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FURTHER INEQUALITIES FOR TRIGONOMETRICALLY
p-CONVEX FUNCTIONS AND APPLICATIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some new inequalities for trigonometri-
cally p-convex functions. Applications for discrete inequalities of Jensen’s type
are also provided.

1. INTRODUCTION

Let I be a finite or infinite open interval of real numbers and p > 0.

In the following we present the basic definitions and results concerning the class
of trigonometrically p-convex function, see for example [13], [14] and [3], [5], [6],
[12], [15], [17] and [18].

Following [1], we say that a function f : I — R is trigonometrically p-convex on
I'if for any closed subinterval [a, b] of I with 0 <b —a < 7 we have

sinp (b — ) sinp (@ — a)]
(L1) @) < Sl @)+ L= )
for all z € [a,b] .
If the inequality (1.1) holds with ” > 7, then the function will be called trigono-
metrically p-concave on I.
Geometrically speaking, this means that the graph of f on [a,b] lies nowhere
above the p-trigonometric function determined by the equation

H (z) = H (x;a,b, f) := Acos(pz) + Bsin (pz)

where A and B are chosen such that H (a) = f (a) and H (b) = f (b).
If we take x = (1 —t)a +tb € [a,b], t € [0,1], then the condition (1.1) becomes

sin[p (1 —1t) (b—a)]
sin [p (b — a)]

sin [pt (b — a)]

(1.2) F(1=t)a+tb) < sin[p(b—a)]

fla) + f(®)
for any t € [0,1].
We have the following properties of trigonometrically p-convex on I, [1].

(i) A trigonometrically p-convex function f : I — R has finite right and left
derivatives f! (x) and f’ () at every point x € I and f’ (x) < f} (x). The
function f is differentiable on I with the exception of an at most countable
set.
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(ii) A necessary and sufficient condition for the function f : I — R to be
trigonometrically p-convex function on I is that it satisfies the gradient
inequality

(1.3) fy) = f(z)cosp(y — )] + Ky psin[p(y — 2)]

for any z, y € I where K, 5 € [f_ (z), f, ()] . If f is differentiable at the
point = then K, r = f' ().

(iii) A necessary and sufficient condition for the function f to be a trigonomet-
rically p-convex in I, is that the function

w(x)=f’(:c)+/)2/mf(t)dt

is nondecreasing on I, where a € 1.

(iv) Let f : I — R be a two times continuously differentiable function on I.
Then f is trigonometrically p-convex on I if and only if for all z € I we
have

(1.4) F" (@) + p2f (@) = 0.

For other properties of trigonometrically p-convex functions, see [1].

As general examples of trigonometrically p-convex functions we can give the
indicator function

6
hr (0) := lim sup M, € (a,8),

r—00 T
where F' is an entire function of order p € (0,00) .

fo<pg—-—ax< %, then, it was shown in 1908 by Phragmén and Lindelsf, see
[13], that hp is trigonometrically p-convex on (a, ) .

Using the condition (1.4) one can also observe that any nonnegative twice dif-
ferentiable and convex function on [ is also trigonometrically p-convex on I for any
p>0.

There exists also concave functions on an interval that are trigonometrically
p-convex on that interval for some p > 0.

Consider for example f (z) = cosx on the interval [fg, g] , then

" (z)+ p*f (z) = —cosz + p®cosz = (p* — 1) cosz,

which shows that it is trigonometrically p-convex on the interval [—g, g] for all
p > 1 and trigonometrically p-concave for p € (0,1).

Consider the function f : (0,00) — (0,00), f(z) = 2P with p € R\ {0}. If
p € (—00,0)U[1, 00) the function is convex and therefore trigonometrically p-convex
for any p > 0. If p € (0,1) then the function is concave and

1_
f" (@) + p*f () = p*a? —p (1 —p)aP™? = p*aP~? (w2 — p(2p)> , 2> 0.
p
This shows that for p € (0,1) and p > 0 the function f (x) = a? is trigonometrically

p-convex on (% p(1—p), oo) and trigonometrically p-concave on (0, %\/p (1- p)) .
Consider the concave function f : (0,00) — R, f (z) = Inz. We observe that

9() = [ (@) + 77 f (@0) = Iz — 5, 2 >0
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We have ¢’ (z) = 2‘:?# > 0 for > 0 and lim,_,o4 g (z) = —o0, lim,; o0 g () =
oo, showing that the function g is strictly increasing on (0,00) and the equation
g () = 0 has a unique solution. Therefore g (z) < 0 for z € (0,z,) and g (z) > 0
for x € (x,,00), where z, is the unique solution of the equation Inz = . We
observe that =, > 1.

