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NEW HERMITE-HADAMARD TYPE INEQUALITIES FOR
r-CONVEX FUNCTIONS

MUSTAFA KARAGOZLU* AND MERVE AVCI ARDIC**

ABSTRACT. In this paper, we established new integral inequalities of Hermite-
Hadamard type for r-convex functions via two integral identities.

1. INTRODUCTION

Firstly, we start one of the most famous inequality for convex functions is so
called Hermite-Hadamard’s inequality as follows: Let f: I C R — R be a convex
function defined on the interval I of real numbers and a,b € I, with a < b. Then:

(5) < ks [ s L0110

,see [4]. Follwing found inequalities are had Hermite-Hadamard Type.
In [4],The power mean M, (z,y; \) of order r of positive numbers x,y is defined
as the following:

A"+ (1 =Ny"), ifr#0
(11) Mr(may; >‘) =
(xTyl_A) , ifr=0

In [5], Gill et. all used the definition of M, (z,y;\) to introduce the concept of
r-convex functions.

Definition 1. A positive function f is r—convex on [a,b] if for all z,y € [a,b] and
A€ [0,1]
(1.2)

A7 @)+ (L= Nf"(y)", 740
) M ), r=0

In the definition of r-convex functions if we choose » = 1 and r = 0, we have
ordinary convex functions and log-convex functions respectively.
It is obvious that if f is r-convex in [a, b] where r > 0, then f” is convex on [a, b].

FQz+ (1= Ny) < M (f(z), f(y);N) =
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The generalized logarithmic means of order r of positive numbers z,y is defined
by

r—y .
7":-1 Inz—Iny’ T7£0’71’I7éy

I (.’L’ ): lniiiyny’ r:07$7éy
(2, y o o
xyln.,—lny’ r= 1,217 7& Y
T =1y

,see [5].
Gill et. all proved the following theorem for r-convex functions:

Theorem 1. Suppose f is a positive r-convex function on [a,b]. Then

1
b—a

b
(1.3) / F(@)de < Lo(f(a), F(b)).

If f is a positive T-concave function, then the inequality is reversed, see [5].

For several results concerning of r-convexity, see [2]-[5], [7]-[9] and [12]-[15] where
further references are listed.

The main aim of this paper is to obtain some new integral inequalities for r-
convex functions by using Lemma 1 and Lemma 2.

We will give two integral identities which are emboided in the following lemmas
to obtain our main theorems.

Lemma 1. Let f : I CR — R be a differentiable mapping on I° (the interior of I),
where where a,b € I with a < b. If f/ € Lla,b], then the following inequality holds:

—z z—a)f(a b z—a)?® [! /
(b )f(bitfl >f<>_b1a/af<u)du _ (ba)/o(t—l)f(tx—i—(l—t)a)dt

+ (bb__g;y /01(1 —t)f (tz + (1 — t)b)dt.

this inequality, see [6].

Lemma 2. Let f: I CR — R, be twice differentiable function on I°, a,b € I° (I°
is the interior of I) with a < b.If " € Ly ([a,b]) then

b_la/ab F@)do—f (a;ﬁ—b) _ (b—2a)2 [/01 () {f” (ta+ (1 —t)b) + f~ (tb+ (1 — t)a)} dt] ,

where m(t) = , see [10].
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We will start with the following theorem:

Theorem 2. Let f: I CR — RT be a positive twice differentable function on I°
such that f € La,b] where a,b € I with a < b. If ‘f/‘ is r-convex on [a,b] for
q>1, % + % =1, then the following inequalitiy holds:

—x z—a)f(a b VP /(z — a)?
(b )f(b?:i )f()_bla/a Fw)du <pi1> ((ba> L (
L (rel e

Proof. From Lemma 1, using properties of modulus and applying Holder inequality,
we have

A:

b-2)fb)+(x—a)fla) 1 [°
b—a _b—a/af(u)du

e ([azopa) ([ s a-nofa)”
+% (/01(1 - t)pdt)l/p (/01 £ b+ (1 - t)b)]th)l/q.

If we choose v = 1 —t, k = tx+ (1 —t)a and u = tx+ (1 —t)b, then we have following
inequality:

1/p z 1/q
(v —a)? /1 1 / PN

A < Pd k)| dk

< Soa () wre) (= [ )

1/q

b— )2 1 1/p 1 b q
+% </o (v)pdv> m/ du .
f, ‘q and calculate integrals, then we can write
A < (x —a)? 1\ I / ay\ 1/p

= b-a \p+1 (’“(f(“) ))

o 1/p L g 1/p
S () (ol i@l

The proof is completed. O

IN

f(u)

If we use 1.3 for

q

)

’

f ()

’

rol

)

Corollary 1. If we choose v = %*b in Theorem 2, the inequality reduces to in-
equality in [1] which is obtained by M. Alomari.




