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SIMPSON TYPE INTEGRAL INEQUALITIES FOR r-CONVEX
FUNCTION

MUSTAFA KARAGOZLUA* AND MERVE AVCI ARDICA

ABSTRACT. In this paper, we established new integral inequalities of Simpson
type for r-convex functions via two integral identities.

1. INTRODUCTION

Firstly, we start one of the most famous inequality for convex functions is so
called Simpson’s inequality as follows: Let mapping f : [a,b] — R is supposed four
times differntiable on interval (a, b)

u[}QWM—é{ﬂ@+4f<a;b)+fwﬂ'§z;mHﬂ”Hm“‘“f

and having the fourth derivative bound on (a, b), that is Hf(4) ’ |Oo i= SUPg e (q,b) |f(4) ’ <
oo ,see [5]. Follwing found inequalities are had Simpson Type.

In [5],The power mean M, (z,y; \) of order r of positive numbers x,y is defined
as the following:

(Az"+ (1 =AN)y"), ifr#0
(1.1) M, (z,y;\) =
(z’"y%)‘) , ifr=20
In [6], Gill et. all used the definition of M, (z,y;\) to introduce the concept of
r-convex functions.

Definition 1. A positive function f is r—convex on [a,b] if for all z,y € [a,b] and
A€ 0,1]
(1.2)

Af7(@) + (1= NfT ()", 740
@) M ), r=0

In the definition of r-convex functions if we choose r = 1 and r = 0, we have
ordinary convex functions and log-convex functions respectively.
It is obvious that if f is r-convex in [a, b] where r > 0, then f” is convex on [a, b].

fOz+ (1= Ny) < Mo (f(z), f(y); A) =
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The generalized logarithmic means of order r of positive numbers z, y defined by

r T—y 1.
r+1llnz—Iny’ T#O’ 17337éy

L (.’E ): Iniiijny’ r:0,x7éy
T )y T—Y _
TYTme—Iny’ r=-lx#y
T r=1

,see [6].
Gill et. all proved the following theorem for r-convex functions:

Theorem 1. Suppose f is a positive r-convex function on [a,b]. Then

b
i [ @ < (S, 7o),

If f is a positive r-concave function, then the inequality is reversed, see [6].

(1.3)

For several results concerning of r-convexity, see [3],[4] and [6] -[14] where further
references are listed.

The main aim of this paper is to obtain some new integral inequalities for r-
convex functions by using Lemma 1 and Lemma 2.

We will give two integral identities which are emboided in the following lemmas
to obtain our main theorems.

Lemma 1. Let f// : I C R — R be an absolutely continuous function on I° such
that f € L{a;b], where a,b € I with a <b. If ’fm‘ is quasi-convex on [a,bl, then
the following inequality holds:

[ a0 [ ar (“5) 10) = 0=t [ o s (1-ona

where Lo ) )
st (t—3), telog]

st (t-3), te (3]

m(t) =
,see [1].

Lemma 1 was proved by Alomari and Hussain in [1]. But they didn’t use quasi-
convexty for Lemma 1 of proved. Naturally, we change quasi-convexty of rule to
r-covexty of rule.

Lemma 2. Let fm : I C R — R be an absolutely continuous mapping on I°, where
a,be I witha <b. If f* € Lla,b], then the following equality holds:

[ a5 T+ as (“50) s00] = O3 [ s ora-ona

where

sit’ (t-3).  te[0.3]

at=1°(t=3), te(31]

h(t) =

,see [2].
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We will start with the following theorem:

Theorem 2. Let f” : I C R — R be an absolutely continuous function on I° such
that f' € Lla;b], where a,b € I with a <b. If ‘f”/’ is r-convez on [a,b] for ¢ > 1,
% + 1% =1, then the following inequality holds:

/abf e =5 1w +47 (%57 f(b)H < (oo (;)“ (e 1))1/P
X { [L( 7 <a42rb> q)}l/q
a\ 11/4

+[Lr< 7 (a;—b> )} }

where T is gama function. T'(z) = fooo 7* " exp(—x)du.