In conclusion, if p > 0, then the function f(z) = Inz is trigonometrically p-
concave on (0,z,) and trigonometrically p-convex on (x,,c0).

The following Hermite-Hadamard type inequality that was obtained in 2013 in
[2].

272

Theorem 1. Assume that the function f: I — R is trigonometrically p-convex on
I. Then for anya,be I with0<b—a< E we have

(1.5) f(a—'—b)sin{ b_a] /f yiw < 1O F f()an[p(b;a)].

The inequality (1.5) for p = 1 was obtained in 2004 by M. Bessenyei in his
Ph.D. Thesis [4, Corollary 2.13] in the context of Chebyshev system (cos, sin) . For
a simpler proof than provided in [2] and the following related results, see [11]:

Theorem 2. Assume that the function f: I — R is trigonometrically p-convex on
I. Then for any a, b€ I with0<b—a < % we have

(1.6) f(a;b> < x) sec {p(m—a;bﬂ dxgw
and

(1.7) ;{b—a—l—;sin[p(b—a)]} <“+b> /f COS{ (x_a—kb)}

b o0 =)0+
= 2cos{ (bpa)}

Motivated by the above results, in this paper we establish some new inequalities
for trigonometrically p-convex functions. Applications for discrete inequalities of
Jensen’s type are also provided.

2. ONE VARIABLE INEQUALITIES
The following upper and lower bounds for the function f holds:

Theorem 3. Let f : I — R be a twice differentiable and p-trigonometrically convex
function on I and [a,b] C I with 0 <b—a < Z. Then for any x € [a,b] we have

@) J@+I @ -0 - [ -7 0

< f(x)

(:ca)/:f(s)dw/j(ta)f(t)dt]

< f@)+f () (@ —a)+p°
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and
b

@2)faa—ﬂwww—wruf/<x—wfwdt

x

< f(x)

< f(6) = fi(a) (b—=)+p°

T b
(b—x)/ f(s)ds+/ (b—t)f(t)dt].

Proof. Let [a,b] C I and ¢ € [a,b]. Assume that f is differentiable at ¢ (and this
happens in all the points of [a, b] except at most a countable number of them, see
(ii)). Using the monotonicity property from Introduction, (iii) we get that

t
f@+ﬁ/f®%2ﬁ@%
which is equivalent to
f@Zf@—f/f@%

for ¢ € [a,b] with the above property.
Using the monotonicity property from (iii) we also get that

t
FOzrw+e [ e
b
which is equivalent to
b
Fo+ [ Fe)dsz 1,
t

for ¢ € [a,b] with the above property.
Therefore we have the following upper and lower bounds for the derivative

t b
(2.3) ﬁ@—ﬁ/f@®§f@§ﬂ@+ﬁ[f@®

for t € [a, b] with the above property.
Let x € [a,b] and integrate the inequality (2.3) over ¢ on [a, x| to get

e sf@e-a-p [ ([1ow)as<r@-rw

SfLwa—@+¢ﬂlm<[5ﬂ@dgdt

Integrating by parts, we have

Lz(lvwﬁw)ﬁ=w :f@wmx

—/mtf(t)dt
=z wf(s)dsf/$tf(t)dt:/z(mft)f(t)dt

a
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/: (/tbf(s)d(S)dt:/:‘ (/(lbf(s)ds—/(ltf(s)dt?)dt
:(x—a)/abf(s)ds—/:(x_t)f(t)dt

