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SOME INEQUALITIES OF JENSEN TYPE FOR HYPERBOLIC
p-CONVEX FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish several Jensen type integral inequalities
for hyperbolic p-convex functions. Some examples for power function and
applications for continuous functions of selfadjoint operators on Hilbert spaces
are provided as well.

1. INTRODUCTION

Suppose that I is an interval of real numbers with interior JTand ®:1 — Ris
a convex function on I. Then ® is continuous on I and has finite left and right
derivatives at each point of I. Moreover, if z, y € I and o < y, then @ (z) <
¢’ () < @' (y) < @, (y) which shows that both ®_ and ®’_ are nondecreasing
function on I. It is also known that a convex function must be differentiable except
for at most countably many points.

For a convex function ® : I — R, the subdifferential of ® denoted by 9 is the

set of all functions ¢ : I — [—00, 00] such that ¢ (I) C R and

(1.1) O (z)>®(a)+ (x—a)p(a) for any z, a € 1.

It is also well known that if ® is convex on I, then 0® is nonempty, ®’_, &, € 9P
and if p € 99, then

d (z) < (z) <@, (z) for any z € I.

In particular, ¢ is a nondecreasing function.

If ® is differentiable and convex on I, then 9® = {9'}.

Let (2, A, 1) be a measurable space consisting of a set 2, a o -algebra A of parts
of Q and a countably additive and positive measure p on A with values in RU{oco} .
For a p-measurable function w : Q — R, with w (x) > 0 for p -a.e.(almost every)
x € §2, consider the Lebesgue space

Ly, (Qu):={f:Q—R, fis p-measurable and /Q If ()| w (z)dp (z) < oo}

For simplicity of notation we write everywhere in the sequel fQ wdp instead of
Jow () dp(x).

In order to provide a reverse of the celebrated Jensen’s integral inequality for
convex functions, we obtained in 2002 [8] the following result:
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Theorem 1. Let ® : [m, M] C R — R be a differentiable convex function on (m, M)
and f: Q — [m,M] so that ®o f, f, ®' o f, (D' o f)f € Ly, (Q,un), where w >0
p-a.e. (almost everywhere) on Q with fQ wdp = 1. Then we have the inequality:

(1.2) OS/Q(@of)wd,u—fI)(/Q fwdp)

< [[@op) fudu~ [ (@0 fuwdu [ fodd
Q Q Q
1
< gloron - o) |7 [ fudefwae
2 Q Q
We also have the following result which provides a general Fejér’s type inequality

[12] for the general Lebesgue integral [9]:

Theorem 2. Let ® : [m, M] C R — R be a convex function on [m, M] and f : Q —
[m, M] so that ® o f, f € Ly, (), where w > 0 p-a.e. on Q with [, wdp = 1.
Then we have the inequalities:

() o) (-5

m
M

S/Q(flwf)wdu
S@(m);‘P(M)+‘I>(]\J4\4)Mm)/ﬁ(f—m;M)wdm

]

In order to extend these results for hyperbolic p-convex functions, we need the
following preparations.

Let I be a finite or infinite open interval of real numbers and p € R, p # 0.

In the following we present the basic definitions and results concerning the class
of hyperbolic p-convex function, see [3]. For other concepts of modified convex
functions see for example [15], [16], [4], [6], [7], [13], [17], [18] and [19].

We consider the hyperbolic functions of a real argument z € R defined by

where i (#530) € [L (252 @/, (=4

. et —e™* e —1 et +e % e 41
sinhx := = , coshx := = )
2 2e® 2 e
sinh x cosh x
tanhz = and cothz = — .
coshx sinh z

We say that a function ® : I — R is hyperbolic p-convex (or sub H-function,
according with [3]) on I, if for any closed subinterval [a,b] of I we have

sinh [p (b — )] sinh [p (x — a)]
(14) *@) = Gt Yt o —a Y
for all z € [a,b].
If the inequality (1.4) holds with ” > 7| then the function will be called hyperbolic
p-concave on 1.
Geometrically speaking, this means that the graph of ® on [a,b] lies nowhere
above the p-hyperbolic function determined by the equation

H(x) = H (z;a,b,®) := Acosh (px) + Bsinh (pz)
where A and B are chosen such that H (a) = ® (a) and H (b) = @ ().
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If we take x = (1 —t)a+tb € [a,b], t € [0,1], then the condition (1.4) becomes

sinh[p (1 —1t) (b — a)] B (a) + sinh [pt (b — a)]

(15)  @(A-t)a+th) < sinh [p (b — a)] sinh [p (b — a)]

o (b)

for any t € [0,1].
We have the following properties of hyperbolic p-convex functions on I, [3].