" ’q

f(a)

i

q

)

11

fo(®)

Proof. From Lemma 1 and using modulus of properties

/abf(z)dxbﬁa [f(a)+4f <a;b> f(b)} < (b;a)“ {/01/2{2 <;t> ’f (m+(1—t)b))dt

+/1;2(1 —1)? <t - ;) ’f (ta+ (1 —t)b)‘ dt} :

Using well-known Hoélder inequality, we have

/abf(x)dx_ b;a [f(a) +4f (“;b) f(b)}
(b;a)4 {Ml/z <t2 @ _t>)pdt] 1 VOI/Q
/1:2 ((1 —t)° (t - ;))p] " Vlj? f(ta+ (1 - t)b)‘thl l/q} ,

If we calculate above integrals and use 1.3, then we following inequality

e TR ()

(o b ]

The proof is completed. O

A

1/q

111

IN

f

(ta + (1 —t)b)’th]

_|_

q

)

"

[ (a)
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Corollary 1. If choose ¢ = 2 in Teorem 2, then we have

/abf(x)dx_b_(;a [ﬂ )+ f<a+b> f(b)H < (b;8a)4 (4;0)1/2

Corollary 2. If choose r =1 in Corollary 1, then we have

/abf(x)dm—b_ﬁa[f()_i_ f<a+b>f(b)}| g (Zg\g4 (4;0)1/2
ik

Ly (jf’” (b)

2

bl

1"

[ (a)

11 a+b 2
)
v latb 2 1/2

A4Col

Theorem 3. Let f” : I C R — R be an absolutely continuous function on I° such
that ' € Lla;b], where a,b € I with a <b. If ‘f”/’ is r-convez on [a,b] for g > 1,
% + 1% =1, then the following inequality holds:

a[f() 4f<a+b>f(b)H . (b—3a)4<

{
d
o[

>4+(p2+p+q)/p2q

) )
et L)

11 a + b a 1/(1
(ol ()] 5
Proof. From Lemma 1 and using modulus of properties

a [f<) 4f<a—|—b>f(b)H . (b—6a)4{/01/2t2 (;‘t>
+/1;2(1 —1)? (t— ;) ’f (ta+ (1 —t)b)‘dt}.

DN | =

1"

F (ta+(1— t)b)) dt




Using well-known Hoélder inequality, we have

/abf(l“)dﬂf— bga {f(a) +Af (a;b) f(b)}
(b—6a)4 “/01/2 <t2 <;_t>)pdt]up [/01/2
Lo ) o] [Lhrresmra] )

If we use holder inequality again and choose u = ta + (1 — t)b, we have

1/p 1/q\ /P
b— 4 1/2 . 1/2 1 Pq 1 b
A < 0= / 120 dt / ( - t) dt /
6 0 0 2 b—a (a+b)/2
/1 (1— )% Ve e 1V v 1 [la+d)/2
+ 1—1¢ / <t — > dt / f
1/2 1/2 2 b—aj,

If we calculate integrals above and use 1.3, then we obtain result in Theorem 3. [

A

"

f

1/q
(ta+ (1 —t)b)}th]

+

1"

Corollary 3. If choose g = 2 in Teorem 3, then we have

/abf(x)dx - b_Ta [f(a) +4f <a;rb> f(b)H NG ;?4 (415)1/4

. { L ( (45
v Lr<f’” of (5
Corollary 4. If choose r = 1 in Corollary 3, then we have
[ e =250 [ var (450) f(b)H e { [Ll (f @
+|n <|f’” ol (5

Theorem 4. Let f// : I C R — R be an absolutely continuous function on I°
such that f € Lla;b], where a,b € I with a < b. If ‘f”/‘ is r-convex on [a,b] for

(u)

£

)

)
I

1/q
q
du]

1/q
q
du]
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r>q>1, % + % =1, then the following inequality holds:

[ =252 frosar (52 ol = 52 ()7 ()
X
(

1/q
+(

Proof. From Lemma 1 and using modulus of properties

/abf(ac)d:c— bga [f(a) +4f (a;b) f(b)} < (b_ﬁa)4 {/01/2t2 (i _t>
Lo

7@+ (2
@l )+ o)) q] |

"

f(®)

"

f

(ta+ (1 —t)b))dt

11

f (ta—i—(l—t)b)‘dt}.

