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Abstract

Here we derive a variety of multivariate fractional Iyengar type in-
equalities for radial functions defined on the shell and ball. Our approach
is based on the polar coordinates in RY, N > 2, and the related multi-
variate polar integration formula. Via this method we transfer author’s
univariate fractional Iyengar type inequalities into multivariate fractional
Iyengar inequalities.
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1 Background
We are motivated by the following famous Iyengar inequality (1938), [10].

Theorem 1 Let f be a differentiable function on [a,b] and |f' (x)] < M. Then

M®b-—a)® (f(b)—f(a)’
= 4 B AM - (1)

b
[ t@de- 3=+ o)

‘We need

Definition 2 (/2/, p. 394) Let v > 0, n = [v] (]-] the ceiling of the number),
f € AC™ ([a,b]) (i.e. f"~V) is absolutely continuous on [a,b]). The left Caputo
fractional derivative of order v is defined as

1

D, f(x) = Ty /w (@ — "1 £ (1) dt, (2)

V z € [a,b], and it exists almost everywhere over [a,b] .
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‘We need

Definition 3 (/4{/, p. 336-337) Let v > 0, n = [v]|, f € AC™ ([a,b]). The right
Caputo fractional derivative of order v is defined as

J— n b
Dy_f(z)= F((nl—)y)/ (z — m)”*ufl f(n) (2) dz, (3)

Yz € [a,b], and ezists almost everywhere over [a,b].
In [7] we proved the following Caputo fractional Iyengar type inequalities:

Theorem 4 ([7]) Let v > 0, n = [v] ([-] is the ceiling of the number), and
f e AC™ ([a,b)) (i.e. f™ Y is absolutely continuous on [a,b]). We assume that
DY, f,Dy_f € Ly ([a,b]). Then

i)

(k+1)!

/bfu)dx—nzl L [ 7 @) - ) 1R ) (0 )]
@ k=0

maX{HD:af“Loo([a,b]) ) HDZJHLOC([CL,b])}
I'v+2)

(- 40—, @

Vtela,b,
i) at t = ‘IT“’, the right hand side of (4) is minimized, and we get:

<

b n—1 AVES!

maX{HD:afHLOO([a,b]) ) | DZ—fHLOO([aJ)])} (b— a)”+1

Fv+2) v (5)
iii) if f*) (a) = f*) (b)) =0, for all k =0,1,...,n — 1, we obtain
/b f(e)ds] < maX{”D:afHLoo([a,b]) ) | Dll;*fHLoc([a,b])} (b— CL)V+1 6
a - I (l/ —+ 2) ov s

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

b n—1 1 b—a k+1 ‘ ) . L
/ f(x)dxg(kﬂ)!( ) [ @ - (b>}|

max ||D:af||Loo([a,b]) ’ Db’/*fH a b— v v
< { T(v+2) e ( Na> [+ (=
(7)



v) if f*) (a)=fF () =0, k=1,...,n—1, from (7) we get:

<

[ree- () ur@-w-nse

max { ||Difaf||L(x,([a,b]) )

DZ_fHLx([a,b])} (b_ a>y+1 [j”H + (N =4)",

I'(v+2) N
(8)
j=0,1,2,..,N,
vi) when N =2 and j =1, (8) turns to
’ b—a
/ f(z)de — ( 5 )(f(a)+f(b)) <
maX{HD:afHLOO([a,b]) ’ ||DgffHLw([a7b])} (b _ a)y+1 (9)

I'(v+2) v

vii) when 0 < v < 1, inequality (9) is again valid without any boundary
conditions.

‘We mention

Theorem 5 ([7]) Let v > 1, n = [v], and f € AC™ ([a,b]). We assume that
DY, f.Dy_f € Li([a,b]). Then

i
[ 1w ; G [ @ €= @ 0 @ -0 <
max {102 ooy IO oy} .
e (t—a)’ + (=1, (10
YV teEla,b],
ii) when v =1, from (10), we have
b
[ @ @-a+ o b-1) <
1 s oy B —@)5 V€ [ab], (11)

iii) from (11), we obtain (v =1 case)

b —a
[ r@ar— (5) @+ £ o)) < 1oy -0 (2)




w) at t = “E2 v > 1, the right hand side of (10) is minimized, and we get:

<

b n—1 _a k+1 ,

mesc {1 D%y oy I DF- 1 gy } (0 — )
L'v+1) v—1

v) if f*)(a) = fF)(b) =0, for all k =0,1,...n—1; v > 1, from (13), we
obtain

/abf(m)dx

which is a sharp inequality,
vi) more generally, for j =0,1,2,..., N € N, it holds

; (13)

maX{HDfiafHLl([a,b]) ; ||D57f“L1([a,b])} (b—a)”
I'(v+1) 2v-1

< (14)

3

b n—1 _a k+1 L
[ 13 ey (*F°) B @ cr -t (b)}|

_ {105 oo 126 o} (- a
- r'v+1) N

vii) if f®) (a) = f®) () =0, k=1,...,n— 1, from (15) we get:

)V G+ (N =3, (15)

<

N

/abf(:c)dx_ (U5 ) s @+ (v =) £ o)

maX{HD:afHL1([a,b]) ’ HDZ*fHId([a,b])} <b —a

e ) - o)

j=0,1,2,..., N,
viti) when N =2 and j =1, (16) turns to

<

[ 1= 50 @+

maX{HDZafHLl([a,b]) ) HDZ—fHLl([a,b])} (b—a)”
L'v+1) 2v—1

‘We mention



Theorem 6 (/7]) Let p,q > 1: +E_1 v> = , = [v]; f € AC™ ([a, b)),
wzth Dy, f,Dy_f € Ly ([a,b]). Then
i)

<

i @@= (O ) 60— 0"

k=0

maX{HDi’afHLq([a,b] (e olfo b])}
[
T (v) (H;)( (v—1)+1)7

Vtela,bl,
i1) at t = ‘%H’, the right hand side of (18) is minimized, and we get:

—a) -], (18)

)k:-‘rl

Pyt = Y g U [0 @+ (i )] <

HlaX{HDi’afHLq([a oo 1Pl g, b])} (b—a)’*>
P (v+i) e -1+1) 2"~
iii) if f%) (a) = f*) (b)) =0, for all k =0,1,...,n — 1, we obtain
= % oy 108 i} 0 - @)
B I'(v) (V—I—%) (p(v—1)+1)7 2/ "7

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

; (19)

-1 g\ Pt
- k+11)! <bzv> [ 78 (a) + (18 (N = )+ f® (b)]’

maX{HD:af”Lq([mb]) ; ||Dll7/*f||Lq([a,b])} b—a\"tr Ll R
< . T N [J P+ (N —j) }
T (v) (V—&—E) p(v=1)+1)r
(21)
v) if fF)(a) = fF () =0, k=1,...n—1, from (21) we get:

@a- ("5

max{”DZaf”Lq([mw C Ao ) (b— a>y+; [ + (v = )t
F(y)(VJr%)(p(u—l)Jrl)% N 7

<

)[Jf() (N~ ) F ()]




forj=0,1,2,..., N,
vi) when N =2 and j =1, (22) turns to

<

[ 1@ (25 v o)

max {1D%u |y 1 PE- A1 oy (5 — a3
I (v) (l/+%) (p(l/—l)—Fl)% 27

vii) when 1/q < v < 1, inequality (23) is again valid but without any bound-
ary conditions.

; (23)

We need the following different fractional calculus background:

Let « > 0, m = [a] ([] is the integral part), 8 = a—m, 0 < 8 < 1,
f € C([a,b]), [a,b] C R, x € [a,b]. The gamma function I' is given by I' (o) =
Jo~ et~ tdt. We define the left Riemann-Liouville integral ([2], p. 24)

(T2 £) (2) = ﬁ / C@— 0" f (), (24)
a < 2 <b. We define the subspace Cg, ([a,b]) of C™ ([a,b]) :

Coy (a,b) = {f € C™ ([a,b]) : S f ) € CH (a b))} (25)

For f € C3, ([a,b]), we define the left generalized a-fractional derivative of

f over [a,b] as
/
D g o (15, o

see [2], p. 24. Canavati first in [9] introduced the above over [0,1].

We have that D7, f = f™:neN.

Notice that D3 f € C ([a,b]) .

