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SOME INEQUALITIES OF OSTROWSKI TYPE FOR DOUBLE
INTEGRAL MEAN OF ABSOLUTELY CONTINUOUS
FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Ostrowski type inequalities for
double integral mean of absolutely continuous functions. An application for
special means is given as well.

1. INTRODUCTION
In 1938, A. Ostrowski proved the following inequality concerning the distance
between the integral mean ;- f: f (t) dt and the value f (z), € [a, b].

Theorem 1 (Ostrowski, [12]). Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) such that f': (a,b) — R is bounded on (a,b), i.e., |f'|| ., =

sup |f' (t)| < co. Then
te(a,b)

2
1 r — atb
S Vi (bé) 1]l (0 —a),

for all © € [a,b] and the constant  is the best possible.

b
(L.1) 'f(w) S el RACL

For various Ostrowski type inequalities see the recent papers [1]-[5], [7], [9]-[13],
the survey paper online [8] and the references therein.
For the integrable function f : [a,b] — C, we consider the double integral mean

defined by
1 borb t+s
(ba)Q/a / f( 2 )dtds'

Motivated by Ostrowski’s inequality, it is thus natural to ask what is the distance
between the double integral mean and the value f (z), € [a,b], in one side and
the double integral mean and the integral mean in the other side 7

Some answers for the absolutely continuous functions whose derivatives are es-
sentially bounded or p-Lebesgue integrable are provided below. An application for
special means is given as well.

1991 Mathematics Subject Classification. 26D15, 26D10, 26D07, 26A33.
Key words and phrases. Integral mean, Absolutely continuous functions, Ostrowski inequality,
Integral inequalities, Special means.

1

RGMIA Res. Rep. Coll. 21 (2018), Art. 23, 14 pp.


e5011831
Typewritten Text
Received 15/02/18

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 21 (2018), Art. 23, 14 pp.


2 S.S. DRAGOMIR

2. SOME PRELIMINARY RESULTS

We recall the function sign defined by

-1 if x <0,
sgn (z) :== 0 ifz=0,
1 if x <0.

We start with the following simple lemma:

Lemma 1. We have for any a < b, d € R and p > 0 that

b 1
(2.1) / |z —d|’ dow =
a p+1

1 p p
= b= d)b—d’+(d—a)d—al’].

[sgn (b—d)b—d"*" +sgn(d—a)|d— af "

Proof. If d < a, then

b b
/a o — dl? dz = / (— d)P dz = Z% (06— 07" — (@~ ay*]
- [Sgn (b—d)b—dP™ +sgn(d—a)|d - a\p“} .

If d € [a,b], then

b d b
/ \mfd|pdw:/ (dfx)pdz+/ (x — d)? dx
a a d

_ Iﬁ (@) + (b~ ay*]

1
= L [ G- ) o= dP* s (@ —a) o).
If d > b, then
b b 1
/|x—d|pdm = /(d—x)pdx:? —(d—b)pﬂ—i-(d—a)pﬂ]
a a p

1
- — [Sgn (b—d)|b—dPP™ +sgn(d—a)|d— a\”“}
p

and the first equality in (2.1) is thus proved.
The second part follows by the fact that

x =sgn () |z| for z € R.

Further, we have the following representation as well:

Lemma 2. We have for any a < b, s € [a,b] and p > 0 that

(2.2) /ab/ab

P
dxdy

x+y_8
2

4 pt2

(p+1)(p+2)

a+b
2

(bs)p+22‘s

+ (s a)p+2] .
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In particular, we have

b b P b b P
(2.3) // (m;ya> dzdy:// <bx;y> dxdy

2p+1_1
= (b—a)P™?
2=L(p+1)(p+2)

and

(2.4) /ub/ab

r+y a+b
2 2

p 1 4o
drdy = (b—a)’™".

