TWO POINTS TAYLOR’S TYPE REPRESENTATIONS FOR
ANALYTIC COMPLEX FUNCTIONS WITH INTEGRAL
REMAINDERS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish some two point weighted Taylor’s ex-
pansions for analytic functions f : D C C — C defined on a convex domain D.
Some error bounds for these expansions are also provided. Examples for the
complex logarithm and the complex exponential are also given.

1. INTRODUCTION

Let f : D C C — C be an analytic function on the convex domain D and z,
v € D, then we have the following Taylor’s expansion with integral remainder

(11 }:Mf“ (=)

+— — "H/f”'H —s)v+s2](1—s)"ds

for n > 0, see for instance [13].

In this paper we establish some two point weighted Taylor’s expansions for ana-
lytic functions f : D C C — C defined on a convex domain D. Some error bounds
for these expansions are also provided. Examples for the complex logarithm and
the complex exponential are also given.

Consider the function f(z) = Log(z) where Log(z) = In|z| + i Arg(z) and
Arg(z) is such that —7 < Arg(z) < w. Log is called the "principal branch" of
the complex logarithmic function. The function f is analytic on all of C, :=
C\{z+iy:2 <0, y=0} and

(- (k- 1)!

f®(z) =

Using the representation (1.1) we then have

(12) Log(z) = Log(z +Z (Z;UY

1
+wanszM*A g

for all z, v € Cp with (1 —s)v+ sz € C; for s € 0,1].

, k>1, zeCy.
z

(1—5)"ds
1—3s)v+ sz]

n+1
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2 S.S. DRAGOMIR'?
Consider the complex exponential function f (z) = exp (2), then by (1.1) we get

n

1
(1.3) exp(z E z—v)Fexp (v)
k=0

+ % (z — v)n+1/0 (1—35)"exp[(1 —s)v+ sz]ds

for all z, v € C.

For various inequalities related to Taylor’s expansions for real functions see [1]-
[12].

In this paper we establish some two point weighted Taylor’s expansions for ana-
lytic functions f : D C C — C defined on a convex domain D. Some error bounds
for these expansions are also provided. Examples for the complex logarithm and
the complex exponential are also given.

2. Two PoOINTS TAYLOR’S EXPANSIONS
‘We have:

Theorem 1. Let f: D CC — C be an analytic function on the convex domain D
and z, v, w € D, then for all A € C we have

@21 f(E)=0=NF)+Af (W)
#3000 £ 0 =0+ (<1F A () 0 2]
+ S (2 0,0),

where the remainder Sy (z,v,w) is given by

(2.2) Spoa (2,0, w)

S P )(z—v)"+1/ FOED [ = ) v+ 52 (1 — 5)" ds
0

n!

1
+(=D)" T A (w—2)"! / FOH(1 = 5) 2 4 sw] s"ds]| .
0

Proof. If we replace in (1.1) v by w, then we get

(2.3 Zn: kl F® () (2 — w)*

1
+ 1 (z — w)n+1/0 FOV1 = s)w+s2] (1 —s)"ds

n!
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1
o (w "SI = s)w+ s2] (1 s)" ds
: 0

n _1\k
=5 B 509 ) w - 2)F

k=0 K
(71 n+1 1
+ ' (w—z)"T! / FOH (1 = ) 2 + sw] s"ds.
n! 0

Assume that A # 1, 0. If we multiply (1.1) by 1— X and (2.3) by A we get the desired
representation (2.1) with the remainder S, x (z, v, w) given by (2.2).

If either A = 1 or A = 0, then the theorem also holds by the use of Taylor’s usual
expansion. (Il

Remark 1. We observe that for n = 0 the representation from Theorem 1 becomes

where the remainder Sy (z,v,w) is given by

(2.5) Sy (z,v,w):=(1—=X) (2 — v)/o F (1 —s)v+sz)ds

1
f)\(wfz)/o (1= 8)z + sw) ds.

