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SOME INEQUALITIES OF TRAPEZOID TYPE FOR DOUBLE
INTEGRAL MEAN OF ABSOLUTELY CONTINUOUS
FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Ostrowski type inequalities for
double integral mean of absolutely continuous functions.

1. INTRODUCTION

In 1999, Cerone & Dragomir [10] obtained the following generalized trapezoid
inequality for absolutely continuous functions f : [a,b] — C

(1) ‘(jjj)ﬂaw(Z:Z)fw)—b_la/abf(t)dt

1 l'—aTer 2 l : ’
L (555) | 0= @) 1 e 1 € Lo [a1],

1 T—a o+l b—x o+l Y 1
< G )T (27 -0,
: l 1 1 _
it f' € Ly[a,b], p>1, st7=1
1 z—ofb /
[+ |52 ] 0= ) 1 .
where the Lebesgue norms |||, ;) , are defined by
esSUP;¢|q,5] lg (®)| if ' € Lo [a,?],
HgH[a,b],p = b 1/p
(S lg @ at) ™ it e Ly fab], p= 1.
The best inequality one can get from (1.1) is for x = ‘ITH’, namely
F@+ ) 1 /
1.2 - t)dt
(12) ‘ A0 e
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% (b - a) ||f,||[a,b],oo if f/ € L [a‘v b] ’

s (0= )| |y i F' € Ly lab],

< T
1
N
with }1, 5177 and % as the best possible constants.

For some related trapezoid type inequalities see [1]-[9], [11]-[15] and [17]-[24].
For the integrable function f : [a,b] — C, we consider the double integral mean

defined by
/ / (t+ S) dtds.
(b—a)

Motivated by the trapezmd inequality above, it is thus natural to ask what is
the distance between the double integral mean and the convex combination of two

values, f (z) and f (y) with z, y € [a, b], in general and f (a) and f (b) in particular
?

Some answers for the absolutely continuous functions whose derivatives are es-
sentially bounded or p-Lebesgue integrable are provided below.

2. SOME PRELIMINARY FACTS
We need the following preliminary facts:

Lemma 1. If f: I — C is locally absolutely continuous on I then for each distinct
z, z,y €I and X € R\ {0, 1} we have

(2.1) f(2) =0 =) f(@)+Af(y) +5x(z,2,9),

where the remainder Sy (z,x,y) is given by
1
(2.2) Sa(z,z,y) =(1-XN)(2—=x) / f((1—s)xz+sz)ds
0

—)\(y—z)/ f (1= 5)z+ sy) ds.

Proof. For any t, s € I, s # t, one has, see [13]

f(si:t _S_t/f du—/f [(1—\) s+ At]d\,

showing that

(2.3) Fls)=F(8) + (s—t)/o £ = A) s + M dA

forallt, s € I.
Then by (2.3) we have

(2.4) f(z):f(x)+(z—m)/0 F (1= X))z + Az]dA

and

(2.5) F2)=F )+ () / 1= A) 2 + Mg dA.
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If we multiply (2.4) by 1 — X and (2.5) by A and add the obtained equalities, then
we get the equality (2.1), where the remainder is given by (2.2). O

The above identity (2.1) produces the following simple representations of interest.
We have for each distinct z, x, y € I that

(2.6) fz)=—

y—
where

[(y=2) f(2) + (z—2) F (Y] + L(z2,9),

(2.7) L(z,,y) ;:W{O F((1=s)z+s2)ds
1
-/, F((1—5)z+sy)ds

and
28 [E)= =0 @+ =2 0]+ P,
where

1

(2.9) P(z,z,y):=

[(z—m)2/01f’((1—s)x+sz)ds

y—x
—(y—2)? 1)" —s)z+sy)ds| .
(y )/0 (C) Y)

We also have

(2.10) FA=Nz+Ay) =1 =) f(2) +Af (y) +5x(z,9),

where the remainder S (z,y) is given by
1
(2.11) Sy (z,y) =1 =X A(y—=x) {/ F (1= s\ z+ shy)ds
0

—/1f/((1—8—/\+8)\)$+(>\+S—S/\)y)d8
0
and

(2.12) A=y +Az) =1 =X f(z) +Af (y) + Pr(,9),

where the remainder Py (z,y) is given by
1
(2.13) Py (z,y):=(y —x) {(1 — )\)2/ F(Q=s+Xxs)x+ (1 —N)sy)ds
0

1
42/ F (=8 Az 4+ (1 =X+ As)y)ds| .
0

Moreover, if we take in (2.1) z = ‘;y for each distinct z, y € I and A € R\ {0,1},
then we have

(2.14) F(55Y) = 0= @+Ar W)+ 51 o).