(i) A hyperbolic p-convex function ® : I — R has finite right and left deriv-
atives ®’, (x) and ®’ (z) at every point x € I and &’ (z) < @', (). The
function @ is differentiable on I with the exception of an at most countable
set.

(ii) A necessary and sufficient condition for the function ® : I — R to be
hyperbolic p-convex function on [ is that it satisfies the gradient inequality

(1.6) @ (y) = @ (z) cosh [p (y — x)] + K e sinh [p (y — )]

for any z, y € I where K, ¢ € [®" (z),®/, (z)]. If ® is differentiable at
the point = then K, ¢ = &' (z).

(iii) A necessary and sufficient condition for the function ® to be a hyperbolic
p-convex in [, is that the function

x

o) =0 (@) [ @t)dr

a

is nondecreasing on I, where a € I.
(iv) Let ® : I — R be a two times continuously differentiable function on I.
Then @ is hyperbolic p-convex on [ if and only if for all z € I we have

(1.7) " (z) — p*® (z) > 0.
For other properties of hyperbolic p-convex functions, see [3].
Consider the function @, : (0,00) — (0,00), @, (z) = 2" with p € R\ {0}. If
r € (—00,0) U[1,00) the function is convex and if r € (0,1) it is concave. We have
for r € (—o00,0) U[1, 00)
r(r—1)

O (z) — p?®, (z) =7 (r — 1) 2" 2 — p*a” = pz" 2 < 5 — 332> , x> 0.
p

We observe that & (z) — p?®,. (z) > 0 for x € (0, Y r|(;|—1)> and @ (x) —

p?®, (z) < 0 for v € ( Y T(;_l),oo) , which shows that the power function @,

for r € (—00,0) U [1,00) is hyperbolic p-convex on (0, M) and hyperbolic

Ip|
\r(r—1) OO) .

lp[

p-concave on

If 7 € (0,1), then ®” (x) — p*®, () < 0 for any = > 0, which shows that ®, is
hyperbolic p-concave on (0, c0).
Consider the exponential function @, (z) = exp (ax) for o # 0 and x € R. Then
DY (z) — p*®q (z) = 2™ — pe® = (a? — p?) ", 2 > 0.

If |o| > |p|, then ®, is hyperbolic p-convex on R and if || < |p| then @, is
hyperbolic p-concave on R.
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In this paper we establish several Jensen type integral inequalities for hyper-
bolic p-convex functions. Some examples for power function and applications for
continuous functions of selfadjoint operators on Hilbert spaces are provided as well.

2. MAIN RESULTS

In the following we assume that p # 0 and m, M are real numbers such that
m < M.
We have the following result:

Theorem 3. Let @ : [m, M] C R — R be a hyperbolic p-convex function on [m, M]
and f: Q — [m, M] so that ®o f, Do (m+M — f), f € L, (Q,u), where w >0
p-a.e. on Q. Then

(2.1) @(m;M)/chosh{me;Mﬂdu

;{/Q((bof)wdu+/g‘1>0(m+M—f)WdM}
P

(m) +® (M) Joweosh [p (f — =54)] du

IN

B 2 cosh [M}
Proof. From (1.4) we have by replacing x with m + M — x that
(2.2) @(m+M—x)§W¢(m W@W)
for any = € [m, M].
If we add (1.4) with (2.11) we get
(2.3) O (z)+P(m+M—1x)
sinhfp (M —@)) g sinh[p(z —m)]
= sinh [p (M — m)] ®(m) + sinh [p (M — m)] (M)
shlp(e—m)] - sinb p (M )]
sinh [p (M — m)] ® (m) sinh [p (M — m)] (M)
_sinh[p (M — z)] + sinh [p (z — m)] ® (m)
- sinh [p (M — m)]
sinh [p (M — z)] + sinh [p (z — m)]
+ sinh [p (M —m)] @ (M)
_ sinh [p(M — )] + sinh [p (z — m)] (@ (m) + & (M))]

sinh [p (M — m)]
for any = € [m, M].
Observe that
sinh [p (M — )] 4 sinh [p (x — m)]
sinh [p (M — m)]
- 2sinh {M] cosh [p (z — ZEMY)]  Loan [p (z — M)

2sinh {M] cosh {p(M;m

(2.4)

7
aQ
]
w0
=
—
=
|
2
[E—

for any x € [m, M].
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Using the equality (2.4) and dividing by 2 in (2.3) we get

(2.5) [@(z) + P (m+ M — x)]

IA

cosh [p (z — 2] [(I) (m)+® (M)}
cosh {LM;WL)} 2

N | =

for any = € [m, M].