(2.5) fi(a)(w—a)—pQ/w(w—t)f(t)dtéf(rv)—f(a)

and

and by (2.4) we get

b T
<SSO+ [ feds-p [ @0
PO a0 ama) [Fod

m—a/f ds—p / (x—1t) f(t)dt

= (b)(z—a)+p*( /f ds—l—p/ (t—a) f(t)dt,

for any x € [a,b], which proves (2.1).
Let x € [a,b] and integrate the inequality (2.3) over ¢ on [z, b] to get

(2.6 fi(a)(b—x)—pQ/:(/atf(s)ds>dt§f(b)—f(x)

<o W/(/f )

for any x € [a,b].
Integrating by parts, we have

/:(/:f(s)ds)dt:t/atf(s)dsi—/:tf(t)dt
:b/abf(s)ds—m/azf(s)ds—/:tf(t)dt
b/;f(s)derb/:f(s)ds:p/:f(s)ds/:tf(t)dt

T b
~0-o) [ 1@+ [ e-0r0w

[ ([ row)o- | ([ roe- [ e}
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and by (2.6) we get
x b
f@O-0-p0-2) [ fods-p [ 0-0f@d

b
SEO-F@ < OG-0+ [ (-0 f @
for any x € [a,b], which is equivalent to the desired result (2.1). O
Remark 1. If we take in (2.1) and (2.2) v = “E, then we get

a+b

en f@+ i@ [ (S ra
<f<a—2&—b)

B b
£l (b) + 9 bza/ﬂf(s)dw/

a+b
2

b—a

< fla)+ 5

(t—a) f(t) dt]

b—

a b—a
514 (@) + 7

< fb) -

If in (2.1) we put instead of a, “TH’, then we get for x € [GT“’,b] that

e () () (o= 50) -2 [ - nr@a
< f(z) 2

Sf(a;—b>+f’_(b) (m—“;b>

<x—“;b> Lbf(s)ds+/; <t—a;b>f(t)dt].

If in (2.2) we put instead of b, “Eb. then we get for x € [a, “TH’] that
b

+ p?

7 T2

+

(2.10) f(a;b> — 7 (a;b) <a;b—x) +p2/;2 (z —t) f () dt
< f(=) |

§f<a—2|—b> —f;(a)(a;rb—a:>
(a;bx> /;f(s)dw/fb <a;rbt>f(t)dt].

+p2
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Corollary 1. With the assumptions of Theorem 3 and for \ € [0,1] we have

(211) (1—=X) fi(a)(z—a) = Af_(b) (b—x)
b T
)\/ (xft)f(t)dtf(lfA)/ (xt)f(t)dt]

+ p?

<f@) =1 =A) f(a) =Af(b)

<@ =NfL0) (@ —a)= A (a) (b-2)

(1= [x—a/f ds+/ t—a)f(t)dt]
o-a) [ f(s)ds+/:(b—t)f(t)dt]

+ \p?

for any = € [a,b] .
In particular, for A = %, we get

(212) 5 [f%(a) (z—a) ~ £ () (b~ )]

b x
+3r V (ac—t)f(t)dt—/a (x—t)f(t)dt]

fL () (x —a) = £} (a) (b0 — )]

<
% [z—a/f ds—|—/ t—a)f(t)dt]
2 <b—x>/a f(s)ds+/:<b—t>f<t>dt]

l\.’)M—l

for any x € [a,b].

3. TwO VARIABLE INEQUALITIES

In this section we provide a double inequality for two independent variables that
can be used to obtain Jensen’s type inequalities:
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Theorem 4. Let f : I — R be a twice differentiable and p-trigonometrically convex
function on I and [a,b] C I with0 <b—a < % Then for any x, y € (a,b) we have

x

(3.1) <x—y>f’<x>+p2(/ay<y—t>f<t>dt+L (t—y)f(t)dt)

> f(z)— f(y)

Y

>t - ([ wonroar [fo-os@).