Furthermore we need:

Let again & > 0, m = [a], 8 = a—m, f € C([a,}]), call the right Riemann-
Liouville fractional integral operator by

1 b a—1
W/z (t—2x)" " f(t)dt, (27)

x € [a,b], see [3]. Define the subspace of functions

(Je-f) () =

Ci(fa,b]) = {f € C™ (b)) : 7 F™ € C (B} (28)
Define the right generalized a-fractional derivative of f over [a, b] as
ﬁ(ljff _ (_1)m71 (Jbljﬁf(m)>

see [3]. We set ﬁgff = f. We have D, _f = (=1)" f(®; n € N. Notice that
D,_f € C([a,b]).
We mention the following Canavati fractional Iyengar type inequalities:

!/
)

(29)



Theorem 7 ([6]) Let v > 1, n=[v] and f € CY, ([a,b]) " Cy_ ([a,b]). Then
i)

<

1 1 1
das—kz_o(kﬂ)![f<k><a><t—a>’“+ + (DB ) (b - )]

max{HDleioo,([a,m :
'v+2)

b”} (t=a) 4 0=t (0)

Vtelab],
i) at t = aT'H’, the right hand side of (30) is minimized, and we get:

—a kel .
(kj g [ @+ 1 )]

maX{HDa-&-fH 1)’ Db—fHooy([me} (b _ a)u+1 .
I'(v+2) v ’ (31)
i) if f*) (a) = f®) (b) =0, for all k =0,1,...,n — 1, we obtain
maX{HDa-‘eroo(ab)’ b— fHoo(ab }(b_a)'ﬂrl
I'v+2) v (32)

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

rL 1 —a k1 1
2 i1)1 (bN ) [ (@) 4+ (1) (v = ) g (b)}|

max { HDa+fH ([a,b]) 2
= T(v+2)

b f } o v+1
Hoo([ab <bNa> {jy+1+(N*j)y+1} 7

(33)
v) if f*) (a) = fF () =0, k=1,...n— 1, from (33) we get:

oo ("5 GF @+ (V=) 1 0] <
2 o N
— (N) [ v =],

(34)



j=0,1,2,..,N,
vi) when N =2 and j =1, (84) turns to

b—a
:c)dm—( 5

o {102 o [P} - o
I'(v+2) v

<

) (f (@) + £ )

(35)

‘We mention

Theorem 8 ([6/) Let v > 1, n=[v], and f € CY, ([a,b]) N Cy_ ([a,b]). Then

i)
e Y @0 (- 0 -0 <
k=0
max HDa+fHL1 [a,b]) ? Dy_f
{ F(Vb+ 3 P o } (t—a)"+(®=1".  (36)
Vtela,b,
it) when v =1, from (36), we have
[ @@ -y@e-a+ 1000 <
Hf/”Ll([a,b]) (b - a) , Vite [aa b] ) (37)
ii1) from (37), we obtain (v =1 case)
oo~ (252 @+ FO)] <1 lsygoy G- ) (39

w) at t = “E2 v > 1, the right hand side of (36) is minimized, and we get:

n 1 (b— a)k-i-l

maX{HD”

D; 5
p (| Pt L1<[a,b]>}(b—a)
T(v+1) ov—1 7




v) if f*) (a) = f*F) () =0, for all k = 0,1,....,n — 1; v > 1, from (39), we
obtain

/abf(x)d:c

which is a sharp inequality,
vi) more generally, for j =0,1,2,..., N € N, it holds

[ ra-¥ 2 (bz‘v“)kﬂ [741709 (@) + (<1 (N — )41 709 )]
@ k=0

14

B maX{HDa-‘erLl([a,b])’ Dy_f Ll([mb})} (b—a)” "
= T v+ 1) g1 (0

(k+ 1)

v

Dy f

InaX{HDZ-i-fHL ([a,b]) ? } v
1{la, L ([ab]) b—a W N
< + (N —

vii) if f*) (a) = f® () =0, k=1,...,n—1, from (41) we get:

<

D,_f

{1021,y |
I'(v+ 1)

L1([a7b])} (b]_va>y[j”—|—(N—j)V]a (42)

j=0,1,2,...,N,
viti) when N =2 and j =1, (42) turns to

/f(x)dx—(b_a) (f (@) + 1 ()

<
B) =

D, f

max { ||Da+f||L1([a,b]) ’ ‘ Ll([a,b])} (b—a)” 43
T(v+1) =1 (43)

‘We mention

Theorem 9 (/6]) Let p,q > 1 :
CY_([a,b]). Then

+e=Lv>1Ln=[; feCl (ab)N

1
p

<

i
b n—1
[ ri@ie- > T Y @ 0= (00 @) o]

D, f

maX{HDZ-‘erLq([a,b])’ Lq([a,b])} " »
rw) v+ 1) -+ (6= a3+ - 07*5], (a9)




Vtela,b,

i) at t = ‘IT“’, the right hand side of (44) is minimized, and we get:
b n—1 k+1
1 (b—a) (k) k£ (k)
_ — <
| 1@ > g g @0 o) <
Dy Dy 1
max{” i oy | Pv- qua,b])} (b—a)"'¥ (45)
P (v+l)ew-1)+1)7 2/ "4
iii) if f*) (a) = f®) (b) =0, for all k =0,1,...,n — 1, we obtain
b maX{HDZJerLq([a b)) Dy f } _ o)Vt
/ f (@) da| < La(le.) (b i); o (46)
. rw) (v+d)ee-1+1)7 q

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

b nt 1 b—a\"! 1 ok .
/ f<w>dw‘,§<k+1>z( ) @ 0 - o)

max 3 [ D Fl| gy + | Po-f } vt
< { 7 L (lastD L ([a,b)) (b]—va) P[ju+%+(zv—j)”+%}

I (v) (1/—1—%) (p(l/—l)—kl)i
v) if ) (a) = f*®) () =0, k=1,....,n— 1, from (47) we get:

<

[ 1= () r@=w-nson

e {105 oo [055 ), o} o anyess 1
. e ( Na) [j”ﬁ +(N fj)”;} :
T (v) (1/+ 5) pv—1)+1)7
(48)
forj=0,1,2,.... N,
vi) when N =2 and j =1, (48) turns to
b bi
[r@a- (51 @+ ro)) <

maX{HD‘Z+fHLq<[avbl)’ Dy-f Lq([a,b])} (b— a)wi_ (49)

I (v) (l/+%) (p(l/—l)—Fl)% 2”74

10




‘We need

Definition 10 (/1]) Let a,b € R. The left conformable fractional derivative
starting from a of a function f :[a,00) — R of order 0 < a <1 is defined by

Ft+e—a) =)= r@

(T2 (8) = lim - (50)
If (T2 f) (t) exists on (a,b), then
(T27) (@) = Jim (T35) (). (51)

The right conformable fractional derivative of order 0 < a < 1 terminating at b
of f:(—00,b] = R is defined by

Ft+e®-0"") =1

(aZf) () = ~lim . (52)
If (BT f) (t) exists on (a,b), then
(aT£) (0) = lim (GTf) (%) (53)
Note that if f is differentiable then
(Taf) () = (t=a) " ' (1), (54)
" @TH O ==0-0""f (). (55)

In the higher order case we can generalize things as follows:

Definition 11 (/1]) Let o € (n,n + 1], and set 8 = o —n. Then, the left
conformable fractional derivative starting from a of a function f : [a,00) — R
of order o, where f) (t) exists, is defined by

(Teh) (&) = (T5/0) @), (56)

The right conformable fractional derivative of order o terminating at b of f :
(—00,b] — R, where f) (t) exists, is defined by

(L) (0 = (0" (brr) @) (57)
Ifa=n+1then B=1 and T2, f = f+V.
Ifn is odd, then b |\ Tf = —f"+V) and if n is even, then b, Tf = fn+1),

When n =0 (or a € (0,1]), then 8 = «, and (56), (57) collapse to (50),
(52), respectively.