From (1.5) for t = § and m = u, M = v we get

¢(U+U> S.inh [p(v;u) @(u)+wfb(”)

]
2 ~ sinh [p (v — u)] sinh [p (v — u)]
B sinh [p o ] y ,
~ sinh [p (v — u)] [@ (u) + @ (v)]
_ sinh [p(”g“)} ® ) D (o
2sinh [p (25%)] cosh [p (“5)] (@ (u) + @ (v)]
— 1 P (u) + @ (v)
cosh [p (454)] 9 )
which implies that
u—+v U —u (I)(u)+<1>(v)
(2.6) <I>< 5 >cosh[p( 5 ﬂg .

for any u, v € 1.
Now, if in (2.6) we take v = z and u =m + M — x, then we get

2.7) @(m;M)cosh {p<x—m;Mﬂ g%[@(x)+<l>(m+M—x)]

for any « € [m, M].
By taking © = f (s), s € Q in (2.5) and (2.7), we get

(2.8) <I><m+M) cosh {p (f(s)—m—'_M)}
2 2
1

<@ (f(s)+@(m+ M~ f(s))

.0 (m) + ® (M) cosh [p (f (s) — )]

B 2 cosh {7’7 (M;m)}
for any s € €.

By multiplying (2.8) with w (s) > 0 and integrate on 2, we get the desired result

(2.1). O

Corollary 1. Let ® : [m, M] C R — R be a hyperbolic p-convex function on [m, M]
and f : [a,b] — [m, M] so that Do f, Do (m+ M — f), f € L, [a,b], where w >0
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p-a.e. on [a,b]. Then

(2.9) @(m—;M>/abw(t)cosh{p(f(t)—m—gMﬂdt

b b
;[/ <I>(f(t))w(t)dt+/ <I>(m+M—f(t>)w(t)dt]

(m) + @ (M) fbw(t)cosh p(f (@) - mgM)]dt.

a

2 cosh [7P(M2_m)}

We also have the Jensen’s type inequality:

IN

A

<

Theorem 4. Let @ : [m, M] C R — R be a hyperbolic p-convex function on [m, M]
and f : Q@ — [m, M] so that ®o f, f € L, (2, 1), where w > 0 p-a.e. on ). Assume
that

(2.10) Fow = 1artaunh (‘[9 sinh (pf) wdp
' pw
p

Jo cosh (pf) wdp

) € lm.al,

then we have:

Jo (@0 f)wdp
Jocosh [p (f - ?p,w)] wdp
Proof. By the gradient inequality (1.6) we have

(2.11)

®(fpu)-

(2.12) ®(y) =P (fy0) cosh [p(y = Fpu)] + K57 gsinh[p(y—f,.)]

for any y € [m, M].
If we replace y with f(s) € [m, M], multiply by w(s) > 0, with s € Q and
integrate on €2, we get

(2.13) /Q (@ o fwdp> o (F, ) /Q cosh [p (f — Fy)] wilp

48y, o [ s p (F = F,0)] wil

We have, by using the definition of that

/Qsinh [p (f — ?p’w)} wd

= /Q [sinh (pf) cosh (pf,.,) — sinh (pf, ) cosh (pf)] wdp

p,w?

= cosh (pfp,w) /Qsinh (pf) wdp — sinh (p?p,w) /Qcosh (pf) wdp

Jq sinh (pf) wdp B
Jq cosh (pf) wdp

Josinh (pf) wdp | sinh (pf) wd,u}
Jocosh (pf)wdn [, cosh (pf) wdp

= cosh (pf,.,) /Qcosh (pf) wdp { tanh (pfp7w)}

= cosh (pfp’w) / cosh (pf) wdp {
Q
=0
and by using the inequality (2.13) we deduce the desired result (2.11). O

The case of functions of a real variable is as follows:
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Corollary 2. Let ® : [m, M] C R — R be a hyperbolic p-convex function on [m, M]
and f : [a,b] — [m, M] so that ®o f, f € L, [a,b], where w > 0 p-a.e. on [a,b].
Assume that

- 1 artan [ sinh (pf (t))w (t) dt -
(244 Tpui= ot h( bcosh(pf(t))w(t)dt) < b M1,
then we have:
J2 @ (f () w(t)dt

(2.15) >0 (fpu)-

5 —
J, cosh [p (f (t) — fp)w)] w (t)dt
We have the reverse of Jensen’s inequality:

Theorem 5. Let @ : [m, M] C R — R be a hyperbolic p-convex function on [m, M]
and f:Q — [m, M] so that ®o f, f € Ly, (Q, ), where w >0 p-a.e. on Q. Then

m w Ccos _ miM
(2.16) /Q(q)Of)wduS(p( )J;cD(M)fQ COh[Z’{E}J;}\g_Mg] )] du

cosh

O (M) — ® (m) Jowsinh [p (f — ™E¥)] du
2 sinh {7”(]\4{"@)]

+

Proof. We have
sinh [p (M — )] ® (m) + sinh [p (x — m)] ® (M)

sinh [p (M — m)]
_ sinh [p(M — z)] +sinh[p(z —m)] © (m) + (M)
sinh [p (M —m)] 2
sinh [p (M — z)] @ (m) + 2 (M)
~ sinh[p(M —m)] ((I) (m) 2 )

;ﬁl [][: ((]\:2_7:1))]] <q> (ar) - 2 ; M )>
_@® (M) —®(m) [sinh[p(x —m)]| —sinh [p (M — a:)]}
2 sinh [p (M —m)]
& (M) — @ (m) 2sinb [p (@ — 252 )] cosh |20
2 2sinh {p (M— m)] cosh {M}
(M) - m) sinh [p (x—””M)]
- 2 sinh [p (M—m }

and
sinh [p (M — z)] + sinh [p (z — m)]
sinh [p (M —m)]
B 2sinh {P(M;m)] cosh [p (:p — mJgM)] cosh [p (x _ m+M)]
2sinh {M] cosh |:;D(M—m):| cosh [p(MQ—m)j|

2

for any x € [m, M].
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Therefore
sinh [p (M — )] ® (m) + sinh [p (x — m)] ® (M)
(2.17) sinh [p (M — m)]
 cosh p (&~ 5)] @ (m) + 2 ()
"~ cosh [pi(M;m)} 2
B (00) () s [p (s — 25
2 sinh [p(Mz_m)} 7

for any = € [m, M].
Now, let s €  and by using the identity (2.17) for = f(s) we have, by
multiplying with w (s) > 0 and integrating, that

P (m) [qwsinh [p (M — f)]dp + ® (M) [qwsinh [p(f —m)]du
sinh [p (M —m)]
® (m) + @ (M) Joweosh [p (f — =4*)] dpn
2 cosh [pi(M;m)}
® (M) — @ (m) Jowsinh [p (f — =5H) ] du
2 sinh {pi(MQ_m)] .

(2.18)

+

From the definition (1.4) we have

sinh [p (M — f (5))] (m) + sinh [p (f (s) —m)]

2.1 (0] < o (M

(2.19) )= —gmpar—m) s fp (M —m)] © M)

for any s € Q0.

If we multiply this inequality by w (s) > 0 and integrate, we get
[ @e
Q

_ @ (m) fywsinh [p (M — )] dp + ® (M) o wsinh p(/ — m)] d
- sinh [p (M —m)]

and by (2.18) we deduce the desired result (2.16) O

The case of functions of a real variable is as follows:

Corollary 3. Let @ : [m, M] C R — R be a hyperbolic p-convex function on [m, M]
and f : [a,b] — [m, M] so that ®o f, f € Ly [a,b], where w > 0 p-a.e. on [a,b].
Then
@ (m) + @ (M) fabw(t) cosh [p (f (t) — =EM)] dt

2 cosh {pi(M;m)}

® (M) — & (m) [y w(t)sinh [p (f (1) — =) dt
2 sinh {pi(M;m) ] .

b
(2.20) / B (F (1) w () dt <

+
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3. APPLICATIONS FOR SELFADJOINT OPERATORS

We denote by B(H) the Banach algebra of all bounded linear operators on
a complex Hilbert space (H;(-,-)). Let A € B(H) be selfadjoint and let ¢, be
defined for all A € R as follows

1, for —oo0 < s < A,
P (s) =
0, for A < s < 4o0.

Then for every A € R the operator
(3.1) E\ :=¢p, (A)

is a projection which reduces A.

The properties of these projections are collected in the following fundamental
result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [14, p. 256]:

Theorem 6 (Spectral Representation Theorem). Let A be a bounded selfadjoint
operator on the Hilbert space H and let a = min {\|A € Sp(A4)} =: min Sp (A) and
b=max{A|X € Sp(A)} =: maxSp(A). Then there exists a family of projections
{Ex} g, called the spectral family of A, with the following properties

a) Ex < Eyx for A<\

b) E, 0o=0,E,=1 and E)\+0 =F, fO’I" all A € R;

c) We have the representation

b
A= / AE).
a—0

More generally, for every continuous complex-valued function ¢ defined on R
there exists a unique operator ¢ (A) € B(H) such that for every € > 0 there exists
a § > 0 satisfying the inequality
n
TR SRS

k=1

whenever
M<a= A <..< A1 <A, =0,

A= Ap—1 <0 for 1 <k <,

A € M1, M) for1<k<n

this means that

b
(32) e = [ pyam,
where the integral is of Riemann-Stieltjes type.