4 S.S. DRAGOMIR

where the remainder S (x,y) is given by

(2.15) Sy (2,9) ::%(yf:c) [(1/\)/01f’ ((1s)x+sw;ry>ds

)\/Olf’((ls)z;ersy)ds].

In particular, for A = % we have
o1 P(EY) - 100 sy
where

217) S (2,y) = i(yfx) Uolf/ ((1s)x+sx;y) ds

/Olf/((ls)x;—erSy)ds].

We also need some technical identities that are used to obtain the main results.
They have been obtained in [16], however, for the sake of completeness, we provide
here their proofs.

We recall the function sign defined by

1 ifz<0,
sgn (z) := 0 if £ =0,
1 if z <0.

The following simple lemma holds:

Lemma 2. We have for any a < b, d € R and p > 0 that

[sgn (b—d)|b—dP™ +sgn(d—a)|d— av’“}

b
2.18 —d|P do =
@18) [ le-drde=—
1

= 2m[(b—d) b—df" + (d—a)|d—al"].
Proof. If d < a, then
/b |xdpd:c/b(xd)pd:c b {(bfd)p“ - (afd)pﬂ]
a a p+1
_ [sgn (b—d)|b—dPP™ +sgn(d—a)|d - a\PH] :

If d € [a,b], then

b d b
/\:L’—d|pdx:/ (d—x)pdz+/ (x —d)P dx
a a d

- ]ﬁ (@ =) + (b~ ay*]

1
- [sgn (b—d)|b—dP* +sgn(d—a)|d— a|p+1] .
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If d > b, then

b b
1
/|:z:—d|pdx = /(d—z)pdx:]m —(d—b)”+1+(d—a)p+1]

[sgn (b—d)|b—dP* +sgn(d—a)|d— a\P“}

p+1

and the first equality in (2.18) is thus proved.
The second part follows by the fact that

x =sgn () |z| for z € R.

Further, we have the following representation as well:

Lemma 3. We have for any a < b, s € [a,b] and p > 0 that

b b P
(2.19) // z;y_s dzdy
4 a+bp+2 2
R S— b—sp+2—2‘s— + (s —a)’?].
TEIE N 2| Tt
In particular, we have
b b P b b P
(2.20) // (x;ry—a> dxdy:// <b—x;—y) dwdy
B 2p+1_1 ( _a)p+2

2l (p41)(p+2)

and

(2.21) /ab /ab

P
1
dxdy = b—a)Pt?.
W T Dy LY
Proof. We denote

wo=[[ oy = [ ( [ de) &

If we make the change of variable z = 1 (z 4+ y), where y € [a,b], then we have

r+y a+b
2 2

:1:+y_
2

r+y

S — S

1 1 1
dz-§dy, z € {Q(x—i—a)?Q(m—i—b)]

and

(2.22) Ip<s>=/ab (/

Using the representation (2.18) we have

L(z+b)
(2.23) / |z — s|P dz
%(;c-i—a)

1 :v—f—b_
Cp+1 2 s

m—l—y_
2

S

m+b_
2

P x4+ a T+ a
S —i—(s— 5 )‘s— 9

|

P b L(z+b)
dy dm:2/ / |z — s’ dz | du.
a 1 (z+a)

5
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p+ xr+a r+a
S S — S —
2 2

for s, x € [a,b], and by (2.22) we get

o2 L)

for s € [a,b].
‘We consider

rz+b
2

p
]dz

T+b p(x—l—b )
—s 5 —s|dx

and

for s € [a,b].
a) For s € [a, %b] , we have

x—;b_ _a+b_sz()forw€[a,b]v
then
ILP(S)/b<x;rbs>p<x;b5)d$/b(x;bS>p+1dx
2 (b_s)p+2_<a+b_8)p+2]
p+2 2
for s € [a, %]