Remark 2. If we take in (2.3) z = *5%, with v, w € D, then we have for any
A € C that

2o £(S5) =a-Nfw AW

£ 30 s [0 £ @)+ (C)F A )] (-0
k=1 ’

+ Snx (v,w),
where the remainder S'mA (v,w) is given by
(2.7) Spx (v, w)
1 n+1 ! (n+1) U+ w n
= (W — 1-— " 1-— 1—
ontip] (w — ) [( /\)/0 f (I-s)v+s 5 (1-s)"ds

1
+ (=)™t )\/ foty ((1 ) ! ; Yt sw) S”ds] :
0
In particular, for A =1 in (2.6) we have

(2.8) f<v+2w) _ f<v>+2f<w>

+3 s |7 @)+ (18 79 @)] (w0 — 0)"

+ Sy (v, w),
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where the remainder S, (v,w) is given by

2.9 S, (v,w)
2n+12n, (w—w)" " U Fo <(1—s)v+s ;1")(1—3)"513

o (120252 0m) 4]

Now, by the change of variable in (29) we also get the following representation
for the remainder S, (v,w) as a single integral

~ 1 n
(210) S, (0,w) = gopgy (w =) 1

S S S

forn > 0.

Corollary 1. With the assumptions in Theorem 1 we have for each distinct z, v,
w € D withw # v

(2.11) f(Z):wl_v[(wa)f(vH(zfv)f(w)HW
XZk,{ — o) () 4 (1) (- 2 O ()}
+Ln (Z,U,'LU),

where

L, (z,v,w) := W [(z —v)n/o FO (1= s)v+s2) (1 — )" ds
)" (w - 2)" 1 D (1 = 8) 2 + sw) s™ds
™ ) [ (= 85 ) s
and
(212) ()= [(z= ) [ (o) + (w — 2) f (w)
o Z% {E=0" 1 @)+ (1) w =2 )}
+ P, (z,v:w),
where
P, (z,v,w) := m [(z—v)"+2/0 FOY (1 —s)v+s2) (1 —5)"ds
+ ()" (w = 2" / O (1 )+ sw) d} :
0
respectively.

The proof is obvious, by choosing A = (z — v) / (w —v) and A = (w — 2) / (w — v),
respectively, in Theorem 1. The details are omitted.
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Corollary 2. With the assumption in Theorem 1 we have for each \ € [0,1] and
any distinct v, w € D that

(2.13) f((L=Nv+dw)= (1= f(v)+Af(w)+A(1-N)
X Z% {)\kflf(k) (U) + (—1)k (1 _ )\)k—l f(k) (w)] (w o ’U)k + Sn,>\ (U, w) ,
k=1

where the remainder Sy, x (v,w) is given by

(2.14) Sy (v,w)

=LAy @ {)\” /1 FOHD (1= 50) v + shw) (1 — 5)" ds

~nl 0
+ (=) a =" /1 O (1 —s= A+ s\ v+ (A +s—s)\)w)s"ds| .
0
We also have
(2.15) f((1=Nw+I)=(1=X)f(v)+Af (w)

30 (=N @)+ (DFA )] (0= 0) + P (0w),
k=1

where the remainder P, x (v, w) is given by
(2.16) P, (v,w)

= l' (w —v)" [(1 — )2 /1 FOD (1 —s+As)v+ (1 — N sw) (1 —s)"ds
0

n
1
+ (=)™t A““/ FOFD (1= s) A+ (1 — A+ As)w) s"ds| .
0

The case n = 0 produces the following simple identities for each distinct z, v,
weDand e C

(2.17) f(z) =0 =2) f(0) +Af (w) + i (2,0, w),

where the remainder S (z,v,w) is given by
1
(2.18) Sy (zv,w) = (1= \) (2 — v) / F((1 = s)v+s2)ds
0

—)\(w—z)/o F (1= 5)z+ sw)ds.