11



‘We need

Remark 12 (/5]) We notice the following: let a € (n,n+1] and f € C"* ([a, b]),
ne€N. Then (f:=a—-n,0<5<1)

(T4 () (@) = (T5) (@) = (@ = )~ F4) (@), (58)

and

T () (@) = ()" (570) (@) =
)" () (b —2) P O (@) = ()" (b —a) T S (@), (59)
Consequently we get that
(Ta () (@), (T () (2) € C([a,b]).
Furthermore it is obvious that
(T4 (£) (@) = (T (f)) (b) =0, (60)
when 0 < 8 <1, i.e. when a € (n,n+1).
We mention the following Conformable fractional Iyengar type inequalities:

Theorem 13 (/8)) Let a € (n,n+ 1] and f € C"' ([a,b]), n € N; B=a —n.
Then

<

i 5 [0 @ @ (DR @) - 2]
k=

L (8) max { 1T (Nl foy [T Doy} ity g et] a1
e r-art 0], 0
Y z € [a,b],
i) at z = “E. the right hand side of (61) is minimized, and we get:

Nk
(k + 1) ok+1 {f(k) (a) + (—1)F f*) (b)} <

P (g) max{nTg Dl fost+ BT Dl gy } 6 — 0y

I'(a+2) 207 (62)
iii) assuming f*) (a) = f*) (b) =0, for k =0,1,...,n, we obtain
By max {IT% (Dl o IET Dl o b (5 gt
(1) dt| < { [a,b] ” || i ,b]} (b—a) . (63)
I'(a+2) 20

12



which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

o\ R X
> G S (50 O @ s o v - ]

T max{nTg (Mo
- I'(a+2)

T(f)Hoo,[a,b]} <b — a)a+1 |:ja+1 (N _j)aJrl] )

N
(64)
v) if ) (a) = f® (b) =0, k=1,...,n, from (64) we get:

var— (150 s @)+ (= 3) 1 0)

I (8) max S 1T% (Nlloo.an) » 15T (o 10 _ g\ ot
U Dt T Do} (4= s o]

I'a+2)
(65)
j=0,1,2,...,N,
vi) when N =2 and j =1, (65) turns to
oo (252) @+ )] <
0 (8) max { T8 (Dl o [4T Dllcyois } 6= )+ )

I'la+2) 2
We mention L, conformable fractional Iyengar inequalities:

Theorem 14 (/8]) Let o € (n,n+ 1] and f € C""' ([a,b]), n € N; B=a —n.
Letalsopl,pg, ps>1: —1—&-1%2—&—1%3:1, withﬁ>p%+pi3. Then
i)

<

( + 1! {f(k) (a) (z — a)k+1 + (—1)kf(k) (®) (b — z)k'H}

max{HTz o1 1T Dl o}
n! (p1n + 1)ﬁ (P2 (B—1)+ 1)% (a+ 1%1 + p%)

(O R R

(67)

Y z € [a,b],

13



i) at z = “E the right hand side of (67) is minimized, and we get:

DAY
/ ft ( _~1_ 1)! & 2k+)1 [f(k) (a) + (—1)Ff®) (b)] <
max{nTg Doy ST Oy} 0= oA

| T — 75 1 1 247 %
nl(pin+1)71 (p2 (B—1) +1)72 (a+ -+ - 3
i) assuming f*) (a) = f*) (b) =0, for k =0,1,...,n, we obtain

s {178 (Dl o [T Dl 6= sh

@ L )

1 1
n!(pﬂ’l,—Fl)m (p2(6—1)+1)p2 (a+1%1+1%2) 2 P

(t)dt| <

(69)
which is a sharp inequality,
z'v) more generally, for j =0,1,2,..., N € N, it holds

k+1
(k i 1)! (b_Na> [f(k) (@) 551 4 (—1)F £ (b) (N — j)k“}

a5 {178 () oy [T ) g
n! (p1n + 1)ﬁ (p2 (B — 1) + 1)% (O“" p% + p%)

—a a‘*‘ﬁ*‘% 1 141
(bN ) [P (N gyt (70)
v) if f*) (a) = fF) (b)) =0, k=1,...,n, from (70) we get:
b —a
rwa- (150l @+ (-9 1 0] < ()

e {15 o [T D)

nl (pin+1)71 (p (8 — )+1)i(a+p%+p%)

1
b—a\* T, at 4l
(52) 7 it gy s

forj=0,1,2,..., N,
vi) when N =2 and j =1, (71) turns to

) dz — (b_“

mac {78 (Dl o2 5T D ooy (b= )5 Nz (72)

n!(pln—&—l)ﬁ( (ﬁ—l)—l—l)l’i(a—l—p%-i-p%) 27 s

<

) (@ +F )

14




‘We need

Remark 15 We define the ball B(0,R) = {x e RV : |z < R} CRN, N > 2,
R > 0, and the sphere

SN=1.— {x€RN:|x|:1},

where || is the Euclidean norm. Let dw be the element of surface measure on
SN=1 and

w —/ dw = 2m
e T (E)

is the area of SN71.
For z € RY — {0} we can write uniquely * = rw, where r = |z| > 0 and

w=%e 8N |w| =1. Note that fB(o,R) dy = “’NJ\I,%N is the Lebesque measure
on the ball, that is the volume of B (0,R), which exactly is Vol (B (0,R)) =
N
n2 RN
r(&+1)°
Following [11, pp. 149-150, exercise 6], and [12, pp. 87-88, Theorem 5.2.2]
we can write for F : B (0, R) — R a Lebesgue integrable function that

/B(O,R) F () d = /SN,1 (/ORF(TW) TN_ldr) dw, (73)

and we use this formula a lot.
Typically here the function f : B (0, R) — R is radial; that is, there exists a
function g such that f (x) = g (r), where r = |z|, r € [0,R], V € B(0, R).

‘We need

Remark 16 Let the spherical shell A := B(0,Ry) — B(0,R;), 0 < Ry < Ra,
ACRN, N >2, z¢c A. Consider that f : A — R is radial; that is, there exists
g such that f (z) =g (r), r = |z|, 7 € [R1, Ra), V © € A. Here x can be written
uniquely as © = rw, where r = |z| > 0 and w = 2 € SN |w| =1, see ([11],
p. 149-150 and [2], p. 421), furthermore for F : A — R a Lebesgue integrable
function we have that

B Ro> N1
/AF(ac) dx = /SN?1 ( . F(rw)r dr) dw. (74)

wn (RY —RN)  n2 (RY — RN
Vol (A) = v 5 ) _ r<(12V+1) ) (75)

Here

In this article we derive multivariate fractional Iyengar type inequalities on
the shell and ball of RN, N > 2, for radial function. Our following results are
based on the presented background results.
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2 Main Results

In the rest of this article we consider the functions:

i) f: A — R which is radial, i.e. there exists g such that f(z) = g(r),
r = |z|, 7 € [R1, Rs], ¥ € A; where A is the spherical shell A := B (0, Ry) —
B(O,Rl), 0< Ry <Ry, AC RN, N > 2, also

ii) f: B(0,R) — R which is radial, i.e. there exists g such that f () = g (1),
where r = |z|, r € [0, R], V x € B(0, R); where B (0, R) is the ball, B(0,R) C
RY, N >2 R>0.

We will employ the related function h (s) := g (s) sV ~!, where s € [Ry, Ra]
ors€[0,R].

We present the following multivariate Caputo fractional Iyengar type in-
equalities:

Theorem 17 Let the radial f : A — R. Let v > 0, n = [v], and h €
AC™ ([R1, Ry)) (i.e. (=Y is absolutely continuous on [Ry, Ra]). We assume
that D¥p, h, D%, _h € Lo ([Ry, Ra)). Then

2
n—1
1
. = [p® — Ryt
|/Af(y)dy {;} Gy [ (R (= R
e
(=" h® (Ry) (By — )" <
e
o2y maX{HD:R1hHLm([R1,R2])’ Dl’lﬁ*hHLm([Rl,Rg])}.
r (%) T(v+2)
(6= R+ (Ba = 0] (76)
Vite [Rl, RQ] s

i) at t = 1382 the right hand side of (76) is minimized, and we get:

“~ 1 (Re—R)"
/Af(y)dy—{kz(kﬂ)! o

=0
T3
B (Ry) + (—1)F B (Ry) <
o ey
3 {2, 0% ey} o
T2 { *R1"| Lo ([R1,Ra2)) Ry Lo ([R1,R2]) (R2 Rl) (77)
I (%) T'(v+2) 2v—1 ’

iii) if h®) (Ry) = h®) (Ry) = 0, for all k = 0,1,...,n — 1, we obtain

™

/Af(y)dy‘ < Fé)

16




(RQ _ Rl)l/+1

maX{HD*thHLw( ool 1 PRl s Rg])} Twr22T (78)

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

n—1 1 RQ_Rl k+1
y)dy{kz_o(kﬂ)!( N )

2w
L (

w2

(RO (Ry) + (—1)F (N = ) R0 (Ry) |} =

vz

)

{HD*Rl}LHLoo([Rth]) ’ ||D3}%2_hHLoo([R17R2])}
) I'(v+2)

(R2 NR1> [jqul +(N - j)”“} 7 (79)

v) if K9 (Ry) = h®) (Ry) =0, k=1,....,n — 1, from (79) we get:

vz

2T
T

NE

g (P ) U+ (Y = )

w2

RthLw([Rl,RzD}

{HD*R1hHLOC([R1,R2] ’
I'v+2)

(RQ J;Rl ) v+1 |:jy+1 N (N _ j)y+1:| 7 (80)

21

IN

—
vz

7=0,1,2,...,N,
vi) when N =2 and j =1, (80) turns to

&

™

Ty =

y)dy — (Ra — Ry) (b (R1) + h(R2))

vz

)

o2 max (D%, bl PPl | (Ro — Ry
r' (%) T(v+2) vl 7

vit) when 0 < v < 1, inequality (81) is again valid without any boundary
conditions.