2=t (p+1)(p+2)
Proof. We denote
P
dy | dx

L (s) = /:/ab pdxdy:/: </ab

If we make the change of variable z = % (z +y), where y € [a,b], then we have

Tty
2

T+y

— S — S

1 1 1
dz = idy, z € {2 (x+a),2(x—|—b)]
and
b b P b 2 (z+b)
(2.5) Ip(s):/ (/ m—;—y_s dy)dsz/ (/ |z—s|pdz>da:.
a a a 1 (z+a)

Using the representation (2.1) we have

1(z+b)
(2.6) / |z — s|” dz
%(m+a)

1 x—l—b_
Cop+1 2 5

for s, x € [a,b], and by (2.5) we get

x+b_
2

p+ T+ a T+ a
S s — s —
2 2

]

2 br/x+b z+b P T+a z+al?
I = — — — _ _
» () el K 5 s) 5 S +<s 5 )s 5 ]dm
for s € [a,b].
‘We consider
b p
T+b T+b
Il,p(s).—/a 5 8 ( 5 —s)d:zc
and
b p
xr+a xr+a
Ig7p(s)::/a §——5 <s 5 )dw
for s € [a,b].
a) Forse[a,%ﬂ’],we have

x+b75>a+b

—s>0for x € [a,b],
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b P b p+1
Ilyp(s):/ (x;rbs> <x;bs)dx/ (x;bs) dx

p+2
: (b—s)P"* — (CH_b - 3) ]
2
for s € [a, 5

p+2
We have s — ££¢ =0 for = 25 — a € [a,b]. Then
p
<s—x;a>dx
—/28& 3_1:+a ! S_x—|—a dx
S 2 2
—|—/b x—i—a_sp S_x—i—a dx
2s—a 2 2
2s—a p+1 b p+1
:/ 3_1:+a) dx—/ (:E—I—a_8> i
a 2 2s—a 2

then

T+ a

2 b+a p+2
- (M)
p+2 p+2
_ 2 [ (e )
p+2 2
for s € [a, %rb] .
In conclusion, for s € [a, “TH’] we get
2 2 s [a+b P2
(27) Ip (S) = Zm m (b - S)p+ — ( B) — S)
b+a p+2
_- _ )Pt _ _
+p—|— 5 (s —a) ( 5 s)

4
(p+1)(p+2)

(b— )"+ — 2 (a;rb S>p+2+(sa)p+2] '

b) Assume that s € [%E2 b] . We have £t — s = 0 for z = 2s — b € [a,b]. Then
r+b

b p
Il,p(s):/ 5 s (x—;b—s)dﬂc
_/28b I+b p $+b d
= ’ s 5 5 s | dx
b p
T+b T+b
L) ()
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25—b p+1 b p+1
:—/ <3—$+b> dm+/ (x+b—s) dx
a 2 2s—b 2

2 b\ P 2
- (s_a+ ) o (b=

T p+2 2 p+2
+2
:L (b—s)p+2— S_a+b p
p+2 2

for s € [%’H’,b] .
If s € [“£2,b], then we have

zt+a _ a+b x4+a b—=x
S — > — =
2 = 2 2 2 =
for z € [a,b] and then
r+a

b »
I27p(s):/ s 5 (s—z;a)d:c

b p+1 _ bta)PT2 _\pt2
:/ (S_x—i—a) dw:—Q(S 2) —|—2(8 @)
o 2 p+2 p+2

_ 2 (s —a)’t? — st "
p+2 2
for s € [%“’, b] .
Therefore,
2 2 b2 a+b\"?
2 p+2 b + a p+2
+m (s —a) (s 5

4
(p+1)(p+2)

(b—s)P2 —2 (s B a—;b)’ﬂr2 +(s— a)”“]

for s € [QTH’, b] .
By utilising (2.7) and (2.8) we get the desired result (2.2).

g 2p+? 1

Corollary 1. With the assumptions of Lemma 2 we have
z+y
—s| dxdyds =
T T D+ 0+

@waflbz

Proof. We observe that

/ab (b—s)p+2ds:/b (s — a)P 2 ds = w

a p+3

b p+2
- atb _ 1 p+3
d*”ﬁMG‘ 2) =g 09

(b—a)"*?.
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therefore
b p+2
b
/ l(b—s)p+2—2‘s—a; +(s—a)p+21ds
2(b—a)’™® 2 2w+2
_ ( a’) o (b o a)p+3 _ (b . a)p+3 )
p+3 2012 (p + 3) 201 (p +3)
Now, by taking the integral over s € [a,b] in the identity (2.2) we get (2.9). O

Remark 1. The case p =1 is of interest in applications and produces the following
equalities

[ [l

In particular, we have

(2.11) // <$+ya)dazdy//<bx+y>dmd S(b—a)’,
o LI

and

(2.13) /ab/ab/ab

For any ¢, s € [a,b], s # t, one has, see [6]

f(siit _Sit/f du—/f [(1— ) s+ At d\,

daxdy = g [(b— s)* -2

dx dy—é(b—a)

Tty a—&—b’

T+y

1
dzdyds = 3 (b—a)'.