We then have for each distinct z, v, w € D
1

219 F()= w2 )+ (- o) f )]+ Lizvw),
where
(2.20) L(z,v,w)
_w=2)(E-v) L —5)v+ sz 8—1’ —5)z+sw)ds
— A s [ ()54 wa
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and

(221)  f()= — [z =) f @)+ (w—2) f )]+ P(z0,w),

w—v

where

(2.22) P(z,v,w)

= ! [(z—v)Q/Olf’((l—s)v+sz)ds—(w—z)2/01f’((1—s)z+sw)ds.

w—v

We also have for A € [0, 1]
(2.23) F(A=XNv+Aw)=1=X)f()+Af(w)+ Sy (v,w),

where the remainder Sy (v, w) is given by
1
(2.24) Sy (v,w) == (1= X)) A(w—v) [/ (1= sA) v+ shw)ds
0

—/lf/((l—S—)\+s)\)v+()\+s—s)\)w)ds
0
and

(2.25) FA=Nw+X)=0=X)f(v)+Af(w)+ P (v,w),

where the remainder Py (v, w) is given by
1
(2.26) Py (v,w) := (w—v) [(1 - )\)2/ f(1—=s+Xs)v+ (1= N)sw)ds
0

1
f)\/of((lfs))\va(lf)\Jr)\s)w)ds.

Moreover, if we take in (2.17) z = “5* for each distinct v, w € D and X € C,
then we have

(2:27) F(552) = =0 £ @)+ )+ 8 ),

where the remainder S (v, w) is given by

(2.28) Sy (v,w) := % (w—v)

« {(1)\)/01f’ <(1s)v+svzw>d5/\/01f’((1s)vszrsw)ds].

In particular, for A = % we have

(2.29) f(”;w)zf(v);f(w)JrS(v,w),
where
(2.30) S (0,0) i= = (w—v)

4

)=
X [ Olf/((l—s)vﬁ—svzw)ds—/olf’((1_5)“"“”

+ou)as).
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Now, assume that z, v, w € D C Cy, with D a convex set, then for all A € C we
have by Theorem 1 for the function f (z) = Log (z) that

(2.31) Log (z) = (1 — A\) Log (v) + A Log (w)
| 1 (2 —v)F (w— 2)"
+ Z [(1 A)(—1) v A e
k=1

+ Sn,)\ (Zv v, w) )

where the remainder A, » (2, v, w) is given by
1 1 _ S)TL

2.32 A (z,0,0) == (1= \) (z —v)" 1! —1”/ ( s
(2.32) A ) = ( )(z=v)"" (-1) 0 (=)ot sa)™

STL

—Mw — )"t 1 s
Al ) /0 ((1—s)z+sw)n+1d

for n > 0.
Consider the function f:C — C, f(z) = exp z, then for z, v, w € C we have
by Theorem 1 that

(2.33) expz=(1—MA)expv+ Aexpw

1
+ Z — [(1 — N (z—v)fexpv+ (=1 A(w—2)F expw}
Pt k!
+ Gn,)\ (Zv v, w) )
where the remainder ©,, ) (z,v,w) is given by

(2.34) O (2,0,w)

=1 [(1 — N (z—ov)"! /0 exp((1—s)v+s2)(1—s)"ds

T on!

+(—1)"+1)\(w—z)”+1/0 exp ((1 — )z + sw) s"ds| .

for n > 0 and for all A € C\ {0,1}.

3. SOME INEQUALITIES

We can state now some results concerning error bounds in approximating an
analytic function by two points Taylor’s expansion:

Theorem 2. Let f : D C C — C be an analytic function on the convex domain D
and z, v, w € D, then for all A € C we have

B1)  f(2)=(1=XN)Ff@)+A(w)
+ % [(1 — ) P ) (z =) + (=D Af® (w) (w — Z)k}
k=1

+ Sn,)\ (Z, v, 'LU) )
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and the remainder Sy » (z,v,w) satisfies the inequalities

(3.2)  |Sna(z,v,w)]
1
§i'|1—)\||z—v|"+1/ (f<"+1> ((l—s)v—i—sz)‘(l—s)nds
n! 0

1 1
o A — 2 / 700 (1 5) 2 s 7
. 0

%ﬂ SUP,¢o,1] |f(n+1) (1-9s)v+ sz)}

1 1 (fl ’f(n+1) (1—=s)v+ sz)‘pds) v
<SP = Az =™ G o

wherep,q>1with%+%:1

fol {f(’”l) (1= s)v+sz)|ds

%ﬂ SUPs¢[o,1] ’f(n+1) (1—9)z+ sw)}

1/p
1 n 1 (et ((q — P )
o o) e (B (-2 o a
n: wherep,q>1with%+%:1

fol |f("+1) (1—s)z+ sw)| ds

forn > 0.