Using well-known Hoélder inequality, we have

[ e =50 [ v ar (“52) )

. (b—6a)4 {Vol/z <t2 <;_t>>pdt]1/p [/01/2
Lo ()] L samra] )

n n n

If we use definition of r-convexty and Z (a; + b)) < Z af—l—Z bF for 0 < k < 1;
i=1 i=1 i=1

ai,as,...,a, > 0 and by, bs,...,b, > 0, we obtain

(b—a)* (8 PT(2p)T(p+1)\"?
4= < T+ 2) )

1/2 1
/ tl/r / tl/r
0 1/2

If we calculate integrals above, then we obtain result in Theorem 4. O

A

11

1/q
F (ta+(1 —t)b)}th]

+

1/4q
Jr

1"

;@ +a-n

11 1"

f ;@ +a-n

(b)’th

1/q
7 (b)’ dt] }
Corollary 5. If choose ¢ = 2 in Teorem 4, then we have
b B V! (2r+1)/2r ,o_o 1/2
[t -2t @ ar (50 s0]| < S5 (5) 0 (5)
. [()f”’ @[ + | @l (24))
L2\ 1/2
+( f (b)‘) ]

1/2

7@l () +
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Theorem 5. Let f” : I C R — R be an absolutely continuous function on I°
such that f € Lla;b], where a,b € I with a <b. If ’f/”’ is r-convex on [a,b] for
r>q>1, % + % =1, then the following inequality holds:

Lbf<x>dx—T[f(a)+4f<“j”)f(b)H < Lo @l + s

" q 2_(4+1/T)7“2
( )‘ ) 12r2 +7r +1

6

r (247 (1 = 2r) 4+ 34r + 11) + 1

x r+1)2r+1)(Gr+1)

1+

Proof. From Lemma 1, using modulus of properties and definition of r-convexty

[ e =0 [ var (“50) f(b)H
(6—6 a)* { // P <; t) I
+/1;2(1 —t)? <t— ;) [t

n n n

Using fact that Z (a; + bi)k < Z ai—"—kz bk for 0 < k < 1; ay,as, ...,a, > 0 and
i=1 i=1 i=1

b1, ba,...,b, > 0, we obtain

A

1"

[ (a)

IN

T 1/7’
} dt

T

+(1-1)

"

[ (a)

[

11

b—a)* | [1/? 1 1
A < ( a) / P2y 2y f (a)‘ +t2(17ﬁ)1+1/7‘ Z ¢ ’f (b)’dt
6 0 2 2
1 1 " T 1 "
+/ (1—1)?2 (t - > Ay (a)‘ + (1 —t)2Yr (t - ) f (b)‘ dt .
If we calculate integrals above, then we obtain result in Theorem 5. [

Corollary 6. If choose g =2 in Teorem 5, then we have

[ a0 v (S5 )| < O (

r (24771 = 2r) + 34r + 11) + 1
(r+1)(2r+1)(5r+1)

IN

f ()

1" 2
+

1" 2 2*(44’1/7“),'42
70 )
1272 +7r + 1

X |14+

3. NEw INEQUQLITIES SIMPSON’S TYPE VIA LEMMA 2

Theorem 6. Let f/” : I C R — R be an absolutely continuous mapping on I°,
where a,b € I with a < b. If f4 € Lla,b]. If ‘fm‘ is r-convex on [a,b] for g > 1,
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% + %} =1, then the following inequality holds:
b 1/p? 1/pq
b—a a+b (b—a)5 —(6+(1/2 1 1
dr — 4 b < ) p*)+(1/9))
| s =25t @)+ ar (4 )f()H < 55 7)) (o

(pg+1)/pq
(1) (47 — 1)1/Pq

><6{|:LT wa @ (a;b) q)}l/q
AN

q

)

e ([ wf

)
Proof. From Lemma 2 and using properties of moduls, we have

/abf(:c)da:—b;a[f(a)+4f<a_2|_b>f(b)H < “‘6“)5{/01/2153(2—7:) 77 W+ (1~ t)a)a

/1;(1 —1)3 (t - ;) )f(‘” (th+ (1 — t)a)‘ dt} .