— S

3. MAIN RESULTS

showing that

(3.1) f(s)= (s —1) / FI(1 = X) s+ At]dA

for any t, s € [a,b].
Now, if we take the double integral mean over ¢ on [a, b] in the identity (3.1) we
get the following equality of interest

(3.2) 1=, // <x+y>dxdy
a5
><</O f [(1—A) +>\( ‘;yﬂw)dmdy

for any s € [a,b].
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If we take in this equality the integral mean over s on [a, b] we also get

(3.3) bia/abf(s)ds— // (I”)dazdy
T AACES
x(/o i [(1—)\) +)\< ;—yﬂd)\)da:dyds.

If ¢ < d and the function g is essentially bounded on [c, d], namely g € Lo [c, d],
then we use the notations

191lj¢,4),00 = essup g (t)| < oo and ||gl[(y o0 = —essup|g (¢)| > —oo.
te(e,d) te[c,d]

‘We have:

Theorem 2. Let f : [a,b] — C be an absolutely continuous function on [a,b]. If
f' € Ly [a,b], then

(3.4) |f // <$+y)da:dy

1:+
y“u i, a4y Oo‘dxdy
—CL
<2 o —2‘ a+b‘+<s—a>3 15 1 a,57,00
3(b—a)’ 2 o

for any s € [a,b] .
We also have

ol gl 1)

x-i-y

(3.5)

oar 1715
éufn[ab (b-a).
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Proof. From (3.2) we have for any s € [a, b] that

o

x+y’
b—a
y / f [(1—)\) —i—)\(x;_y)]d)\ dady
:1:+y’
(
{ +>\(m;y)”d/\dxdy
A
Since f' € L [a,b], then
1
(3.7) / f’[(l—/\)s+)\<$;y>HdA < / ’Ilfll ‘d)\
0
< 17y 50 m) <1 .00
for any s, z, y € [a,].
Therefore, by (3.6) we get
x—!—y
T an
1 Y
< m ||le[a,b],oo — —5— | dzdy
ak
=— = b—s3—2‘s—a +(s—a)® ,
3(()—0;)2 ||f ||[a,b],oo [( ) ( )

which proves the inequality (3.4).
From the equality (3.3), the inequality (3.7) and the representation (2.13) we get

= /f pio— e [ [ (75) s
///1 =
x(/o 7 [(1— A)s +A<x‘;y>”dA>dxdyds

(3.8)
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T+
ﬁ y‘ ‘||f o] | drdys
—a)
b
< s I oo Y dodyds
1
:@j‘FWHUbWSQ a)' = fa,bl,00 (0= @),
which proves (3.5). O

Corollary 2. With the assumptions of Theorem 2 we have

(59) ‘f (o
<b—>/ / (552 = ) 1) g o
<2 0= 1 oo

S i

//( 20 17 g

(b— a) ||f'||[a,b],oo J

IA
M\H’-\

and

Nty ()
b_a /‘/ a+b x+y

Sg( —a)

la,b],

The constant % is best in both inequalities (5.9) and (3.10) while § is best possible
in (3.11).

The equality is realized in (3.9) for the function f (z) = x — a, in the equality
(3.10) for f(z) =b— = and in (3.11) for f (z) = |z — %2|, where z € [a,}].

For an interval [c, d] with ¢ < d we consider the Lebesgue p-norm with p > 1 for
g € Ly [c,d] the finite quantity

d 1/p
ol = ( / |g<t>|pdt> .
c 1/p d
ol = ([ lorar) " = | [Clgra

If ¢ > d then
1/p
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So, for the real numbers ¢, d we can introduce he notation
d 9
[la@ra

c

Theorem 3. Let f : [a,b] — C be an absolutely continuous function on [a,b]. If
e Lyla,b], withp >1 andl—l—l =1, then

(3.12) |fs = // <z+y)d:cdy

x—!—y

1/p

I91ic1| =

We have the following result:

1||f o, 250) | dody

(b—a)*

IN

(1/g+1)(1/g+2) (b—a)’

X [(b—s)l/qH—Q‘s—a;b

1/q+2

[a,b],p

+(s— a)l/qﬁl

for any s € [a,b].
We also have

(3.13)

_a/f // (75" s

a:—!—y

\nf o e50] | dodyds

— a
21/q+2

<
T 2am(1/q+ 1) (1/q+ 2)(1/q+3)
Proof. For p > 1 we have the inequality

(3.14) /01 f [(1—)\) +>\( ;—y>Hd)\
(oo (23

for any s, x, y € [a,}].
4y
Now, suppose that s # “Z¥. Then

Flrle-meer(52)]

(b= 0 -

P 1/p
d)x)

p -1 s
= (o=5) [ e

-1 s
T+y
s L
oty

namely

1 D 1/p 1/p s 1/p
(lrfemmer ()] o) = st | Lo

0 =
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From the inequality (3.14) we get

f [(1—A)3+A<$;y)H
1-1/p s 1/p 1/q s
[ wr [ wr
2y 2y
for any s, x, y € [a,}].