Proof. Taking the modulus in the representation (2.2), we get

(3.3) [Sn (2,0, w)]
< Hﬂ NG [ (= s o s (17 ds

1
+ ‘)\ (w—2)"* / FOHD (1= 5) 2 4 sw) sds
0

|

1
<I1= Az —v|"+1/ ‘f("“) ((1— s)v—i—sz)’ (1—5)"ds
0

1
+ || Jw — z|n+1/ ‘f("ﬂ) (1 —5)z+ sw)|s"ds.
0

By Holder’s integral inequality we have

/01\f<"+1><<1—s>v+sz> (1—s)"ds
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SUDse[0,1] |FOT (1= s)v+ sz)| fol (1—s5)"ds

1/ 1
(fol |f(n+1) (I—=s)v+ sz)|p ds) b (fol (1—s)™ ds) q
where p,q > 1 With%—k%: 1

IN

n 1 n
sup,epoa) 11 —9)"} [ ‘f( ) ((1—s)v+ sz)| ds
n%rl SUPe0,1] ‘f(n-&-l) (1—s)v+ sz)]

1/p
1) o »
)t (e 1 (= )t s2)| ds)
Wherep,q>1with%—|—%:1

f01 |f(n+1) (1= s)v+sz)|ds
and
1
/ ‘f(nﬂ) ((1—5) 2+ sw)
0

1,
supse[OJ] ’f(n-‘rl) ((1 — 3) z+ S’U})‘ fO s™ds

s"ds

IA

) 1/ 1/
(f01 if(n+1) (1—s)z+ sw)|p ds) P <f01 sq”ds> q
where p,q > 1 withzl)Jr%:l

n 1 n
sup,eqo. 15"} fy [FOHD (1 — 8) 2 + sw)| ds
%ﬂ SUPsel0,1] |f(n+1) ((1 — s) Z+ sw)|

1 P 1/p
= W (fo |f(n+1) ((1 — s) zZ+ sw)’ ds)
where p,q > 1 With%—f—%: 1

fol |F D (1= 8) 2 + sw)| ds,

which proves the second inequality in (3.2).
Corollary 3. With the assumptions of Theorem 2 and if

Hf(n+1)H — sup ‘f(nJrl) (y)‘ < 00,
D,OO yED

then we have the simple bound

(34) [Sn.x (2,0, w)| <

1 n n n
(n+1)! Hf( +1)HDOO(“—AIIZ—UI A w - 2| +1)

forn > 0.
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Remark 3. If we take z = “Jg“’,

35 £(S5E) =a-Nf AW

v+ w

+3 5m [1= 070 @)+ CD A @)] (-0
k=1 :

+ Sn,)\ (’U, ’LU) )
and if ||f(”+1)||D = SUPyep |f(”+1) (y)| < oo, then by (3.4) we get

Sn

A P S R

or any A € C.
In particular, if A = %, then we have

(3.0 f<”+2w) ORI

+3 s |7 @)+ (18 50 @)] (- o)

+ 8 (v,0),
and the remainder S, (v, w) satisﬁes the bound

e ol
D,oco

50,0 < ey

forn > 0.

Remark 4. The case n = 0 provides some simple inequalities as follows

B.7) 1f(z) = (A=A f(v) = Af (w)

<-A —/ |f'<<1—s>v+sz>|ds++|x||w—z/01 (1= 5) 2 + sw)| ds
Subscioy [ (1= 5) v+ 52)

1 1/p
<p-Nf—of{ (17 (= gvr sl ds)
where p > 1

J1F (1= 8) v+ 52)| ds
supgeioq |f (1= s) 2 + sw)|

1 g . p 1/p
+ A Jw — 2| (fo If (1= 8) 2+ sw)| ds)
where p > 1

fol [ (1 —s)z+ sw)|ds

where f: D C C — C is an analytic function on the convexr domain D, z, v, w € D

and \ € C.
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If

1/l p e = sup [f (y)| < o0,
yeD
then we have the simple bound

38)  1f(2) = (A=) f ) = Af ()| <1l p,eo (1T = Allz = 0] + A [w = 2[)

for z, v, we D and X € C.
If we take z = ”gw, with v, w € D, then we have for any A\ € C that