We have s — ££% = 0 for = 25 — a € [a,b] . Then

p
<sx+a)dz
2
L) )
= s — s — dx
a 2 2
b P
T+ a T+ a
— — d
[ (55 ) () e
2s—a p+1 b p+1
:/ 5x+a) d:c—/ (x+as) dzx
a 2 2s5s—a 2

N CET N G T
B p+2 p+2

(s—a)"?— (b;a — 8>p+2]

xr+a
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- b
In conclusion, for s € [a, 22| we get

2 2 a+b pi2
2.24 L - - | = _gpt2 _ (27
20 5= 2 |2 - eyt - (U =)
2 p+2 b+(1 P2
+p+2 (s —a) —( 5 —s)

4
(p+1)(p+2)

2

P42
(b—s)p+2—2<a+b—s) + (s —a)’"?

b) Assume that s € [%E2 b] . We have £t — s = 0 for z = 2s — b € [a,b]. Then
z+b

b p
Il,p(s)z/ 5 S (x;b—s>dx
_/2s—b (S x—l—b)p <x—|—b S) "
— /. 2 2
+/* z+b  \'(z+b J
- 5 s 5 s | dx

2s—b p+1 b p+1
:—/ <s—x+b> dm+/ (x+b—s) dx
a 2 2s—b 2

2 b\ P2 2
<Sa+ > s (b—s)""

p+2 2 p+2
+2
:L (b—s)p+2— S_a+b p
p+2 2

for s € [‘%H’,b] .
If s € [“£2,b], then we have

S_a:+a>a+b_a:+a:b—x20

2 = 2 2 2
for z € [a,b] and then
T+ a

b P
Iz,p(s)z/ s 5 (s—w;a>daz

b p+1 _ bta p+2 _ p+2
/”<sx+a) PP Chnte i S Chn)

Jr
2 p+2 p+2

(S_@m2_<s_b;a>m1
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Therefore,
2 2 a+b\"?
2.2 I =2 | _|(h—s)P- —
225) 1) = = | 6= = (5=
b+a p+2
_ g\Pt2 _ _
+p+2 (s—a) (5 5 >

B 4
S (p+1)(p+2)

for s € [“T'H’, b] .
By utilising (2.24) and (2.25) we get the desired result (2.19). O

(b—s)"*2 —2 ( . b)p” +(s5— aW]

Corollary 1. With the assumptions of Lemma 3 we have

(2.26) /ab/ab/ab

Proof. We observe that

/ab (b— s)p+2 ds — /ab (s a)p+2 ds — M

P 2P +2 1

r+y .
s = e T D+ 2 (7 3)

—s (b—a)"™?.

p+3
and
b p+2 b p+2
a+b / ( a-‘rb) 1 43
5 — ds =2 5 — ds=————(b—a)"",
/a 2 ath 2 2p+2 (p+3) ( )
therefore
b p+2
b
/ l(b—s)p+2—2‘s—a; +(s—a)p+21ds
_20—a)" 2 (b—a)"™ = opt2 _ | (b—a)P*?
o p+2 T 9p+1 a :
p+3 2012 (p + 3) 2rtl (p+3)

Now, by taking the integral over s € [a,b] in the identity (2.19) we get (2.26). O

Remark 1. The case p =1 is of interest in applications and produces the following
equalities

e [ [

In particular, we have

am [ [ (oo [ [ (232 =

(2.29) //‘y a+b’d9cdy—(13(b—a)3

and

(2.30) /ab/ab/ab

a+b 3
2

s —

dxdyz% [(b—s)3—2 —|—(s—a)3] .