4 MUSTAFA KARAGOZLU* AND MERVE AVCI ARDIG**

Corollary 2. If choose ¢ = 2 in Corollary 1, then we have

ot gt from] < (5)" ([ (o o)
+e (@ f’(m)\z)]m) |

Corollary 3. If choose r = 1 in Corollary 2, then we have

‘f(b);f(a) . bia/abﬂu)du B <b2—4a>1/2 <[L ( f,(x)r)r/z

+ [ (|5 o) f(@f)r/z) .

Theorem 3. Let f: I CR — RT be a positive twice differentable function on I°
such that f € La,b] where a,b € I with a < b. If ‘f" is r-convex on la,b] for

’

2
f(a)

)

2
)

’

2
f(a)

)

2
)

r>q>1, é + % =1, then the following inequalitiy holds:

< G i)
+(bb__‘f32 (pil)l/p (Hf’(b)\" +|f @] q_’"w)l/q.

Proof. From Lemma 1, using properties of modulus and applying Holder inequality,
we have

’

@[ +|f @

b-a)f) +(@z—a)f(@ 1 [
b—a 7b—a/af(u)du

A:

b—2)f)+(x-a)f(a) 1 [°
b—a _b—a/af(u)du

(xb__‘z)z </01(1 - t)pdt)l/p (/01 £ (a4 (1= 1)) dt)l/q
+(bb__””a>2 (/01(1 - t)pdt>1/p </01 7w+ (1 - t)b)‘th)l/q

, then we have following inequality:

If we choose v = 1 —t and use r-convexity of )f/

A < (i:Z)Q </01(v)pdv>l/p(x1a/ol tr @] +a-n]f@

S ([ora) " (5 [ bl

T}q/r dm) 1/q

T} o da:) v .

IO
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Using fact that Z (a; + bi)k < Z af—kz bk for 0 < k < 1; ay,ag, ...,a, > 0 and
i=1 i=1 i=1

b1, ba,...,b, > 0, we obtain

as O YT ([ Fala)

+(bb’_f32 <pi1>l/p (bix /01 [ 7 dx)l/q.

If we use basic integral calculation above, then the proof is completed. ([

1/q

f@| -

f@| +a-nir

Corollary 4. If we choose x = ‘%‘b in Theorem 3, then we have

f(b)+f(a)_ < b_a<1>1/17< ” )1/q
B 4 \p+1 q+r

2 bia/abf(u)du
(7@ +]r@)™

(ol )]

’

f(a)

Corollary 5. If choose ¢ = 2 in Corollary 4, then we have
F(b) + f(a) _ b—af o r \V
- 4 6+ 3r

2 _bia/abf(“)d“
([lp@f +[ref])"

(|lrof + ’f'(x)ﬂ)l/T .

/19
Corollary 6. Under the assumptions of Theorem 3, if ‘f ) s r-convez, then the

bt ()"
([r@f o )"
+(bb_—z)2 (pily/p

(Il sl

Theorem 4. Let f: I CR — RT be a positive twice differentable function on I°
such that f € Lla,b] where a,b € I with a < b. If ‘f/‘ is r-convex on [a,b] for

following inequality holds:
b—x)f(b - b
(RN EO TR Ry

IN

b—a

’

7ol +




6 MUSTAFA KARAGOZLU* AND MERVE AVCI ARDIG**
r>q>1, % + % =1, then the following inequalitiy holds:

1
<
= (A4r@2r+1

+r+2%) [(@ = 0 £ (@) + (b - 2)?

’

b-a)f(b) +(@—a)fa) 1 [°
- b—a/a fw)du

R

rof]]

(a)

Proof. From Lemma 1, using properties of modulus, we have

A:

b—a)f®) +(@@—a)f(@) 1 [
b—a _b—a/af(u)du

< (351)__2)2 /01(1 . ‘f/(t:c-F (1 _t)a)‘dt
(- 2y

+

-2 /1(1 —1) ‘f’(tm+ (1 —t)b)‘dt

0

If we use r-convexity of definition for |f'|, then we have following inequality:
_ 2 1 , r , rql/r
a4 < &B29 /(1—t)[t‘f(x) +(-0|f @] a
b—a J
b — X 2 1 ’ T ’ T 1/7.
+(b ) /(lft)[t‘f(z) +a-olrol]" a
—a J

Using fact that Z (a; + bi)lc < Z af—i—z bf for 0 < k < 1; ay,as,...,a, > 0 and
i=1 i=1 i=1
b1,bs,...,b, > 0, we obtain

A < (“;:‘;)2 /01(1—1&) [0 |F @) + =0
(b—=)* ! r
+ /0(1—t) [tl/

1/r

f/(a)H dt

f@)|+a-o

b—a fl(b)” dt.