39 |£(52) = =270~ )] £ 517 o (1= N+ A o =],

which for A\ = % gives the simple inequality

(3.10) \f (5) - f(””f(w)] < 21 w0 = o]

2

If n is even, namely n = 2m, m > 0, then by (2.8) we have the representation

(3.11) f<v+2w) _ f(v)+2f(w)

2m
+3 s |7 @)+ (18 70 @)] (w — 0)"
+ Sam (v, W),

where the remainder Sy, (v, w) is given by (2.10) as

(312) ng (’U w) m (w — v)2m+1

1
x/ [f@m“) <3v+ (1—13s) v;w) *f(zmﬂ) <(1 ) vJ;w +sw>} s*™ds,
0

We also have the following result:

Theorem 3. Let f: D C C — C be an analytic function on the convex domain D
and v, w € D. Let m > 0 and assume that

(3.13) if”””” (2) = fO™ ) (y)| < Lomya [z —y| forallz, y € D

for some Loy 11 > 0, namely that ]”(27"“)~ is Lipschitzian on D. Then we have the
representation (3.11) and the remainder Sap, (v, w) satisfies the bound

’ng v, w ‘ ! lw — v +?
= 22mF2 (9, + 2) (2m)!

(314) L2m+1
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Proof. By taking the modulus in (3.12), we have

~ 1 2m+1
[Sam (0,0)] < T 2yt ¥
1
X / f(2m+1) (sv +(1—5s) ”J;w) _ f(2m+1) ((1 —5) ”J;w —|—sw> 2" s
0
]- 2m—+1
S 22m+2 (2m)l |w - |
1
><L2m+1/ sv+(1—s)v+w —(1- )v+w — sw| s*™ds
0
— L 2m+2 ! 2m+1y
22m+2 ()] w =] st ) 5 5
_ 1 2m+2
= m ) @my T Pam
which proves the desired result (3.14). 0

Corollary 4. Let f : D C C — C be an analytic function on the convexr domain D
and v, w € D. Assume that

(3.15) [f'(2) = f W< Llz—y| foralz yeD
for some L > 0. Then we have the inequality
(3.16) ‘f<vzw>f(”);f(“’) S%L\wwﬁ

4. INEQUALITIES FOR CONVEX DERIVATIVES IN ABSOLUTE VALUE
‘We have:

Theorem 4. Let f : D C C — C be an analytic function on the convex domain D
and such that for a given n > 0, |f("+1)| is convex on D. If z, v, w € D, then for
all A € C we have
(4.1) f(2) =0 =) f(v)+Af(w)
1 ; k k k
3 2 (AN P @) =0 + (DA () (0 - 2)]
k=1
+ S’n,/\ (Z7 v, ’LU) ’

and the remainder Sy x (z,v,w) satisfies the inequality

(4.2) |Sﬂ7/\ (z,0,w)| < m [‘1 = Az = v|”+1 )f(n-‘rl) (’U))
1 n+1 n—+1 n
+ n+ D) [|1—>\||Z—v| N w - 2"t } ’f( +1)(2)‘

X fw = 2™ [0 ()]
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Proof. Using the representation (2.2), we get
(4.3) |Shx (2,0, w)]

1
< A= [ s s - 97 ds
! 0

|

< % {|1 - Izvlml/o1 ‘f(nﬂ) (1 *5)U+Sz)‘ (1-s)"ds

1
+ A w — 2"t / FOFY (1= 5) 2 4 sw) s™ds
0

1
+ A w — 2"t / ‘f("ﬂ) (1 —s8) 2+ sw) s”ds]
0
= A, (\,w)
By the convexity of | f (”‘H)‘ we have
1
/ ‘f(”ﬂ) (1—s)v+ sz)‘ (1-2s)"ds
0
1
g/ (=9 @) 45|00 )] (1 - 5)7 s

n+1 ‘/ _ n+1 ds + ‘f(n+1) ’/ Y'ds
= FFD ()| + )f("‘”‘l ‘/ 1—s)s"ds
sl el e) (5

1
(n+1)(n+2)

1
n+1 _n+2>
fn+1) )‘

= 1D ()] +
and

s"ds

/ £ (1= 5) 2 + sw)

S/o [1—8 ‘f"“ (2 )‘—&-s‘f(""'l)(w)u s"ds

= ‘f(nH) (Z)‘ / (1—s)s"ds+ ‘f("ﬂ) (w)‘ /1 s

1

_ n )
C(n+1)(n+2) F @)+

(n+1 ’
el ).