— S

1
ac—2|—y dmdyds:g(b—a)4.
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3. TwoO POINTS INEQUALITIES FOR INTEGRAL MEAN
We have:

Theorem 1. Let f : [a,b] — C be an absolutely continuous function on [a,b]. Then

for any x, y € [a,b] and X € [0,1] we have

b
61 ;s [ F®d- -2 @ -\ )

I I
< — —_— — ’ —_— — ’
<=V [ =alvp @i a [ —dvp o
where
1
0<vy(z1) ::/ lf' ((1 —5s)z+ st)|ds, and z, t € [a,b].
0

In particular, we have the A-weighted trapezoid inequality

b
62) ;= [ F0d-a-N1@ -2

b b

for any X\ € [0,1] and the Ostrowski’s type inequality

b b
(3.3) ﬁ/ Fltydt— f (2) gﬁ/ = 2w (o) dt

for any x € [a,b].
Proof. From Lemma 1 we have
1
(3.4) f(t):(1fA)f(x)+Af(y)+(lfA)(tfx)/O (1= s)a+ st)ds

—)\(y—t)/o £ (1= )t + sy) ds

for any x, y € [a,b] and X € [0,1].
Taking the integral mean in (3.4) we get the following identity of interest

b
(35) 5o [ 1= 1-NT@) A W)

+(1—>\)b1 /ab(t—ac) (/Olf’((l—s)x—&-st)ds)dt

—Abia/ab(y—t) (/Olf’((l—s)t+sy)ds)dt

for any z, y € [a,b] and X € [0,1].
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This implies that

b
30 |70 [ F®d-1-X @ -\

/ab(t—x) </01f’((1—s)x+st)ds)dt
+/\ﬁ /ab(yt) (/Olf’((ls)t+sy)ds>dt
g(l)\)b_la/ab (t—x) </01f'((15)x+st)ds)‘dt
+/\b—1a/ab (y—1) (/Olf’((l—s)t—&—sy)ds)’dt
g(l—A)b_ch/abu—ﬂ (/Ol|f'<<1—s>x+st)|ds)dt
g [ ([ 179 sias) a

:(1—)\)bia/ab|t—x| (/01|f’((1—s)x+st)|ds)dt
+Ab_1a/ab|y—t| (/Ollf’((l—S)y+st)d8>dt

1 b
:(1—>\)m/a = 2w () dt

1
S(l—)\)m

1 b
+ /\m/ ly —tlvy (z,t)dt =: By (z,y)

for any z, y € [a,b] and X € [0,1].
This proves the desired inequality (3.1). O

Remark 2. We observe that for any bound M (-,-) for the function vy (-,-) on the
square [a,b]2 one can obtain the corresponding two point Ostrowski inequality

b
61 |5 [ ®d -1 @ -\ )

1 b 1 b
g(l—)\)m/ \t—x\M(m,t)dt—l—/\m/ ly — ] M (y, 1) dt

for any x, y € [a,b] and X € [0,1].

In the following, we give only a few examples of such inequalities. The interested
reader may obtain many more by choosing other bounds for the function v (-,-)
on the square [a,b]* .
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For g € Lo [a,b] and any z, y € [a,b] we use the notation

1911 2,41,00 if z <y,
gl sy = |
||g||[y,z],oo if y <z

Corollary 2. Let f : [a,b] — C be an absolutely continuous function on [a,b].

Assume that f' € Ly [a,b], then for any x, y € [a,b] and X € [0, 1] we have

68) ;s [ F®d- 1N @ -\ )

o 1t
<=V [l 1 g 35 [ = |18

2
1 r — atb y_Ler
S 4+(1>‘)< b—; > +)‘< b—a ”f/“[a,b],oo(bia)'

In particular, we have the A-weighted trapezoid inequality

b
/f(t)dt—(l—A)f(a)—Af(b)

b—a
TP , 1 ,

< (1—)\)m (t—a) 1f 01,00 dt+)‘m (O =) | F lz,0,00 At

1

§||f||ab] (b—a)

for any X € [0,1] and the refinement of Ostrowski inequality

(3.10)

b
[ fwd- 1@

1 b 1 z— ot
/ 2 /!
< b—a/a ‘t-.’l?“”f H[z,ﬂ,oo‘dtg E—"_ < b—a ) ||f ||[a,b],oo (b_a)

Proof. Since f’' € Ly [a,b], then by using the notation above, we have

(1= 5) 2+ 5t)] < [1F | for any s € [0,1),
which implies that
v @8) < 15 Negoo| A0 g7 8 < 1800

for any ¢, x, y € [a,b].
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On using (3.1) we have

b
(3.11) ‘bi/ FO)dt— (1= X) ] (@)~ M )

1 b 1 b
<=V [ ey @nieaz [ =dvy o
I ,
< =N [ =15 Vo]

1 b ,
a5 [ =17 Iyt = Ca2n)

for any x, y € [a,b] and X € [0,1].