If we use basic integral calculation above, then the proof is completed. ([

Corollary 7. If we choose x =

flay+f) 1 [
| 7b—a/a f(uw)du

“TH’ in Theorem /4, then we have

(b—a) (1|1 (48)] + 0+ 2% |1 (@) +
41 +7r)(2r+1)

rof)

2
<

2
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Theorem 5. Let f: I C R — RT be a positive twice differentable function on I°

1" 1" q
such that f € LJa,b] where a,b € I with a < b. If ‘f ‘ is r-convex on [a,b] for



q>1, % + % =1, then the following inequalitiy holds:

b_la/abf(x)d”_f(a;bﬂ < (b;5a)2 (2p1+1>1/p[<b«(
o N

Proof. From Lemma 2 and using properties of modulus, we have

1 b a+b
m/a f(il?)dﬂﬂ—f< 9 >
(b—a

i Ul Im(t)| ‘f” (ta+ (1 —t)b)‘dt—s—/l Im(t)] )f” (th+ (1 —t)a)‘dt}

n.a+b
il

1"

o)

)

u(a+b
2

1"

@]

)

IN

(b—a)?

- & l/wﬁv O S MO SRR

+/1/2t2)f (th+ (1 —t)a )‘dt+/

1/2

(1 1) ‘f (th+ (1 —t)a )‘dt}.

Using well-known Hoélder inequality, we have

(b— a)? 1/2 " Ve poap . \ Ve
A < [(/0 ¢ dt) (/0 ‘f (ta—&—(l—t)b)‘ dt)
+ (/1 1—t 2pdt>1/p (/1:2 ‘f” (ta+ (1 —t)b)‘th>1/q
1/2 12, g 1/q
+< tpdt> </O ‘f (tb—i—(l—t)a)‘ dt)
1 1/p 1 1/q
+</ 1t2pdt> (/1/2 f”(tb+(1t)a)’th> ] .

If we choose v = 1—t, k = tb+ (1 —t)a and u = ta+ (1 —t)b, then we have following
inequality:

A < (b;“)2 [(/()I/ch’dt)l/p (bia/;bm’f" (u)‘th>1/q
Vp g
( /0 1/2v2pdv> // ( /a R s (u)th>//
) :
+ (/01/2 t2”dt> p </aa+b/2 f (k)‘qdkz> q
p 1a
(AI/Q vadv> / (/aib/z ! (k)‘qdk> /] .

+

+
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/19
If we use 1.3 for ‘f ‘ and calculate integrations, then we can write

. b_za <2zp+12p+1>1/p (;L ( ol (a—;—b) q>>1/q
(e (7 () e ))/
+< L, ( I <a;b) ,’f” @ q>>1/q
Ceror ()]
The proof is completed. )

Corollary 8. If choose ¢ = 2 in Theorem 5, then we have

b 2 1/2 ,
= f(x)dx—f(“‘;b)‘ < 522 (3) [(L ()f ol
1/2
efreres) ]
Corollary 9. If choose r =1 in Corollary 8, then we have
b b b—a)? 1/2 2l b2 1/2
o [ 1 (4 )‘ < 8223 (L1< e )‘))
o\ \ 1/2
adl )

ks

)"

” a+b

of |75

"

v)|

)

7@

Theorem 6. Let f: I C R — RT be a positive twice differentable function on I°
such that f' € L{a,b] where a,b € I with a < b. If ‘f”‘ is r-convex on [a,b] for
r>q>1, % + % =1, then the following inequalitiy holds:

b_lafabﬂsc)dzf(“;b)

< (-” (| @] +

p 273 — (l)3+1/r (1473 + 7r% + 1)
! (“)D l (r - D)(2r +1)(3r+1)
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Proof. From Lemma 2, using properties of modulus and r-convexty of definition,
we have

A= b_lafabf(x>dzf<“§b)|
< O V/ 2| @ + ol o] @
ol ol o]
+ /Ol/th ) ®) + -] @ T/Tdt
+/1;1—t t)" @) 1—t>)f”<a>’“}1”dt].