Corollary 4. With the assumptions of Theorem 6 for A, Ex and ¢ we have the
representations

b
@(A)asz/ (A dExxz forallz € H
a—0



10 S.S. DRAGOMIR

and
b

(3.3) (p(A)x,y) = / p(N)d{Exz,y) forallx, ye H.

a—0
Theorem 7. Let A be a bounded selfadjoint operator on the Hilbert space H
and let a = min{A | € Sp(A)} =: minSp(A4) and b = max{A|A € Sp(A)} =:
max Sp (A). Let ® : J C R — R be a hyperbolic p-convez function on J, f:1— J
, w: I — [0,00) continuous functions and such that [a,b] C I and f([a,b]) C
[m, M] C J. Then

(3.4) <I><mJ;M>w(A)cosh [p (f(A)— m;Mﬂ

[@(f(A) + @ (m+ M — f(A))]w(A)

< ‘b(m);q’(M) sech {p(M; m)} w (A) cosh [p (f(A) - m;Mﬂ

2
LD —®(m) [P(M—m)} w (A) sinh [p (f(A) - m+M)] :

< q)(m);q)(M) sech [p(M2_ m)} w (A) cosh {p (f(A) - m“”ﬂ

2 2 2
in the operator order of B(H).

Proof. For small € > 0, since ® is continuous an (Ex, x) (with = € H) is of bounded
variation on any closed interval, the Riemann-Stieltjes integrals exists in the fol-
lowing inequalities obtained from (2.1)

(3.6) @ <m;M> /abgw(t)cosh {p <f(t) m;M)] d (Eyz, )

b b
[/ (I)(f(t))w(t)d<Et$7x>+/_ ®(m+M—f1t)w(t)d(Ew, )

<

DN =

B (m) + & (M) [ w (t)cosh [p (f (£) — 2EM)] d (Ey, )

2 cosh {P(szm)] ’

<

for any z € H.
By taking the limit over ¢ — 0+ in (3.6) and utilising Corollary 4, we deduce

o(25) (s (s -25) )

% (@ (f (A)w(A)z,2) + (B (m+ M — f(A))w(A)z, )]

B m) + ) (w0 (A)cosh [p (7 (4) ~ 25)],2)
B 2 cosh [pi(Mz_m)}

for any x € H, which is equivalent to the desired operator inequality (3.4).
The inequality (3.5) follows in a similar way from the inequality (2.16). O

IN
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The following result also holds:
Theorem 8. With the assumptions of Theorem 7 and if

L1 (s pf () e (e
6 Tywne = e (e sy ) € )
for x € H, then

(3.8)

(@ (f(A)w(A)z,z) N
(w(A)cosh [p (f(A) = fruwa0lu)]z ) 2@ (fpuwaz)-

The proof follows by the integral inequality (2.11) in a similar manner to the one
from Theorem 7 and we omit the details.

4. EXAMPLES FOR POWER FUNCTION
Consider the function ®@,. : (0,00) — (0,00), ®,. (x) = 2" with r € R\ {0} . If r €
(—00,0)U[1, 00), then ®, is hyperbolic p-convex on <0, Y T(;_l)) and hyperbolic p-

r(r—1)
|
see the corresponding calculations from Introduction.

Assume that r € (—00,0)U[1,00) and [m, M] C (0, T(T1)> , then by (2.1) we

Ip|

concave on

oo). If € (0,1), then @, is hyperbolic p-concave on (0, 00),

get

(4.1) (m+M> wcosh {p(f—m;Mﬂdu
<=

[/ f”"wdu+/(m+M nH" wdu]

m’ + M" [, wcosh [p (f — 2EM)] dp
2 cosh [M} 7
where f: Q — [m, M] so that f", (m+M — f)", f € L, (Q, 1), and w > 0 p-a.e.
o gr.lder these assumptions, by making use of (2.15) we have
Jo fTwdp
Jacosh [p (f = Fp)] wdp

provided f, , := I%artanh (%) € [m, M].
) Q COS. w

Finally, by utilising (2.16), we get

(4.2)

—r
Z fp7w?

m” +Mrfﬂwcosh
4. Twdp <
(4.3) /Qf wdp < 5

2
If r € (—00,0) U[L,00) and [m, M] C (Vr(r_l),oo> or € (0,1) and [m, M] C
(0,00), then the sign of inequality reverses in (4.1), (4.2) and (4.3).
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