Since
17 0]+ (171 00] < 18 gy For any . 9 € a8,
then
b (b—z)*+ (z —a)’
o [ o= altt = E=D 2=y
1 a+b
- [4 o=+ (o= ) 15
and

£ W a,61.0

b
1 a+b
[ =t 17y ]t < [4 -+ (u- )
a

for any z, y € [a, b].
Therefore

C(z,y) < (1—)\)ﬁ [i(b—a)M(x “*b)

1 1 2 a+b

1 W a,61,00

117,00

1 —apb\”
+ A 4+< b_; > ||f/||[a7b],oo(b_a)
_atb? _atp)?
:[411+(1_)\)<xb—2 ) +>\<yl)>]||f”[ab] (b—a),

for any z, y € [a,b] and A € [0, 1], which proves the last part of (3.8).
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Remark 3. With the assumptions of Theorem 1, we have the midpoint inequality

(3.12) ‘bla/abf(t)dt—f(“;b)‘ < bla/ab

a+b

t—
2

17 g

Lo
< Z ||f ||[a,b],oo (b - (L) :
We have:
Theorem 2. Let f : [a,b] — C be an absolutely continuous function on [a,b]. If
1

f € Lyla,b], withp > 1 and%—I—% =1, then for any x, y € [a,b] and A € [0,1] we
have

b
(313) ‘bi/ F@)dt = (1= X) ] @)=\ )

I I
< (1—>\)m/ [t —x[vpp (x,t)dt+/\m/ ly —tlvpp (y,t)dt

where

1 1/p
0<vp,(zt):= (/ If' (1= s)z+st)]” ds) , and z, t € [a,b].
0

In particular, we have the A-weighted trapezoid inequality

b
(314) |bi/ F(E)dt— (1= X) f (a) = A ()

I I
S(l*)\)m/ |t7a|1/f/7p(a,t)dt+>\m/ |b7t|1/f/7p(b,t)dt

for any X\ € [0,1] and the Ostrowski’s type inequality

b b
(3.15) ﬁ/ Ft)dt— () gﬁ/ lt— vy (2,0) dt

for any x € [a,b].

Proof. For p > 1 we have

/01 |f' (1= 5)z+st)|ds < < 01 (1 — 3)Z+st)|pds>1/p

for any z, t € [a,b].
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From (3.6) we obtain

b
/f(t)dt*(lfk)f(w)*Af(y)

1
316) 3=, |

)\)b_la/ab|tx| </01|f’((1s)x+st)|ds)dt

+Af/b|y—t| (/1|f’((1—5)t+sy)d8>dt

1/p
/|t:c|</ I (( :c+st)|pds> dt

1/p
+)\bla/a,|y_t|(/o |f/((1—5)y+st)pds> gt

1 b
*)\)m/‘tfx“/f’, xtdt+)\7/|y t|1/f/ y’)

for any z, y € [a,b] and X € [0,1].
This proves the desired result (3.13).

Corollary 3. With the assumptions of Theorem 2, we have

b
a0 |7 [ F0d-1-N - M@

—A)l/bu—xﬁ/q /t|f'<7>|pdT
b—a J, -

1 b Y t 1/p
A— t— 1 ! Pd
e Lo\ s erar

dt
1/ la.5).
~ (/g+1)(b-a)

1/p
dt

<{1=N 0= +@=a) | A [0 -V + (-

for any x, y € [a,b] and A € [0,1].
In particular, we have the A-weighted trapezoid inequality

b
G18) [ [ F@d-1-Nf@)-rf0)

<(1-)) bia/ab(t—a)l/q </at|f’(q—)|1’d7>1/pdt

+A

1/l oy

1 b 1/q b ! P v [a,b],
e A (/ 1! d7> e

a)l/qul] }

(b—a)
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for any X\ € [0,1] and the Ostrowski’s type inequality

< 1 /b|t—:1c|1/q
“b—al/,

1/l a1,
~ (/g+1)(b—a)

1/p

(3.19) dt

b
[ fwd- 1@

[

[(b _ x)l/q-H +(z— a)l/q-&-l}

for any x € [a,b].