n n n

Using fact that Z (a; + bi)k < Z ai—"—kz bk for 0 < k < 1; ay,az, ...,a, > 0 and
i=1 i=1 i=1

b1, ba,...,b, > 0, we obtain

(b—a)2 /1/22 1/r

A < 2 |

< 5| 7l
1
/(17t)2{t1/r
1/2

+/01/2 2 [tl/T 7 (b)‘ F (A=t

+/1;2<1 02 [ )]+ - | @] dt] |

@)+ a-nr

7 (b)H di+

/@) +a-o

7 (b)H dt

! (a)H dt

If we use basic integral calculation above, then the proof is completed. O

Theorem 7. Let f: I CR — RT be a positive twice differentable function on I°
such that f' € L[a,b] where a,b € I with a < b. If ‘f”‘ is r-convex on [a,b] for

r>q>1, % + % =1, then the following inequalitiy holds:

ot [ ()] = 25 () ()
et -G o]
() o (- )]}

+
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Proof. From Lemma 2, using properties of modulus and applying Holder inequality,

we have
bla/abf(w)dx—f (“;b>‘
w—a2 [ 72, N[ e .\
5 [(/0 t2pdt> (/0 ‘f (ta+(1—t)b)( dt)

1 1/p 1 1/q
+ (/1/2(1 - t)zpdt> (/1/2 ‘f” (ta+ (1 —t)b)‘th>
+ (/01/2 t2pdt> l/p </01/2 ‘f” (th+ (1 — t)a)’q dt) "

N 1/p 1 1/q
+ (/1/2(1 — t)2pdt> (/1/2 ‘f” (th+ (1 — t)a)‘q dt)

If we choose v = 1—t, use r-convexity of ’f ) and Z a; +b;) k< Z a; —I—Z b for

=1 1=1
0<k<1;aq,as,...,a, > 0and by,bs,...,b, >0, then we have following inequality:

—a)? 1/p 1/2 , v 1/q
e U ) ([ of]#)
1 1/q
(e ofl)
1/2 . 1/q
(e @fa)
1/q
+ </1:2 [tl/r s (a)ﬂ dt) ] .

If we calculate above four integrals, then the proof is completed. ([

A

IN

@) -

7@l s a-o

7o a-or

7o)+ a-nr

Corollary 10. If choose ¢ = 2 in Theorem 7, then we have

b—la/abf(:c)d:rf(a;b)| < oo (110)/ <+1>/

{0 et (- o]

+

0ol (o]
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Theorem 8. Let f: I CR — RT be a positive twice differentable function on I°
such that f* € L[a,b] where a,b € I with a < b. If ‘f”‘ is r-convex on [a,b] for
r>q>1, % + % =1, then the following inequalitiy holds:

"

(a)

. 1/q
1" o) >

1 b a+b (b—a)? R ARTAN
m/a f(x)dzf( 2 )| S o [((2) 51l

38 — (1) (4% 4 702 4 )

(r+1)2r+1)(3r+1)

. 1 3+1/r r
2 3r+1
3rd — (%)SH/T (1473 +7r% + 1)
(r+1)2r+1)Br+1)

Proof. From Lemma 2, using properties of modulus and applying Power Mean
inequality we have

bia/abf(w)dx—f (“‘2”’>
(b —2a)2 [</01/2 t2dt> 1/p </01/2 2 ‘f” (ta+(1— t)b)’th> 1/q
1/p 1/q
(/1;2(1 - t)2dt> </1;2(1 —1)? ‘f” (ta+ (1 — t)b)’q dt)
1/2 p 1/2 . . 1/q
+(/0 tdt) </0 2|f" 1+ (1~ 1) dt)
1 1/p 1 1/q
(/1/2(1 _ t)2dt> (/1/2(1 1P| - t)a)’th> ] .

IN

+

_|_
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If we choose v = 1—t, use r-convexity of ’f ’ and Z a; +b;) F< Z a; —|—Z b for

=1 =1
0<k<1;ay,as,...,a, > 0and by,bs,...,b, >0, then we have followmg 1nequahty

1/p
Y 1/2 1/2
4 < b-a7 / 2dt / 2 [tl/T
0 0

- 2
1/p 1 1/a

+ /1/2 v2dv //2(1 — )2 [er | (a)]q L pyr|f” (b)ﬂ dt
0 1 -

+ /1/2 tht /1/2 t2 |:t1/7' 1 (b)‘q + (1 _ t)l/r f// (a)‘q} dt l/q

0 0

1/2 1/p 1 _ 4 4 1/q
+ / v2dv / (1 — )2 [¢r|f” (b)‘ +(-pir | (a)) ]dt
0 1/2 L

If we calculate above integrals, then the proof is completed. ([l

1/4q

7 (b)ﬁ dt

@]+

1/p

~

Corollary 11. If choose q = 2 in Theorem 8, then we have

1 +b b—a)? 1\ PN
H/a f(x)dx_f(az ) = 2(x221)/2 (2) 37":1 f (“)‘

- 1/2
3r3 — (%)S—H/ (1473 +7r% + 1) ’ y (b)r
(r+1)2r+1)Br+1)
1 3+1/r r ., 2
* (2) syl (b)‘
1/2

3r3 — (%);Hl/r (1473 + 7r% +7)
r+1)@2r+1)Br+1)

+
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