Therefore,

An, (N w)

1 n+1 ’ n+1) ’ 1
< ===
< o LAl =t g ) +

(n+ 1) (n+2) ’f(nﬂ) (Z)H
1

A Jw — 2] [MM ‘f(nﬂ) (z)‘ L n+2 ‘f(n+1) ))H
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- m [|1 — Az — o™ “f("“) (v)’ +

1
(n+1)

ol

s+ )

+ A w — 2"t {(n—i—l ’fﬂﬂ)

1 n n
- g 13— e )
1 n n n
gy Al =™ e = 2[00 )|

A = 2" ) )]
which together with (4.3) produce the desired result (4.3). O

Remark 5. Assume that for a given n > 0, |f("+l)| s convex on D. If we take in
(4.1) z = ”;w, with v, w € D, then we have for any A € C that

an  £(S5) =a-N s w

+2 ﬁ [(1 =) f®) (o) + (1) A (w)] (w — v)"
k=1 :
+ 5””7)\ (v,w),

where the remainder S”n’)\ (v,w) satisfies the bound

(4.5)  |Spa (v 7m|w_v|n+1 {ll_)\wf(n-&-l) (v)‘
# nt1) (VW (n+1)
Ty LA+ ‘f ! ( 5 )‘Jrl)\l)f 0 (w)]

In particular, for A = % in (4.5) we have

(46) f<v+w) @)+ fw)

where the remainder S, (v, w) satisfies the bound

& 1 nt1 | 1| o) ‘
< T = -
Sp (v,w)| < 3 il (0 + 2) lw — vl [2 ‘f (v)

[ ()l )

(4.7)
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Corollary 5. With the assumption in Theorem 4 we have for each \ € [0,1] and
any distinct v, w € D that

(48) f((I=XNv+dw)=1=X)f(v)+Af(w)+A(1=X)
X Z% [}\k 1 (k) (v) + (_1)k (1- )\)k—l £ (w)] (w — U)k + S (v, 0),
k=1

where the remainder Sy x (v, w) satisfies the bound

1
n!(n+2)

" (1= )" |4 (1= Ao+ )| + (1= A)"

(19) 1S (v, 0)] < (1= X) M=o [3°

FH o)

+

()]

(n+1)
We also have
(4.10) f(1=XNw+)=>10-=X)f(v)+\f(w)

% [(1= 25 £0 () + (= 1)F A FD) (w)] (w = ) + Poa (0,w),

_|_

where the remainder P, x (v, w) satisfies the bound

1 n n n
(11) |Pax ()] < ey = o1 )2 00 o)
1

+ m [(1 — )\)"+2 + )\n-I—Q} ’f(nJrl) (1= N w+ )\U)’ 42 ’f(nJrl) (W)H .

For n = 0, namely if |f’| is convex on D, then by (4.2) we get

(4.12) [f(2) = (1 =X f(v) = Af (w)] < 5 [Il—AI\Z—va()I
+[I1*/\||Z*v\+lk\lw*ZI]|f () + [ w = 2] |f" ()],

for z, v, w € D and for all A € C.
From (4.5) we get

v+ w

@13 |7 (S52) 0= N10) =A@ < ool 1117 ©)

=AW (S5

for v, w € D and for all A € C.

In particular, for A = % we get

(4.14) ‘f(vﬂu) f(v);f(w)‘

for v, w € D.
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5. EXAMPLES FOR LOGARITHM AND EXPONENTIAL

Consider the function f(z) = Log(z) where Log(z) = In|z| + i Arg(z) and
Arg (z) is such that —7 < Arg(z) < w. Log is called the "principal branch" of
the complex logarithmic function. The function f is analytic on all of C, :=
C\{z+iy:2 <0, y=0} and

(=) (k —1)!