’ T4y
= |S —
By utilising the notations from the proof of Theorem 2 we have

2
[;gu%wf

‘ T+y
s

1/p

S’s—x+y

1/p
dxdy

1/q

—a

b
s(/'u%mf>

and, since, by Lemma 2
[ L]

—= -5
a a 2
B 4

(/g +1)(1/q+2)

/a

q
dxdy

a+b 1/q+2

2

(b—s)t/at2 —2‘8—

+(s— a)l/q“] ,

hence the inequality (3.12) is proved.
By (3.8) we also have

bia/bf(s) b—a // <Hy>dmdy

ery‘

*a,

x(/ 7 {(1>\) +/\< ;ymcu)dzdyds
— /;Jf<>W

x—l—y

1/p
dxdyds

x+y‘

dmdyds

< ( Gy 1 (a1,
. 1 21/q+2 1
= (b— )3 ||f ||[tl bl,p 21/q 1(1/q+1) (1/q+2) (1/q+3)

ol/q+2 _ 1 Va i m
= 1/q—1 (b_a) ||f ||[a,b],p’
2=t (1/q+1)(1/q+2) (1/q+3)

which proves (3.13).

(b— a)l/q+3

11
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Corollary 3. With the assumption of Theorem 8 we have

(3.15) ‘fa = // (x+y>dxdy
o //(

ol/q+1 _
= 3 (/g +1) (1/q+2)

. 'f (b—a // <x+y>d:cdy
“-a L/!/ (0= 22) " 15 g ot

2/t — b 1/q ) ¢t
- 21/q 1(1/q+1) (1/q+2)( _a‘) Hf ||[a,b],p

1/q
o) 17y g

(b= -

and

T

= 2T (/g 1) (/g + 2

“la+b x4y

15 g gty

(b- a)l/q I [a,b],p

4. AN APPLICATION

Consider the power function f : [a,b] C (0,00) — (0,00), f(z) =", r # 0, and
consider for r # —1, —2 the double integral mean

o=t [ [
() ()]

r+2
br+2_2<a’—2’_b> 4 art?

(T+1)(b—a)2/a
4
(r+1)(r+2)(b—a)?

For r = —1 we define

s [ ()

4 a+b a+b
:(b_a)z{blnb—Q 5 ln( 5 )—i—alna}
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and for r = —2 we define

Do ab) = // (HS) " dtds

— _h {lnb—an <a;—b) —&—lna} .
—a

For f :[a,b] C (0,00) — (0,00), f(z) =2z", r # 0, we have
ff(@)y=ra" " and f'(z)=7(r—1)2" !, € (0,00).

This shows that f’ is increasing on [a,b] for r € (—00,0) U [1,00) and decreasing
for r € (0,1) . Therefore

rbr—t if r € (—00,0) U1, 00),

A, (aa b) = Hf/”[a,b],oo
rar=! ifre(0,1).

Consider the sharp inequality

1(43) o L L (55 ma] <

If we write this inequality for f :[a,b] C (0,00) — (0,00), f(x) =az", r #0, then
we get

(4.1) ‘(““’)T_D,. (a,b)‘ <

6 (b—a) ”f/H[a,b],oo

2

We consider the integral mean for r # 0

b7‘+1_ r+1 .
1 e Hr#F-L
L. (a,b) := " a trdt =
ni-lna if r=—1.

Consider the inequality between means

g [ (5o

If we write this 1nequahty for f :[a,b] C (0,00) — (0,00), f(x) =", r # 0, then
we get

(4.2) L, (a,b) — D, (a,b)| <

The interested reader may obtain other similar inequalities by using the rest
of the general inequalities above or by applying them for other functions such as
f () =1nt, expt or the trigonometric functions.

1
< é’quhaﬁLaa(b“@)-

(b—a) A, (a,b).

ool
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