(81)

Proof. By Theorem 4 and (74). See in the 3. Appendix the general proving
method in this article. m
We give
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Corollary 18 (to Theorem 17) Let the radial f : B(0,R) — R. Let v > 0
n = [v], and h € AC™ ([0, R]).

We assume that D%h, D% _h € Lo ([0, R)).
Then
i)
n—1 1
f(y)dy — R (0) "1+

B0.R) ) kZ:O (k+1)! { (

()Fh® (B (R -]} 2r %

(%)

2t max { D%, oy 1DR Pl _ om0 )
r%) T(v+2)
[+ (r— 0] (82)
Vtel0,R],
it) at t = %, the right hand side of (82) is minimized, and we get
n—1

1 RFE+1
I (y)dy — LN ok

S @ E G

T3
k) )k k) <
(25 (0) + (~1)" h <R>}}F<%) <
T {”D*Oh”L ([0,R)) » HDR—hHL ([0,R]) }RVH (83)
F(%) I'(v+2) ov=1’

iii) if ) (0) = h*) (R) = 0, for all k = 0,1,

n — 1, we obtain

w2

™

fy)dy| <

B(0,R) T

—
vl
~—

5 y Ru+1
maX{HD*OhHLm([O,R]) DR, [O,R])} Tt 1 (84)
which is a sharp inequality,

iv) more generally, for j =0,1,2,..., N € N, it holds

R k+1
B(OJE)

w2

[ k+1p,(k) (0) + (_1)k (N — j)k+1 Bk (R)” 2r

o

<

w2

)



ont max {ID%l, oy [Pl oy}
r(%) T(v+2)

(BY" frorvav—ar]. (55)

v) if K9 (0) = h*) (R) =0, k=1,....,n — 1, from (85) we get:

N
272

o0 () 0= 7

- oy maX{HDZOhHLm([O,R])’ Dly%thLoo([O,R])}
(%) T'(v+2)
R vl -v+1 Av+1
() -], (56)
i=0,1,2,.., N,
vi) when N =2 and j =1, (86) turns to
N
T2
[ iy Ru®) | <
B(O.R) r'(3)
] maX{HDZOhHLOO([O,R])’ DIV%—hHLOO([o,R])} Rv+1 (87)
r (@) T(v+2) =1’

vii) when 0 < v < 1, inequality (87) is again valid without any boundary
conditions.

Proof. Based on Theorem 17, just set there R; = 0, Ry = R, the assump-
tions now are on B (0, R), and use (73). m
We continue with

Theorem 19 Let the radial f : A — R. Letv > 1, n = [v], and h €
AC™ ([Ry, Ra)) (i.e. h"=Y) s absolutely continuous on [Ry, Rs]). We assume
that DY h, D% _h € Ly ([Ry, Rs]). Then
i)
/f( ) dy — Sl[hwfe)(t—m“w
AT & G ! '

=0

N
2m2

r(%)

(~1)F A (Ry) (R = "] }

2T maX{HD:R1hHL1([R1,R2]) ) | Dlyzrh“Ll([Rl,RQ])}

r (%) T(v+1)
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[(t = R1)" + (B2 = 1)"],
Vte [Rl, RQ] s

(88)
it) when v =1, from (88), we have
[ @ dy = () (¢~ R+ b (Ba) (e — 1)) | <
A r(3)
ors ,
I‘(%) Hh”Ll([Rth]) (RZ_R1)7 (89)
Vte [Rl, RQ] s
i) from (89), we obtain (v =1 case)
[ £ dy = (e = Ra) (h (o) + o (Re)) | <
A r(3)
oy

NES) DN L, 1y oy (B2 = Ra).,

(90)
w) att = w, v > 1, the right hand side of (88) is minimized, and we

n—1 . k+1
/Af(y)dy{ L_(Fac o)

| k
prd (k+1)! 2

get:

N
R (Ry) + (—1)F 8 (Ro) |V o | <
{ }} r (g)
T3 maX{HD:thHLl([Rl,Rz]) ’ | DE?thLl([RhRﬂ)} (Ry — Rl)y
r (%) TC(v+1)

Qu—2 ’ (91)
v) if %) (Ry) = h®) (Ry) = 0, for all k = 0,1,....,n — 1, v > 1, from (91)
we obtain
.
/ f(y)dy‘ < I
A

N
2
(%)
max { | D2, Bl s e

v (B2 — Ry)”
}DRz—hHLl([RLRﬂ)} F(V+ ]_) qu—2"7 (92)
which is a sharp inequality,

vi) more generally, for j =0,1,2,..., N € N, it holds

Af<y>dy{§(k1 (RR)

+1)! N

vz

2T

I (

[jk+1h(k) (R1) + ()" (N = )" a® (RQ)] }

<

NE

)
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oI max{||D:R1hHL1([R1,R2])7||D§l%2—h”Ll([R17R2])}
r(%) Tv+1)
R2_R1 v -y AV
(B ) e a1, (93)

vii) if A% (Ry) = h®) (Ry) =0, k=1,...,n — 1, from (93) we get:

Ry — Ry ;. .
[ = (B )+ 7=

< T maX{HDZJ%hHLI([Rl,RZ])’ |D1y32*h’HL1([R1,R2])}
(%) T(v+1)
Ry —Ri1\", ., N
(BF) v e =i, (o)

j=0,1,2,..,N,
viti) when N =2 and j =1, (94) turns to

/f(y)dy—(Rz—Rl)(h(Rl)Jrh(Rz)) T <

A r'(3)

¥ maX{||D5R1h||L1<[R1,R21) ’ HDﬁz—h”Ll([Rl,Rﬂ)} (R2 — R1)” (95)
r (&) IF'(v+1) v=2

Proof. By Theorem 5 and (74). See in the 3. Appendix the general proving
method in this article. m
We give

Corollary 20 (to Theorem 19) Let the radial f : B(0,R) — R. Let v > 1,
n = [v], and h € AC™ ([0, R]). We assume that D%,h, D% _h € Ly ([0, R]).
Then

i)

n—1 1

/B(O,R) flw)dy - {Z (k+1)!

k=0

{h““) (0) tF+1 4

N
2r2

r(3)

(=1)" r® (R) (R - )] }

oy maX{HD:OhHLl([O,RD ) HDIV%*hHLl([O,R])}
r (%) C(v+1)

[t +(R—-1)"], (96)

Vtel0,R],
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ii) when v =1, from (96), we have

w|2

2w
r

/ £ (y)dy — h(R) (R— 1)
B(0,R)

—~
NG
S~—

N

22
) 1Bl ., fo. ) B (97)
2
Vtelo,R],
iii) from (97), we obtain (v =1 case)

/B o] @)= RAR) s

o /
ﬂ [~ ||L1([0,R}) R, (98)
2

w) att =&, v > 1, the right hand side of (96) is minimized, and we get:

n—-1 1 Rk+1
/B(O7R)f(y)dy— {Z i)l 2

k=0

[h(’“) (0) + (—1)F h®) (R)] }

& wax {ID%M g, oy D5l oy} RY )
e T(v+1) qv=2"
v) if K% (0) = h*) (R) = 0, for all k = 0,1,....,n — 1, from (99) we obtain
T3
fy)dy| < :
/B(O,R) r'(%)
v v R’/
max {HD*ohHLl([O,R]) . DR*hHLl([o,R])} NOEEEE (100)

which is a sharp inequality.
vi) more generally, for j =0,1,2,..., N € N, it holds

n—1 1 R k+1
/B(w flu)dy - {,; o (v)

7441099 (0) + (1) (V= 4 1 ()]}




o maX{HDZOhHLl([o,R]) ) ||D1V%—h||L1([0,R])}
r(%) Tv+1)

() b+ -,

vii) if K% (0) = KW (R) =0, k =1,...,n — 1, from (101) we get:

[ f W= () 7= s

oy maX{HDZOhHLl([o,R]) ) | DE*hHLl([O,R})}
r (%) T(v+1)

R\" . ., N
<N> 7" + (N —3)"],
j=0,1,2,..., N,

vigi) when N =2 and j =1, (102) turns to

vz

™

/ f(y)dy — Rh(R)
B(0,R)

r

—
|2
SN—

% Mmax { ||Di/0h”L1([o,R]) ) HDE—hHLl({o,R])} RrRY

r (%) T (v+1) =2’

2

(101)

(102)

(103)

Proof. Based on Theorem 19, just set there R; = 0, Ry = R, the assump-

tions now are on B (0, R), and use (73). m
We continue with

Theorem 21 Let the radial f : A — R, and p,q > 1 : %—&—% =1, v> %.
Let n = [v], and h € AC™ ([Ry, Ra]) (i.e. h\"~V) is absolutely continuous on