If we use well-known Holder inequlity, we obtain following inequality

[rom=252 s (432) 0
(b ;a)S { [/01/2 <t3 <§ t>)pdt] 1/p l/ol/z ’f(4) (th+ (1 t)a)‘th]
/1:2 ((1 i <t B ;))” dt} ’ U;Q £ (t+ (1= t)a)[| dt] l/q} .

If we use Holder inequality again and choose u = tb + (1 — t)a, we have

1/p
N5 1/2 Ypr I A (a+b)/2 1/q
A < (b-a) / 307 gt / 2 —t) dt L / ’f(4) (u) " du
6 0 0 3 b —a j,
1 1 1/p 1
1 - 3p2 /p 1 - 1 pq /q 1 b W q /q
+ (1 —1t)°P dt t dt f o (w)] du
1/2 1/2 3 b—a Jatv)2

If we calculate integrals above, then we obtain result in Theorem 6. (]

A

1/q

_|_

~




Corollary 7. If choose ¢ = 2 in Teorem 6, then we have

“roeas (52) 0] < g (:13)”4
{ (‘ ey
(‘f@t)

()
)

Corollary 8. If choose r =1 in Corollary 7, then we have

o)z~ =0 [f( )+ af (“ i b) f(b)} ‘ < oo (1159;)1/4

{ e ()]

(’f(4) f<4> <a+b> ‘2” 1/2} .
2

Theorem 7. Let f'” : I C R — R be an absolutely continuous mapping on I°,
where a,b € I with a < b. If f* € La,b]. If fm‘ is r-convex on |[a,b] for
r>q>1, % + % =1, then the following inequality holds:

[ stoyas -5 s+ f(“*b)fu))“ BT S S

20 |(p+ )6t
(4) (4) q 1/q
{ [l \ M| @ ]
(4) (4) q 1/q
el @ ] @f 2] .
where
_ r 1 (3qr+1)/r
C3qr+11\2 ’
and

3pg+1 1/p (a+r)/m\ \ /4
N=((2 ! (- (2 .
2 3pg +1 q+r 2

Proof. From Lemma 2 and using properties of moduls and Holder inequality, we
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have

/abf(w)da: _ bga [f(a) L4y (a;—b> f(b)}
(b ;4‘1)5 [AI/Q <§ _ t)’”dt] 1/p [Alﬂ 434 ’fm) (th+(1— t)a)‘th] 1/q
/1;2 (t N ;)” dt} : Vl;(l — )% ]f“) (th+ (1 — t)a)’q dt] v

n n n

If we use definition of r-convexty and Z (a; + bi)k < Z af—i—z bf for0 <k <1;
i=1 i=1 i=1

a1,a3,...,a, > 0 and by, bs, ..., b, > 0, we obtain

w—ap [[ 22 N Ve
A < 51 VO (3—75) dt /0 a1/
1 1 P 1/17 1 - W q 1/q
_ - _ $)3a41/r
/1/2 (t 3) dt] [/1/2(1 £)3at f (a)’ dt]

If we calculate integrals above, then we obtain result in Theorem 7. (]

_|_

1/p
@

W . 1/q
f 1 (@) at

®) +#11 - oy”

(4)

q
+ + (1 — )3t/

[ (b)

Corollary 9. If choose g = 2 in Teorem 7, then we have

/abf@dx—b;a[f(a)+4f<a;b>f(b)} O, [65]1/2

2
Alrorwgory]”

b}
(6r+1)/r
M= 67‘:— 1 @) ’

v (@78 G0

where

and
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