®) (2) = kE>1, zeCy.
f (Z) Zk I - 4, z 12
Let D be a convex domain in C; an assume that dp := inf,¢cp |2| is a positive and
finite number. If z, v, w € D C Cy, then by the representation (2.14) and the

inequality (3.4)
(5.1) |Log(z) — (1 — ) Log(v) — ALog (w)

" —Uk w—z
—Z;[(l—A)(—l)kl(z LM Clnk)
k=1

vk

1

1 n+1
< Gy (1= o ™ B =)
D

for n > 1 and for n = 0 we have

(5.2) |Log(z) = (1 —A)Log (v) = ALog (w)| < — (|1 = Al|z — v + [Al[w — 2[),

1
dp
for all A € C.

If A\=7€10,1], then by (5.1) we get

(5.3) |Log(z) — (1 — 7)Log(v) — 7 Log (w)

- Xn: % [(1 I = o Z)k]

vk wk

((1 —7) |z — v\nﬂ +7|w— z\"“)

1 +1 +1
sy R GRS
D

for z, v, w € D C Cy.
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Moreover, if we take z = “£% in (5.4), then we get

(5.5) ‘Log (” +w> ~ Log (v) + Log (w)

2

for v, w € D C Cy.
The case n = 0 gives that

v+ w Log (v) + Log (w) 1
. L - < —|w—
(5:6) Los () . < 5w =l
for v, w € D C Cy.
For f (z) = Log(z), z € D C Cy, we have
/ ! _ l_l _\w—v| - _

showing that f is Lipschitzian on D with the constant L = d%.

D

By the inequality (3.16) we then get

Log v+w) Log(v) + Log (w) < 1 o — v
2 2 8d3%,

2
"

(5.7)
for v, w e D C Cy.
Now consider the exponential function f (z) = exp z. Then
lexp z| = exp(Re z)
and
lexp ((1 —¢) z + tw)| < (1 —¢) |exp z| + t |exp w]

for any z, w € C and ¢ € [0, 1], showing that f is convex in absolute value.
Now let D be a convex domain in C and assume that Ep := sup,p [exp(Re z)] <
oo. If we use the representation (2.33) and the inequality (3.4), we have

(5.8) lexpz—(1—MA)expv— Aexpw

_Z% |:(1 — )\) (Z —v)kexpv+ (_1)k)\(w _ Z)kexpw}

k=1

1 1 n+1

forall z, v, we D C Cand n > 1.
For n = 0 we have the simpler inequality

(5.9) lexpz — (1 — AN expv — Aexpw| < Ep (|1 = Al|z — o] + |\l Jw — 2|)

for all z, v, we D C C.
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If A\ =7 €[0,1], then by (5.8) we get

(5.10) |expz — (1 —T)expv — Texpw

% [(1 —7) (2 — v)k expv + (_1)/€ T (w— Z)k expw}

n

k
]. n n
T (=72 = o™ 7 fw = 2")

<
~(n+

<
~ (n+1)!

forallz,v,weDCCandforT:%Weget

Ep max{|z — " Jw - z\"“}

exXpv + expw

(5.11) 5

exp z —

53 o[- 0 e+ (1) (- ) exp]
k=1

1
[ —
~2(n+1)!

Ep (|z — )" 4w — z\"“)

for all z, v, we D C C.
Moreover, if we take z = “£* in (5.11), then we get

(5.12)

v+ w exXp v + exp w
exp 5 — 5

N | =

Z % [expv +(=1)* expw} (w— ’U)k‘
k=1 ’

1 n+1
< = _Eplw-
S gyl

for all v, we D C C.
The case n = 0 gives that
<U—|—w) expv—|—expw' 1
exp —

5 5 < —Ep|w—|

(5.13) >

for all v, we D C C.
The function f (z) = exp z is Lipschitzian on D with the constant L = Ep, then
by (3.16) we get

1
< *ED |U}—’U|2.

(5.14) <3

U+ w exXp v + expw
exp 5 — 5

for all v, w e D C C.
By the convexity in modulus of the complex function and by (4.14) we also have

v+ w exXp v + exp w
exp 5 — 5

(5.15)

< % jw — o] [exp(Rev) +2exp (Re (” J; w)) +eXp(Rew)}

for all v, w € C.
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