[R1, Ra]). We assume that DYp h, D}, h € Ly ([R1, Rg]). Then
i)

n—1 1 )
‘/Af(y)dy— {kZZO Gy [P R (- RS

2%
(=1)" 1 ®) (Ry) (R — )" <
oo 2
R L T ny%rh”anRl,RQD}.
r (%) P (v+i)we-1)+1)7

(6= B + (B =) ]

23
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vV t € [Ry, R,
i) at t = w, the right hand side of (104) is minimized, and we get:

{M L (B = R
(

E+1)l o
(k) ERRLENC)) ikl
[h (R1) + (-1)" (Rz)}}r(%) <
w8 max {102 b gy 1Py (R — Re) (105)
M) L) (v+1) -1+ 1)} e

i) if %) (Ry) = h*) (Ry) = 0, for all k = 0,1,...,n — 1, we obtain
N
2

‘ ™
r(yzi

hHLq([Rl,RQ])} '

-Q\»—‘

maX{HD:thqu([Rl,Rﬂ ’
(Ro — Rl)wr%
P (v+i)ee-1n+1)

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

{5 e (P5)

; (106)

N
{]k"‘lh(k) (Rl) I (_1)k (N _j)k+1 h(k) (Rg)]} 1127(:\2,) <
2
2% max {102, oy [ Py
r(3)

I'(v) (1/+%) (p(v—1)+1)7

RQ—Rl V+; 41 ,V+i
() [ e ae-art]. (107

v) if K (Ry) = h™) (Ry) =0, k= 1,....,n — 1, from (107) we get:

w|2

iy - (B G + (08 = ) b)) 27

—
w|2
S—
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orz M {”D*R1h”Lq([R1,R2]) ) ||D§/%2—h”Lq([R1,R2])}
S r N 1 1
(%) T(v) (1/—1—1;) (p(v—1)+1)r
Ry — Ri\"'7 et OTE!
(B) 7 [t e e i), (108)
j=0,1,2,..,N,
vi) when N =2 and j =1, (108) turns to
T3
y)dy — (R2 — R1) (h(R1) + h (R2)) () <
2
¥ max ([|DZg, A || DR, | — R)"tr
e { B MLy (R Ro)) T R =MLy (R Ra)) S (R — Ra)™ 77 (109)
r(%) rw) (v+1) pw-1+1)7 I

vii) when 1/q < v <1, inequality (109) is again valid without any boundary
conditions.

Proof. By Theorem 6 and (74). See in the 3. Appendix the general proving
method in this article. m
We give

Corollary 22 (to Theorem 21) Let the radial f : B(0,R) — R. Let v > 0,
n = [v], and h € AC™ ([0, R]); p,q > 1: %—l—% =1v> %. We assume that
DYyh, D% _h € L, ([0, R)). Then

i
BisEE (8) () k1
/B@,R)f(y)dy {O(k+1)! [ (0) 14414

k=

N
212

r(%)

(=" n®) (R) (R - 1] }

w2

2T
T

x {ID%0hl 1 107 - | DAl 0.}
rw) (v+d)ew-1)+1)7

[t”% + (R—t)"*ﬂ ,

(110)

=

Vitel0,R],
ii) at t = %, the right hand side of (110) is minimized, and we get:

Rk+1

—~ 1
[ (y)dy —
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N
B9 () + (-1 p0 (B)] b 7
[ ” r (%)
¥ maX{HD:oh”Lq([o,R])a |D’I/?thLq([07R])} R’ "
) Soo-_nen  zor Y
> T (v ) -1 +1) ;
ii) if ) (0) = h®) (R) = 0, for all k = 0,1,...,n — 1, we obtain
7
fy)dy| < ———
/B(O,R) r& =13
R'*v
max { || Dok, ([0 R])’HDE—hHL 0,R 12
{ q q([x ])}F(V)<V—|—11))(p(1/—1)+1)1’
(112)
which is a sharp inequality.

iv) more generally, for 5 =0,1,2,..., N € N, it holds

/B(O,R) fy)dy - {:z:é (ki = <]]$)k+1

{jk+1h(k> 0) + (-1 (N — j)F Tt p® (R)” T

maX{HDi’ohHLq([O,R]) ; ||D§'%—h||Lq([o,R])}
FE) re) (vl e -+

(fj)”‘l’ [ + (v =y +3] (113

0, k=1,..,n—1, from (113) we get:

r(3)
< 2 maX{”DZOhHLq([O,R]) , ||D§/%7h”Lq([O,R])}
T T(%) P(V)(V—l—%)(p(l/—l)-i-l)%
E I/"F% |:.V+% + (N— .)u+%:| (114)
N J J )

j=0,1,2,..,N,
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vi) when N =2 and j =1, (114) turns to

N
m2
dy — Rh (R <
L 00 RR ) | <
¥ max{1D%hz, o my - 1Dkl oy} RS (115)
r (%) T (v) <z/+%) (p(v—1)+1)7 2"y

vii) when 1/q < v < 1, inequality (115) is again valid without any boundary
conditions.

Proof. Based on Theorem 21, just set there R; = 0, Ry = R, the assump-
tions now are on B (0, R), and use (73). m
We continue with multivariate Canavati type fractional Iyengar type inequal-

ities:
Theorem 23 Let the radial f : A — R. Let v > 1, n = [v], and h €
Ch, 4 ([R1, Ro]) N O, ([R1, Ra]). Then

i)
n—1
. 1 (k) okt
|/Af(y)dy {;](km! [h® (R) (6= R+
vk g (k) Y QW%
(1" (Ra) (Re = """ } iy | <
oy maX{||D1V%1+h||oo,[R1,R2]’ DVR2_h“oo,[R1,R2]}
r (%) I'(v+2) '
(6= R (R = )] (116)
vVt € [Ry, Ry,

i) at t = %, the right hand side of (116) is minimized, and we get:

1 (Ry— R
/Af(y)dy_{kz_o(k+l)! ok

w2

;}

[ (Ra) + (1) B0 (o) | oy | <

vz

)

Dy, h

ﬂ.% max{||DE1+h||oo,[R1,R2] ” HOO,[Rl,RQ]} (R2 — Rl)y+1
I T (v +2) 1

(117)
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i) if %) (Ry) = h*) (Ry) = 0, for all k = 0,1,...,n — 1, we obtain

/Af(y)dy‘gr(,zv

)

Dy, H| } (B> — Ry)""
R27 OO,[Rl,RQ]

maX{HDE1+h||oo,[R1,R2] ” F(V—|—2) -1’

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

[ rwdn- {Z T (RQ;,Rl)kH

(541 00) () + (—1)F (V= ) ) (Ry)]} F27(T

&

<

w2

]
ot 15105 bl [P
r (%) T(v+2)

(RQ J;Rl ) v+1 |:jy+1 N (N _ j)y+1:| ’

v) if KW (Ry) = h™) (Ry) =0, k= 1,....,n — 1, from (119) we get:

[ sy (B n )+ - )] ‘

(%)
< 27'['% ma’X{HDID%IJFhHOOv[RLRQ] ’ HDR2_hHOO,[R1,R2]}
- T'(v+2)
R2 — Rl vl 41 Av+1
(N) {] + (N =) } )
j=0,1,2,...,N,
vi) when N =2 and j =1, (120) turns to
%
[ @)y (Ra = R) 0 (R0) 4 h (Ba) | <
A r(3)
T N ) S S
r (%) I'(v+2) 2v—1

28
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(119)
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Proof. By Theorem 7 and (74). See in the 3. Appendix the general proving
method in this article. m

We give
Corollary 24 (to Theorem 23) Let the radial f : B(0,R) — R. Letv > 1,
n = [v], and h € C§, ([0, R]) N C%_ ([0, R]). Then

i)
n—1

_ 1 (k) (o ph+1

/B(o,R)f(y)dy {kzzo(k+1)! [h A

w2

2w

(_1)k Bk (R) (R—t)k-"_l}} F( <

vz

)

s {106 [P}
r(%) T(v+2)

[t”“ + (R - t)”“] : (122)

Vtel0,R],
it) at t = %, the right hand side of (122) is minimized, and we get:

n—1 1 Rk+1

/B(O,R) fly)dy - {Z (k+1)! 28

k=0

DR_hHoo,[o,R]} 12%:_*11’ (123)

§ mMmax { ||D6/+hHoo,[O,R] )

T
) =2
iii) if h*) (0) = h®) (R) = 0, for all k =0,1,...,n — 1, we obtain

/ /() dy
B(0,R)
Rv+1

D" hH .
= oo,[o,Rl}F(er?)?”‘l

w2

< ™
,r(

y

w2

(124)

maX{HD(l)/+h||oo7[0,R] ”

which is a sharp inequality.
iv) more generally, for j =0,1,2,..., N € N, it holds

/B(o,R) flu)dy = {:z_:: (ki ! <§>k+l
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w2

(47 00 (0) + (~1)F (V= ) A0 ()] } 2

I (

oy max{||D5+hHoo,[o,R]’ bg*hHoo,[o,R]
r (%) I'(v+2)

<

=

)

H,_/l\?

