|+/ / 9(q)dq IdZ]
Yu,v z,v v, w Yv,z
q 1/q
=</ 1 P|dz|) ( (4)da |dz|)
w,w Yu,w Yz,v
and
wax | [ gl [ 1f <>||dz|+max/ 90 / 7 )] ldz)
SV |y, , Y Yo,z Yo,
< max max/ max/ g(q
ZEPY“’U 'Yz,'u ZG’Yv w FYU z
: [ [ @i [ <z>||dz|]
v Yov,w
—max | [ g [ 1F @)1l
N |y, , Ve
which proves the last part of (5.3). O

Corollary 4. With the assumptions of Theorem 2 we also have the following in-
equalities

(5.5) B(v)

g

w,v

( / 19(@)| |dq|> dz]

max.e, | (N[, ([, l9(a)l|dal) |dz],

1 (2)] ( / 9@l |dq|> dz| + / I (2)

IN

(F @1 (1, (o @1 al) )™

p,q>1wz’th%+5:1,

max.c,,, ([, lo(@lldal)) [, 17 ()]ldz]
max.ey, /N[, (f, lo(@)lldal) lazl,

S rere) T (1 (1 @) el

- 1 1 _
p,q>1wzth;+5—1,

maxey, ([, lo(@lldal) [, [f'(2)]]dz].
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maxzey, .,

7@, | e @ldal| 1z

(L 17 Gp |dz|)”” (s

p,q>1wz’th%—|—%:1,

q 1/q
I, 1o (@)ldal|" d=1)

IN

u,w

max.e,, (|[,  g(a)da|) [, IF ()]Idz].

The proof is similar to the one from Theorem 2 and we omit the details.

6. FURTHER TRAPEZOID INEQUALITIES

We have the following result as well:

Theorem 3. Let f and g be holomorphic in D, an open domain and suppose v C D
is a piecewise smooth path from z (a) = u to z(b) = w. If G is a primitive for the
function g on v and o € [0,1], then

(6.1) '[(1—s)f(W)+sf (u) / g
<(1—8)/7|f’(2)

g9(q)dg
We also have

<z>dz—/f<z>g<z>dz

d2) +S/Y|f’ @[ s

z,w

|dz| =: C (s).

62) C(s)

max.ey [/ () [(1=9) [, |[,, g(a)da|ld=] +s [, | [, g(a)da|a]

(£ 17 P e
x { (1-s (f7 ’f .9 dq’q IdZI)l/q +s (f7 ‘fvw 9(q) dqr IdZI)l/q} :
1;

1,1 _
p,q>1wher65+a—

IA

LS )zl [(1 = s)maxaes | [, g (@) da + smaxe, |[, g (a)dd]]

In particular,

(m)) /g W—/(@ﬂd@
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and
(6.4) Cij
maxey |7 (2)] [f7 { [, 9@ dQI + 'f%,w 9(q) qu \dZI]
c @rera)” (5l swal )"+ (4], swaf )],

pq>1where;+a—1;

I, 9la)dd].

f |f (2)||dz| [maxz@ fﬂfw 9(q) dq‘ + max,e,

Proof. Using the identity (2.7) we have

(6.5) [(1=s)f(w)+sf@W)][Gw) -G )] - / f(2)g(2)dz
/f —(1-38)G(u) — sG(w)]dz
/f {(1—5) -G W]+ s[G(2) — G(w)]}dz

for a € [0,1].
Taking the modulus in (6.5), we get

66 [[1=97 ) +s7 @G W -Gl - [ £G)g)a:
S/f()\(l—s)[G(Z)—G()] S[G ()~ G (w)] a2
<09 [ 11 @166 el s [ 1 16w -6 @)l

1—s/|f / dq|dz|+s/|f /vz,w“’(q)dq

for € [0,1], which proves the inequality (6.1).
Using the Holder’s inequality, we have

|dz| = C (s)

maxzeqy | (2)] [, ‘fm 9(q) dq‘ |dz|;

)1/q

i< d (L @rieEn™ (i \f

p,q>1wheref+ff

Llf’ (=) / 9(q)dg

u,z

max.e, | [, g () dg| [, 11" (2)||dz
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max.c, | ()1 [, |, . 9(a)dalldz];

)1/<1

ax <) (L7 |p|dz|) (r, \f

p,q>1where7+f

maXze~

I, 9(@da| [ (2)]1dz],

which provides the inequality (6.2). O

We also have the result

Theorem 4. Let f and g be holomorphic in D, an open domain and suppose v C D
is a piecewise smooth path from z (a) = u to z (b) = w. If G is a primitive for the
function g on vy, then

1) |1 e -5 [ewn] + w5 [cwa-cw)

—/f(z)(
/|f ‘ _7/(; dv

max.e |f (2 |f7‘G 2 —wiuf,yG v dv‘|dz|,

|dz|

1/q

()17 \”|dz|) (f G ) -
p,q>1and +l—

L [,Gw) dv‘q |dz\)

IN

max.c. (G(z) - L va(v)dv‘ S, 1 ()] |dz]

The proof follows as above by employing the identity (2.9). We omit the details.