Proof. If z # t, we have

1 t
[ =gz rmpa= = [ir@pre

which implies that

£+ (/ (- s>z+st>|pds)1/p

1/p
It — 2|77

[irora

1/p
|t — 2|/

/ P ar

Therefore

1/p

1 1 t
/ (1= 8) 2+ st ds < [t — 2|/ / () dr
0 z

for any t, z € [a,b].
By utilising (3.16) we get

b
o [ FOd - -0 @) =)

s(l—A)b_la/abu—ﬂ (/Ollf’((l—S)erst)ldS)dt
+Ab_1a/ab|y—t| (Al|f’<<1—s>t+sy>ds)dt
ca-xy2 [er| [ e "

dt
1 b 1
py——
+ bﬁg/@l yl

for any z, y € [a,b] and X € [0,1].
This proves the first inequality in (3.17).

Since
t t
(NP dr (NP dr
Llf()l /ylf()l

1/p
dt =: Dy (x,y)

/y P ar

1/p

)

1/p
< NF s
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for any t, x € [a,b] and
/ " l/q gt (b— )1/q+1 +(z— a>1/q+1
1/g+1 ’

1
/|t Jag = =9+ =
1/g+1 ’

then

(g +1) (b~ a)
(b= + (v - a)”ﬂ

b 1/q+1 N\ 1/g+1
D(x,y)guA)llf’ll[a,b],p[( #)  tlw-a) 1

+)\Hf/||[a,b],p [ (1/q+1) (b—(l)
1" 0,51, 1/q q+1
3 [(1—)\) [(b—x) /et 4 (z— )Y +}

OEDIE
A=) (- )]

for any z, y € [a,b] and X € [0,1].
This proves the last part of (3.17). O

Remark 4. With the assumptions of Theorem 2, we have the midpoint inequality

b
(3.20) /f £) di — <“+ )‘
1/p
1 b CL+b1/q t , »
< - dar| dt
S [l

1" a1,

_ )/
—2Ya(1/q+1) (b—a)".

4. Two POINTS INEQUALITIES FOR DOUBLE INTEGRAL MEAN
We also have:

Theorem 3. Let f : [a,b] — C be an absolutely continuous function on [a,b]. Then
for any z, y € [a,b] and X € [0, 1] we have

o // (M52 dudo (1= £ 2) = 27 )
<(1—A)(b_a)2/ab/ab yf,<x,“;“)dudv

+)\ vy (y,u;v)dudv

(4.1)

U+ v
-

(b—a)2 a

where, as above,

1
0 <wvy(z,1t) ::/ If' (1 —s)z+st)|ds, and z, t € [a,b].
0
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In particular, we have the A\-weighted trapezoid inequality

e // <u+v>dudv—(l—)\)f(a)_)\f(b)
<(1—)\)(b_az/ /b<u+v—a>uf/(a,ugv)dudv
A (b—a)? //( U+U>Vf’(b,u;rv)dudv

for any X\ € [0,1] and the Ostrowski’s type inequality

s <>

(4.2)

u—l—v

— T

I/f/( —2|— )ddv

for any x € [a,b].

Proof. From Lemma 1 we have

a0 (50) =N @+ )

(1= ) (“;”—x> /Olf’ ((1—s)x+su;v>d5
) [ 0ma ea)e

for any z, y, u, v € [a,b] and X € [0,1].
Taking the double integral mean in (4.4) we have

i // (“57) duto == 1 @)+ 77 )
+<1—»7// () ([ (ot
kL) (o (om0t

for any z, y € [a,b] and X € [0,1].

v ) ds) dudv

+ sy) ds) dudv
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This implies that

// (M) dudo (1= £ 2) - 27 )

(4.5)