(BY" v v —ar]. (12)

v) if K (0) = h*) (R) =0, k=1,...,n — 1, from (125) we get:

2m% maX{HDg*hHm’[O’R]’ Dz‘hHooy[o,m} (126)
r(§) T'(v+2)

R\""'r v
(N) o=,
j=01,2,...N,

vi) when N =2 and j =1, (126) turns to

N
T2
dy — Rh(R) ———
/B(O’R)f(y) y ( )F(g) <
ﬂ'% max{||D6+hHoo,[0,R], DE_hHoo,[[LR]}RVJrl (127)
r (%) I'(v+2) ov—1"

Proof. Based on Theorem 23, just set there Ry = 0, Ry = R, the assump-
tions now are on B (0, R), and use (73). m
We continue with

Theorem 25 Let the radial f : A — R. Letv > 1, n = [v], and h €

ch ([R1, Ra]) N C%,_ ([Ri1, Ra]). Then

- 1 k+1
’Af(y)dy_{§<k+1)! [h““) (By) (t— Ry)" '+

oy
(=1)" h®) (Ry) (R — )" <
ory maX{HDEl*hHLl([RthD ’ DRz—h‘ Ll([Rl,Rg])} 128
r(Y) T(v+1) ' (128)
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[(t = R1)" + (B2 = 1)"],
Vte [Rl,RQ] s

it) when v =1, from (128), we have

‘Afwmyﬁh@ﬂ@—Rﬂ+h@ﬂUb—m

o2 <
CH
o ,
Ty 1PN L, 1y mapy (BR2 — R1), (129)
2
Vte [Rl, RQ] s
iii) from (129), we obtain (v =1 case)
T3
[ £ @ dy = (e = R) (h (B0) + o (Re)) | <
A (%)
2
rrry Wl (B = Ba).

(130)
) at t = w, v > 1, the right hand side of (128) is minimized, and we
get:

n—1 _ k+1
/f(y)dy—{z( 1 (R~ Ry)
A k=0

K+l ok

B9 () + (<) 9 (Ra)]}

max { ||DR1+h||L1([R1,R2]) ’ ) DRrh‘ Ll([RhRQ])} (Ry — Ry)"
rv+1)

53 ,  (131)
v) if K% (R1) = h®) (Ry) = 0, for all k =0,1,....,n — 1, v > 1, from (131)
we obtain

oI ok

I

)

/f(M‘<Wg
Yy)ay| =~ :
A (%)
» —v (Ry — Ry)”
- { 1P%, Al ’ DRrh‘ Ll([Rl,RQD} I'(v+1)2v-2" (132)
which is a sharp inequality,

vi) more generally, for j =0,1,2,..., N € N, it holds

Af(y)dy—{g(kl <R2R1)k+l

+0)I\U N
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&

2
L (

<

[5RE (B) + (~1)F (V= )R (Ro) |}

w2

)

27 maX{HDR1+h||L1<[RI,R2D’)DRz—h‘ Ll([Rl,RQ])}
r (%) I'v+1)
Ry —R1\" ., N
(B52) v v -, (133
vii) if K% (Ry) = hF) (Ry) =0, k=1,...,n — 1, from (133) we get:
RQ_R1> . . o
dy— | ———— | Jh (R1) + (N — 7)) h(R
[ () )+ 08 =) 2
B oy maX{||DR1+h||L1([R1,R2])’ ’Dth‘Ll([RhRﬂ)}
(%) T(v+1)
Ry—Ri\", ., ™
() v e =i, (134
j=0,1,2,..., N,
vigi) when N =2 and j =1, (134) turns to
%
[ £ dy = (Re = Ra) (h (o) + o (Re)) | <
A r(3)

o max { HDRlJthLl([Rl,RQ]) ’ ) DRQ*h‘ L1([R1,R2])} (Ry — Rl)y (135)
ey Sy S

Proof. By Theorem 8 and (74). See in the 3. Appendix the general proving
method in this article. m
We give

Corollary 26 (to Theorem 25) Let the radial f : B(0O,R) — R. Letv > 1,
n = [v], and h € C§, ([0, R]) N C%_ ([0, R]). Then

i
n—1
_ 1 (k) [ ph+1
/B(Oﬁ)f(y)dy {k:0<k+1>! [0 0) 1+
k ki1l 277
0 ) (=)} o <

¥ max{||D5+h||L1([o,RD ’ HﬁR‘h‘ Ll([O,R])}.

r (%) L(v+1)
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[t"+(R—-1)"], (136)

Vtel0,R],
it) when v =1, from (136), we have
2%
[ty hm R0 | <
B(0,R) (%)
2T
7w Wz, o,rp B (137)
I (0.5)
Vtel0,R],
iii) from (137), we obtain (v =1 case)
T3
[ Wy Ru@) | <
B(0,R) r(3)
2T
T 197111, (10, 1) s (138)

w) att =E v > 1, the right hand side of (136) is minimized, and we get:

n—1 1 RF+1
frow @S s

k=0
Ty
h®) (0) + (1) h®) (R) <
[ H r(%)
T3 maX{HDngh”M([O,R]) ’ HDR*h‘ Ll([O,R])} R 139
I‘(%) F'v+1) =2’ (139)
v) if K% (0) = h®) (R) =0, for all k =0,1,...n— 1, v > 1, from (139) we
obtain
[ twa|< T
Yy)ay| > :
B(0.R) (%)
max { || Dg, b s " )
O+ Ly (0. BD " [ R~y o,m)) | T (v + 1) 2v=27

which is a sharp inequality.
vi) more generally, for j =0,1,2,..., N € N, it holds

n—1 1 R k+1
/B(O,R) fly)dy - {kz_o (k+1)! (N)




w2

2T

r(3)

Ll([O,R])}

(%) 5+ v-a1, (141)

vii) if ) (0) = h®) (R) =0, k= 1,....,n — 1, from (141) we get:

[R5 0) + (—1)F (V= )R (R)] } :

w2

N L e L

r (%) I(v+1)

oz max{||D6+hHL1([O,R])’ DE‘hHLl([o,R])}
r (%) T(v+1)

(ﬁ) "+ (N =), (142)

j=0,1,2,...,N,
viti) when N =2 and j =1, (142) turns to

@) dy — Rh (R) = | <

/B<07R> r(%)

) maX{HD&hHLIGO’RD ’ ) DR—h‘ L1([0,R])} R (143)
r (%) I'(v+1) ov=2’

Proof. Based on Theorem 25, just set there Ry = 0, Ry = R, the assump-
tions now are on B (0, R), and use (73). ®
We continue with

Theorem 27 Let the radial f : A — R. Letv > 1, n = [V], and h €
Ch,4 ([R1, Re]) N C%,_ ([Ry, Ra]). Here p,qg>1: -+ =1. Then

1
q

T =

i)
n—1 1 .
|/Af(y) dy — {kz_o(k-i-l)' [h(k) (R1)(t*R1)k+ +
—1)* ™) (Ry) (Ry — t)F+? 2n % <
(1" (Ra) (Re = """ } oy | <
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oy M {’|DR1+hHLq([Rl,R2] ’ DVRz—h’Lq([RhRQD}
ey Pw) (v + 1) -1+ 1) |
[(t — R+ (Ry — t)”*ﬂ , (144)
Vit € [R1, R2],

it) at t = w, the right hand side of (144) is minimized, and we get

1 (Ry— R
|/Af(y)dy {Z r 1)

k=0 k+ 2k
h(k)R kh(k)R 71'% <
[H9 (R)+ ("W (Ro)] | ey | <

T3 max{||D1V%1+hHLq([R17Rz]) ’ DRrh’ L ([Rl,RQD} (B2 — Rl)y-‘r%
T N 1 ; v—1—1 ) (145)
(%) rw) (v+1) ew-1)+1) 2" 17%

iii) if h¥) (Ry) = h®) (Ry) = 0, for all k = 0,1,

n — 1, we obtain

N
2

™
rEz
maX{HDIV%1+hHLq([R1,R2]) ’ Lq([Rl,Rz])} '
(R2 . Rl)l/-i-%

-, (146)
I (v) (V+ %) p-1+1)"
which is a sharp inequality,
iv) more generally, for j =0,

dy’

14
Rgfh‘

2,....,N €N, it holds

n—1 1 R2 —R1 k+1
y)dy_{kz_()(k+l)! < N )

N
[jk“h(k) (R1) + (—=1)F (N = j)F+1 p®) (Rz)]} F27(TA2,) <
2
27T% {HDRﬁ-hHLq([Rl, K DR2_h‘Lq([R17R2])}
L (%)

I'(v) (V+%> (p(v—1)+1)7
(Rz;fR1>V+zl> [j,,+% +(N-j)”+ﬂ, (147)
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v) if K (Ry) = h®) (Ry) =0, k= 1,....,n — 1, from (147) we get:

y) dy — (Rl> [ih (R1) + (N = j) h (Ry)] 1“27(T;V2V)
2
§ 2’”% {HDRlJthLq([R1,R2D ’ HE;z_h‘ Lq([R1,R2])}
TE tw () er-ne?