Proof. Since f is p-trigonometrically convex function on I then by property (iii)
from Introduction, we have that f’+ p? fa f is increasing and therefore the function

r@= [ [rwes [ 1]

is convex on [a, b].
Integrating by parts, we have

for any z € [a,}].
Similarly,

for any y € [a, b] .
Also,

for y € [a,b).
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Since F is convex, then for any z, y € (a,b) we have

0< F(z)—F(y)— (z—y) Fi (y)
f@ -ttt [ @i [ i
~t@+f@ -y [ @ ds e [Cis @y
e (o [ 1)
1@ - FW) @D W)+ [ @00
+p2/ay[t—y—(w—y)]f(t)dt
—F@) - f - @ 0+ [ -0 s
+p2/ay(tx)f(t)dt.

In a similar manner, we get

Y

F@)—f@) <(@—y) f (mpz/

a

w-f@dis [ =i
which proves the first inequality in (3.1). O

Remark 2. If we take y = %2 in (3.1), then we get

2
(3.2) <as - “;b> (@)

L R (L

for any z € (a,b).

(t—x) f(t) dt)

4. APPLICATIONS FOR JENSEN’S DISCRETE INEQUALITIES

Let f : I — R be a twice differentiable and p-trigonometrically convex function
on I and [a,0] C I with 0 < b—a < 7. Assume that x; € [a,0], p; > 0 for
i€{l,..,n} with 1" p; =1 and let z, := >_"" | p;&; € [a,b], then by (2.1) and
(2.2) on replacing « with z;, multiplying with p; > 0 and summing over i € {1,...,n}
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and

(42) f)—f () —xp+p2zpz/ (s — ) £ (t) dt

<Y pif (w)
i—1

< f(6) = fi(a) (b—zp)
2Zpi(b— /f derZpl/ b—t) )dt].

From (2.11) we get in a similar way

(43)  (1=X) fi(a) (@p —a) = AfL(0) (b—p)

)\sz/ =t f Zp,/ i—1) f(t)dt]

< Zpif (@) = (L= A) f(a) = Af (b)
i=1

<@ =X)L (0) (@ —a) = Af (a) (b— )

Zpl Z—a/f ds—i—Zpl/ (t—a)f (t)dt]
;Pi(b— /f d8+2p1/ b—t)f )dt]

+ \p?

for any A € [0,1].
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In particular, for A = %, we get

(44) 5 [f4 (@) (@ —a) = [ (0) (0 — 7))

n b n T
3/ [Zp | wnsai- E_Jp/ (i = 1) £ (1 dt]

1
2

<3 ns ey - OO
<50 @ -0 - £ @ b-)
+ %pz > pilwi—a) [ f(s)ds+ ) pi /w (t—a)f(t) dt}
=1 Ti =1 a
n T; n b
+ 50 [Zpt (b—zi) [ f(s) ds+Zpi/ (b—1) f(1) dt] :

From (3.2) we also have

n

45 S p (u - “;b> ()

i=1

a+b

+ 2 (/; (a;b—t>f(t)dt+i:pi/ji (t—a;—b>f(t)dt>

Further, on replacing in (3.1) y by Z,, by z;, multiplying with p; > 0 and
summing over i € {1,...,n}, we get the following Jensen’s type discrete inequality
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(4.6) sz (x5 — Tp) fL ()
4 p? - i wi(t—fp)f(t)dt— zp(t—gfp)f(t)dt
p ;p /u /a

Tp

> (Xon [ C-wyswa- [Te-w)rwa

a

Under the above assumptions for a, b, consider the function

g (x) ::/x(t—x)f(t)dt:/xtf(t)dt—x/xf(t)dt.
Then .
g @ == [ fOdtand g’ (@) =~f (@), o€ lab).

So, if f (z) <0, x € [a,b], then g is convex and by Jensen’s inequality for g we have
Zpi/ (t— ) f (£ dt > / (t—2,) f(£)dt
i=1 @ @
where z; € [a,b], p; >0 for i € {1,...,n} with >, p; = 1.
In conclusion, if f : I — R is a twice differentiable and p-trigonometrically
convex function on I and [a,b] C I with 0 <b—a < % and f(z) <0, z € [a, ],
then we have the refinement of Jensen’s inequality

(4.7) Zpif(xi) — f(zp)

s (S [ wyswar— [T 6w ) >0
p ;p/a /a

where z; € [a,b], p; > 0 for i € {1,...,n} with >_"" ; p; = 1.
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