1
g(l—)\)iz// u+v—x’/f’((1—s)x+su+v>ds dudv
(b_a) a Ja 0
b 1
+ y_quv /f’((l—s)u+v+sy>ds dudv
(b—a) a Ja 0
1 bopb 1
S(l—)\)ﬁ// u—l—v_x/ f’((l—s)x—l—su—’_q])‘dsdudv
b—a) 0
1
+A b u+v/ f'<(1 )u2+v+5y> dsdudv
—a)
=(1-X) 0 // u—i—v_xyf,( >dsdudv
—a)
y— z/f/ (y, U;—U) dudv
for any z, y € [a,b] and X € [0,1]. O

Remark 5. We observe that for any bound M (-,-) for the function vy (-,-) on the
square [a,b]2 one can obtain the corresponding two point Ostrowski inequality

(b_1)2/ab/abf(u;rv>dudv—(l—A)f(w)—Af(w
g(l—A)(b_laz/b/b u+U—x’M(x,u+v>dudv

(y, Y ;— U) dudv

(4.6)

u+v

for any z, y € [a,b] and A € [0,1].

In the following, we give only a few examples of such inequalities. The interested
reader may obtain many more by choosing other bounds for the function v (-,-)
on the square [a,b]” .
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Corollary 4. Let f : [a,b] — C be an absolutely continuous function on [a,b].
Assume that ' € Lo [a,b], then for any x, y € [a,b] and X\ € [0,1] we have

w0 | [ () -0 w50 -3
<<1—A>(b_a)2/:/ab U =l 1 g e
g [ = 1 g | v
< sy [(b—x)g ~2fo- 45 r (x—af'] T

2 b3
et +<ya>3] oo

3
JFW)\ [(by) 2‘2/2

In particular, we have the A-weighted trapezoid inequality
1 borb U+ v
2//f( )dudv—(l—/\)f(a)—)\f(b)
(b—a) a a 2
1 bt futo
<(1-A)—— — ! wtw
=0 (b—aQ/a/a ( 2 a) 17, 21 0 Ao
H1/17/1) e dudv < 3 10,00 (0 0)
oo o . g e Q00 S 51 e (0

for any X € [0,1] and the refinement of Ostrowski inequality

(4.8)

S e // (u+v>dudv—f(x)
T // L H|f| g | dude
<3(b%t)2[(bx) 2‘ a;b + (z — )]||f||[ab]7

for any x € [a,b].

Remark 6. With the assumption of Theorem 3, we have the midpoint inequality

o [ (e (457)
S(b_a)z/a/a

Further, we have:

(4.10)

u+v a-+b

| ]||f’||[a7+b,m | dud

(b—a)’

la,b],00

GB\H
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Theorem 4. Let f : [a,b] — C be an absolutely continuous function on [a,b]. If
f € Lyla,b], withp>1 and%Jr% =1, then for any x, y € [a,b] and X € [0, 1] we
have

(4.11)

(b_la)z/ab/abf(“‘2“’)dudv—(l—A)f(x)—Af(y)
S(l_A)(b_la)?/ab/ab “;“ uf,,p<x,“‘;”>dudv

1 borb u+v
>\ - ’ _— dd
- (b—a)2/a/a Vf*’(y’ 2 ) e

— T

u—+v
2

y —

where, as above,

1 1/p
0<vp,(zt):= (/ If ((1— s)z+st)|pds> , and z, t € [a,b].
0

In particular, we have the A-weighted trapezoid inequality

(4.12) ‘(b_la)z/ab/abf<u—2H}>dudv—(l—)\)f(a)—)\f(b)

1 borb u—+v u—+v
<(1-X //( —a)y/ <a,)dudv
( )(b—a)2 W o 2 f'.p 2
1 bob u+v U+ v
+)\7// <b )1// (b,)dudv
(b—a)z W o 9 frp 9

for any A € [0,1] and the Ostrowski’s type inequality
1 bt fu+t v)
o dudv — f (x
(b—a)2/a/af< 2 /@)
1 b b
<
T (b—a)’ /a /a

(4.13)

U+
2

v
— T

Vg (az, U;—U) dudv

for any x € [a,b].