)
Ry = By []V+1 +(N - j)”*ﬂ (148)
N i
j=0,1,2,...,N,
vi) when N =2 and j =1, (148) turns to

y)dy — (R — Ry) (h(R1) + b (Ra)) v | <
r(3)]~
7‘['% maX{HDIV%1+hHLq([R1,R2])’ Ry— L J([R1,R2) } Ry —Rl)y+71’ (149)
r) I'w) (VJr%) (p(v—1)+1)7 V=13

Proof. By Theorem 9 and (74). See in the 3. Appendix the general proving
method in this article. m
We give

Corollary 28 (to Theorem 27) Let the radial f : B(0,R) — R. Letv > 1,
n=[v], and h € C§, ([0,R])NC%_([0,R]). Here p,q >1:1+ % =1. Then

i) !
n—1
_ 1 (k) k+1
/B(M)f(y)dy {kz_()(k+1)! {h (0) th+1 4
—1)" ¥ (R) (R — t)* ¥ |
(—1)" ) (R) (R—1) }}F(%) <
on ¥ aX{||D6+hHLq([O,RD = Lq([o,R])}
N I : (150)
(%) F(V)(V‘F%)(})(V*l)‘i*l)p
[t”*% + (R—t)”*ﬂ ,
vV telo,R],

i) at t = &, the right hand side of (150) is minimized, and we get:

n—1 1 Rk+1

f(y)dy — {kzo(k""l)'%

B(0,R)
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(25 0) + (~1)" n ™ (R)| } NS
2

L& max { ||D5+h||Lq([O,R]) ’
(%)

Dy sl

’ R LQ([O’R])} R +p (151)
1 v—1-—17

re) v+ 1) pw-n+nh 27

i) if h*) (0) = h®) (R) = 0, for all k = 0,1, ...

n — 1, we obtain

[ twa T~

y)ay N 1T
B(0,R) r(§)e- -3

, — R
max{HDO+ ) 7h‘ } ; T
LR T ) (v 4+ 3) 0 = 1) + )5
(152)

which is a sharp inequality,

iv) more generally, for j =0,1,2,..., N € N, it holds

R k+1
( ’ ) k=0

max { HD5+hHLq([o,R]) ’ bl’;*h‘ Lq([O,R])}
T (v) (Z/—I- %) (p(v— 1)"‘1)%

<]]\%[>u+zl) |:jl/+% +(N —j)lﬁL%] : (153)

v) if K (0) = h*) (R) =0, k=1,...,n — 1, from (153) we get:

/B(O,R) fy)dy = <f;) (N — j)h(R) 2%

i,,_h’ }
Lq([0,R])

T (v) (u+%> (p(l/—l)Jrl)%

(]f\{f);ﬁ-zln {jwf% + (N _j)u-&-%} ) (154)

22| oz

)

o s aX{HDIOI'i‘hHLq([OxRD ’

r(%)

i=0,1,2,..., N,

37



vi) when N =2 and j =1, (154) turns to

N
m2
dy — Rh (R <
/B(O’R)f(y) v Rh(R) sy <
et L et Loy s
= - . (155)
r(3) I'(v) <V+ ]%) prv—1)+1)7 2 e

Proof. Based on Theorem 27, just set there Ry = 0, Ry = R, the assump-
tions now are on B (0, R), and use (73). m

Ifg e cntt ([Rl,RQ]), 0 < Ry < Ry, thenh (S) =g (S) sV-1 e ontl ([Rl,Rg]),
neN, N >2.

Next we present multivariate Conformable fractional Iyengar type inequali-
ties:

Theorem 29 Let o € (n,n+1] and g € C"*1 ([R1, R3]), 0 < Ry < Ry, n € N;
B =a—mn. Then

i
‘/Af(y) dy - {,;) Gy [ ) e = )
(14 () (1 2] } | <
ar¥ D) max {|| T8 ()| gy oI5 W) g
r(§) I'(a+2)
[z = R)™ o+ (R = 2] (156)
Y z € [Ry, Ro],

i) at z = B2 the right hand side of (156) is minimized, and we get:

1 (Ry—R)"!
Af(y)dy_{z(k+1)!( : 2k1)

k=0
[h® (By) + (~1)* n® ()| } Fﬂ(i) <
5 T maX{HTgl (h)Hoo,[Rl,Rg] &= (h)Hoc,[Rl,Rg]} (Ry — Ry)* ™
T (@) T(a+2) et

(157)
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i) if h%) (Ry) = h*) (Ry) = 0, for all k = 0,1, ...,n, we obtain

/Af(y)dy‘g .

(%)
INE) mauc{HTf“1 GV

ng(h)Hoo,[Rth]} (RQ —Rl)a+1 (158)
I'(a+2) 2e-1 ’
which is a sharp inequality,

iv) more generally, for 7 =0,1,2,..., N € N, it holds

Af@m/{fj ! (&_Rl

k+1
= (k+1)! N )
. 7 y 2 %
[hw) (R1) 75+ + (1) B®) (Ry) (N —J)k+1” r?%) =
et D) max {5 W] o 1T )]
T (X) I'a+2)

<R2 NRl)a+1 |:ja+1 +(N *j)a'H} ,

(159)
v) if K (Ry) = h®) (Ry) =0, k = 1,...,n, from (159) we get:

RQ*Rl . . 271'%
Lﬁﬂw@( ) b () + (V= ) b (o)

(3
_ 2% DO wac{[ T (], g 18T 0]

OO,[Rl,RQ]}
I'(a+2)

Ro— R\ "' 1o .
< N ) [j + (N

a+1
_]) +:|a
j=0,1,2,..,N,

(160)
vi) when N =2 and j =1, (160) turns to

Af@m%wm—anmn+wm»

5 T8 max{||T§1 (h)Hoo,[Rl,Rg] ) ||§2T (h)Hoq[Rl,Rz]} (Ry — Rl)O“Jrl
r(§) T(a+2)

2a—1 ’

(161)
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Proof. By Theorem 13 and as in our other multivariate results. m
We continue with

Corollary 30 Leta € (n,n+1] andg € C"* ([0,R]), R >0,n€N; 8 =a-n
Then

y
fo P00~ {3 g [0 0 200
(1)1 () (R =2} T <
et T (8)max (T8 ()] oy 5T 0 o}
(5) T(a+2)
224+ (R = 2)] (162)
vV z€[0,R],

i) at z = %, the right hand side of (162) is minimized, and we get:

n 1 Rk-i-l
dy — -t
/B(O)R)f(y) y {kz—(J(k+1)! :

2k

|z

[h(’“) (0) + (—1)F h®) (R)} } il

<
T =

—~
N4
S—

ot DO max{[ T8 Wl o [8T Ologom} et
r (%) I'(a+2) 2a-1" (163)
i) assuming h®) (0) = h®) (R) = 0, for all k = 0,1

/ fy)dy| <
B(0,R)

L () max {128 (Wl oy 8T Wl o o
I'a+2) 2a-17 (164)

,...,n, we obtain

which is a sharp inequality.

iv) more generally, for j =0,1,2,..., N € N, it holds

Lo (S (&)
B(O,R) k0k+1

[ () 75 + (-1)" h® () (¥ — 5] } 2
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oIy ' (8) max {HT(; (h)Hoo,[O,R] ) HfT (h)Hoo,[o,R]}
r(Y) I'(a+2)

(ﬁ>a+lpﬂ+1+<N'ﬁ“*ﬂ, (165)

v) if K% (0) =™ (R) =0, k=1, ...,n, from (165) we get:

N
2

R . 21
0~ (¥) - )

0x¥ DO mas { T M o IET D)o}
r(Y) I'(a+2)

R a+1 . .
(N> {JQH + (N —3)‘”1] 7 (166)
j=0,1,2,...,N,

vi) when N =2 and j =1, (166) turns to

dy — Rh(R) "
/B(Oﬁ)f(y) y ( )r(%) <

2% D@ max {| T8 0| oy 1ET ) o} Rt o
r (&) I'(a+2) 2017

Proof. By Theorem 29, just set there R; = 0, Ry = R, the assumptions
now are on B (0, R), and use (73). m
We continue with L, results.