7. SOME UNWEIGHTED INEQUALITIES

The case g(z) = 1, z € C in the inequality (3.1) gives simple unweighted in-
equalities as follows:

) |[f@) =5+ (@-u)+E-a)f0)- [ 1()d:
s/ \f’(Z)Ilz—a||d2|+/ 1 (2)] |z — Bl |d]

u,v v, w
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I
1M, oo =l 1
/ : : 1 1 _
<< |If ||7u,v7p ¢ — O‘H'vu,wq if p,g>1with £ + 2 =1,

11, il =all,

10, le= Bl
! i S T
+4 I, o e =Bl,, g i a>1with 5+ =1,

170 1= By oo
for a, p € C, where £(z) = z is the identity complex function, f is holomorphic
in D, an open domain and v C D is a piecewise smooth path from z (a) = u to
z (b) = w.

In particular, for § = «, we get

(7.2) f@wa®+fwMafwf/f®Mz

<)

|f@nw—mu4+/ (2

Yo, w

|z — o |dz|

u,v

||f,||’yu1/moo ||€ - a”'yu'v,l )

IN

! : o1, 1
L, el > 1 with L} =1,

N, 1= el o

171, oo lle=all, 1
! ; 11
I, le—al, , pg> 1wtk by =1,

/
11,0

€=«

Yo, wr °

1My, oo 1€ = tlly, s
! i R R
S Hf ||’7u,w7p Hz - a”’Yu,uMq if p,q > 1 with ; + E - 17

10y, = al

Y, w1

We assume that the path v C D belongs to the class A (¢, ®) for ¢, ® € C,
¢+ P, if
o+ @
2

1
‘§2|<I>—¢>| for any w € ~
that is equivalent to

Re [(® — w) (W — @)] > 0 for any w € 1.
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Under this assumption for v and f is holomorphic in D, then by (4.6) we get

) |1 (0= ) +r (S —u) - [ e
<[ el 25 ge-ol [ 1r e,

u,w Yu,w

From Theorem 2 we have for v € v that

(7.4) ’f(w)(w—v>+f<u><v—u>—/f(z)dz
<[ 1@l [ 1f @Il olla

v, w

S, o= =lldzl.

w,v

maxzey, , |f' (2

(ho @) (4, o=l a=)

<
p,g>1with 2 4+ o =1,
maXzey, , ‘v - Z‘ f“Yu,v ‘f/ (2)] |d'z|
maXzey, ., |f/ (Z)‘ f%,w ‘Z - v‘ |dz| )
1/p 1/q
(L rer |dz|) (1, 12— ol"ld])

. 1 _
p,q>1w1th;—|—5—1

maxey, , |2 =0l [, 1f (2)]]dz].

maxzeﬂ,uyw lf (= ‘fmw

(5, 17 @Pla)" (£, 12 - oi'lazl) "

: 1 1 _
p,q>1W1th5+E—1,

—ol [, 1 (2)ld]

|z — v| |dz]

IN

maXzey, .,

provided that f is holomorphic in D.
From Theorem 3 we have

15) |(1=8)f @)+ sf ) w-w - [ )z
<=9 [ 17 @l —ulldel +5 [ 17 () w1 lde



IN

SOME WEIGHTED INEQUALITIES (I) 21

max.c, | /' (2)] [(1 =) [, |z = ulldz| + s [, Jw = 2] |dz]]

f lf (= |p\dz| (1—8) f,y|z—u\q|dz\ 1q+s f,y\w—z|q\dz| Ve ,
/ /

P;Q>1Where§+%:1;

f If (2)||dz] [(1 — s) max,cy |2 — u| + smax.c |w — 2[]

and, in particular,

(7.6) 'f(“0'+~f(“)(u,_10 _t/’f(z)dz
2 v
1 / /
5 (@) |z —ulldz[ + [ |f" (2)]|w — 2] |dz]
Y
max.c | (2)] [, [z = ul + Jw = =[] |dz]
1 / I) q q a
L) (@) (e =)+ (o - =)
-2
p,q>1where§+§:1;
L1 ()] ldz] [max.ey |2 — u| + max.ey [w — z[].
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