Proof. For p > 1 we have the inequality

Flrlomose (5= (]

for any z, x, y € [a,b].

p 1/p
ds>

oo (439
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From (4.5) we have

o [ (M) a0 -0 @ -

b 1
S(lf)\)ﬁ// u+v—:r/ f’((ls)x+su+v) dsdudv
_ CL 0 2
+A U—H) / f’((l—s)u+v+sy> dsdudv
b— a 0
1 p 1/p
§(17)\)72// u+vx‘</ f’{(ls)z+s<u+v>} ds) dsdudv
b—a 2 0 2
1 p 1/p
+A u+v (/ Vi [(l—s)y—&—s(u—i—v)} ds> dsdudv
b— Cl 0 2
=: E, (:E?y)
which proves (4.11). O
Corollary 5. With the assumptions of Theorem 4, we have
U+ v
(4.14) 0 / / < >dudv(1/\)f(z))\f (y)
/a x 1/p
<(1- “+” / 1 ()P dr|  dudv
b—a uiy
1/q y 1/p
u—l—v / If (D))" dr|  dudv
4

[a,b],p

+(z— CL)1/<1+2‘|

1/q+2

(1/q+1) (1/g+2)(b—a)
x {(1—)\) [(b—x)l/q“—z'x— ath

1/q+2

2

a+b

A
- 2

(b—y)"**? —2‘31—

+(y— a)l/q”]

for any z, y € |a,b] and X € [0,1].
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In particular, we have the A-weighted trapezoid inequality

) o / / <u+v>dudv(1/\)f(a)/\f(b)
1/p
1 bl 4y /q| pa
<1—)\//( —a) / (P drl  dudv
( >(b_a)2a (55 L@
1/q y 1/p
+A / / < u—i—v) / If (D[P dr|  dudv
b — a uT+v
< 2l/atl —1 (b— a)/e
S (i g+ D) (/g +2) e
for any X € [0,1] and the Ostrowski’s type inequality
(4.16) 0 / / <u+v>dudv—f(x)
1/q 1/p
4 + Y / If (1)[Pdr|  dudv

(1/q +1) (1/q +2)(b—a)’

a+b|M1t?
X [(b—x)l/qJr2 —Q‘m— 5 +($—a)1/Q+2 ||f/||[a7b],p

for any x € [a,b].

Proof. For p > 1 we have

flrfemne(52)]

1
Ny
0

for any z, u, v € [a,b].

Now, suppose that z # %52, Then

/01 f’{us)zﬂ(“;”)]

P 1/p
ds>

oo (259

p -1,z
ds_<zu+v) / 1 () dr
2 e

—1 >
utv / () dr

2 +v
2

z —

namely

(e fe=neee(57)]

—1/p 1/p

pds Up— Z_u—i—v
N 2

[ wera

utv
2
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This implies that

1 p 1/p
z—u_Hj (/ f! {(1—s)z+s(u+v)] d5>
2 ; 2
1-1/p| pz 1/p 1q| n= 1/p
U+ v U+ v
|- F L I A I TR
ufe afe

for any z, u, v € [a,b].
Using the notation from the proof of Theorem 4, we get

’LL + v 1/q x 1/p
E) (z,y) < (1- mpey: /u+ If (1P dr|  dudv
=
1/p
/q Y
+ A u—l—v / lf ()P dr|  dudv,
(b—a)’ ufe
which proves the first inequality in (4.14).
Since
. 1/p v 1/p
Lor@ral [ ir@ral <irl,
e =
for any z, y, u, v € [a,b], then
1/q x 1/p
- + ! / If (D" dr|  dudv
utv
2
1/q
u + v
<N o, dudv
e 1) (1/q+2)
b 1/q+2
<1 [(b— R e
and
1/q | ry 1/p
u+v / If (1)[Pdr|  dudv
utv
2

(1/q + 1) (1/q+2) 1 Va1

b 1/q+2
x [(b—y)l/q”—?’y— %

+ (- a)l/q“]

for any z, y € [a, b].
This proves the last part of (4.14). O
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Remark 7. With the assumption of Theorem 4, we have

(4.17) (b_la)z/ab/abf<“‘;”)dudv—f<“;b>

(1]
2]

(3]

(4]

(5]

[15]
[16]

[17]

18]

1/q| paft p
/ lf (1P dr|  dudv

utv
2

a+b u-+w
2 2

g (bla)2 /ab /ab

1
= T (g + 1) (g +2)

=) Ny -
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