Theorem 31 Let o € (n,n+ 1] and g € C"*1 ([R1, R2]), 0 < Ry < Ry, n € N;
B =a—n. Letalsopl,pg,p3>1:p%—i—p%—i—p%:l, withﬁ>p%—|—pi3. Then

i)
1 1
(St b ot

N
2

2
()

ax {8 W) gy 5T O s}
) nl( T _ 3 1, 1)
nl (o + D)7 (2 (8~ 1) +1)% (a+ 2+ 1)

(~1)" D (Ra) (Ry — 2)*1]}

271'%
L (%

[(z R EtEr 4 (Ry — 2)" +ﬁ+%} , (168)
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Vze€ [Rl,RQ],

i) at z = w, the right hand side of (168) is minimized, and we get:
1 (Ry— R
(k: ) ok
109 () + (-1 ()] } 2| <
T(3)|~
wd {18 )y, i,y 8T Ol i, g} (0 — )75
N L 1 —1_ L )
(2)n' (pin+1)7 (p2 (B —1) +1)7= (oz+p%+p%) 2 ?3
(169)
i) assuming h® (Ry) = h®) (Ry) = 0, for all k = 0,1, ...,n, we obtain

N
T2

y)dy‘ér(g)~

1

(h)HP&[Rl,RQ]} (Ra — Rl)a-‘rﬁ—’_ﬁ (170)

_1-—L )
2&1 3

max{HT (h Hpg,[Rl,Rz]7 o
1 1
nl (prn+ 1)77 (b2 (B— 1) + )72 (a+ L+ 1)

which is a sharp inequality,
iv) more generally, for j =0,1,2, ...,

@ {Zn: (k+11)! (szzf&)kﬂ

N €N, it holds

k=0

w2

2T

[h@:) (R1) ¥ + (—=1)" B®) (Ry) (N *J)kﬂ]} T =

—~
|2,
~—

271'% maX{HT§1 (h)Hpg,[RI’RQ] ) H§2T (h)||p3,[R1,Rz]}
D(2) i+ )7 (02 (8- 1) + D)7 (ot L+ L)

a+L+L
<}{2]?]R1) P1 " P2 |:] +p1+p12 +(N J)aJrﬁJr%}, (171)

v) if KF) (Ry) = h®) (Ry) =0, k = 1,...,n, from (171) we get:

w|2

- () in (R + - () £

—
w|2
S—

271'% {HT ( Hpg R17R2]7H52 pg [R1, Rz}
U (5) nl (pin+1)77 (po (B — 1) + 1) (a+ + )
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Ry — Ry \“Tort5e TS
N [7

j=0,1,2

P (N - )™ et (172)
o N,
vi) when N =2 and j =1, (172) turns to
[ £ dy = (e = R) (h (B0) + b (Re)) | <
A r'(3)
o {5 Bl oy g 2T O )
U (5) nl (pin+ 1) (po (B — 1) + 1) (a+i+ )
Ro — R a+ﬁ+i
e S (173)

Proof. By Theorem 14 and as in our other multivariate results. m
We continue with
Corollary 32 Leta € (n n—l—l] andg e c" (o, RD R>0,neN;8=a-n
Let also p1,p2,p3 > 1: pT + == p2 +
i)

p—sfl wzthﬂ>—+—. Then

n 1
/B(Oﬂ)f(y) dy - {Z (

(k) k1
> e [h (0) 25 +1+

w|Z

(—1)* h®) (R) (R_Z)zm” 1?7(7 <
max{HTO (n)|| p3,[0,R]’ |ET (h) ’pg,,[o,R]} '
(3 nt(oan+ )% (2 (8- 1) + )7 (a4 & + L)

vz

N
272

[ta+ Tes 4 (R— )a+ﬁ+i}
Yz € [0, R],

(174)
i) at z = % the right hand side of (174) is minimized, and we get

n 1 RF+1
/B<0,R> £ () dy - {Z :

LD 2%
= (k+ 1) 2

[h(’“) (0) + (—1)F h®) (R)] } i

N
2

- max { | TS ()]
(%)

p3,[0,R]’ } o

(h) ‘ps,[o,R]}
! (pin + 1)1 (pa (8 — 1) + 1)72 (a+i+i)
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1 1
RQ+H+E

e (175)
ii) assuming h®) (0) = h®) (R) = 0, for all k = 0,1, ...,n, we obtain
T
fy)dy| < :
B(O.R) (%)
max{HTg (h)Hpg,[O,R] J ||§T (h)Hpg,[O,R]} ROtetes (176)

T T o 1_L
nl(pn+ 1) (pa (8= 1) +1)7 (a4 &+ L) 297175

which is a sharp inequality.
iv) more generally, for j =0,1,2,..., N € N, it holds

/ i <R>k+1
B(O,R) = (k+1)!

2
L (

|z

<

(A8 (@35 + (=) h®) (R) (v = )]}

|z

)
2% maX{HTg (h)Hpg,[o,R]’ aT(h)Hpg,[o,R]}
L'(3) nt (p1n + 1)ﬁ (p2(B—1)+ 1)% (a + p% + p%)
R\ 7t ot gt at ot
(N> [J (N —j)" } ; (177)

v) if K% (0) =™ (R) =0, k=1, ...,n, from (177) we get:

[ = () 0¥ = 27(25)

o2y maX{HTg (h)Hp3,[0,R] & (h)HpS,[O,R]}

<
< —w — +
T(3) nl (pin +1)7 (p2 (6 1) +1)72 (a+p%+p%)
1 1
R\ 7 tr e
(N> ’ |:] + +P12 +(N j) —"_1311"'_1112]7 (178)

j=0,1,2,... N,
viti) when N =2 and j =1, (178) turns to

/B o @R o

] maX{HTg (h)Hpg,[o,R aT h)Hpa,[o,R}} ROTortes
D) nlpin+ 17 (2 (B—1) + )% (a+ 2+ L) 227175
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Proof. By Theorem 31, just set there Ry = 0, R = R, the assumptions
now are on B (0, R), and use (73). m
Our proving method follows next.

3 Appendix
Proof. Detailed proof of Theorem 17 (serving as a model proof for this

article).
We apply Theorem 4 (i) for h:

R n—1 1 .
/Rl ) ds - ;) CESY] [n® (Ry) (¢ = Ri)* 4

(~1)" AP (Ro) (B2 = )] | <

max {HD:R1h”LOO([R1,R2]) J ||D3’%2—HLOQ([R1,R2])}
I'(v+2)
(6= B+ (B =" =00, (180)

Vte [Rl, RQ] .
Equivalently, we have that

R> n—1 1 L
s h(s)ds_kz:o(kﬂ)! [ (Ra) (6 = )™+
(=1 A" (Ry) (R = )" < v (1), (181)
YVt e [Ry,Ry.
That is
ne [ N-1g P ¥ (Ry) (t — Ry
S [ () s = 30 gy (1 () - 1)
+ (=1 A" (Ry) (R — )| < w0 (1), (182)

Vte [Rl,RQ], and V w € SVN1.
Therefore it holds

= (1) /stl dw < /SN’I </1:2 f (sw) sN_lds> dw—

{nzl (k%)' (A5 (Ry) (6 = R)*™ + (=1)F 2O (Ry) (Ry — )] } /s “

N-1
k=0
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gw(t)/swdw, Vte R, R, (183)

% /f ) dy—

n—1 1 L , )
{; G M (B (= R ()" (Re) (R = )" } qes

which is (by (74))

, Vte [Rl,RQ} . (184)

Consequently, we derive

n—1 1 .
/Af(y)dy— {kz_o ) [h(’“) (Ri) (t— Ry)* ™ +

ort max {102,y gy 1P o}
r (%) T(v+2)
[(t — R 4 (Ry — t)"“} . Vte Ry, Ry, (185)

proving Theorem 17 (i).
Next consider

o(t):=(t—R)"T +(Ry— )", Vte|R,Ry.
Then
¢ (1) =+ D[t =R)" = (R —1)"] =0,
and ¢ has the only critical number ¢ = R1+R2 . Hence ¢ (¢) has a minimum over

[Ry, Ry) which is ¢ (BifBz) = (= R1>'+1
Consequently, it holds (by (185))

n—1 (R2 - Rl)k+1

— 1
/Af(y)dy{;(ml)! .

0

m‘z

[H (Fa) + (1) B (R |} s | <
2

T max {HD:RIhHLw([RthD : ||D1V%2—HLOQ<[R1,R21>} (Ry — Ry)"H!

T2
= , (186)
r ) I(v+2) 2v-1
proving Theorem 17 (ii).
]

The rest of Theorem 17 is obvious or follows the same way as above.
The rest of the proofs of this article as similar are omitted.
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