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INEQUALITIES AND APPROXIMATIONS FOR THE FINITE
HILBERT TRANSFORM: A SURVEY OF RECENT RESULTS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we survey some recent results due to the author con-
cerning various inequalities and approximations for the finite Hilbert transform
of a function belonging to several classes of functions, such as: Lipschitzian,
monotonic, convex or with the derivative of bounded variation or absolutely
continuous. More accurate estimates in the case that the higher order deriva-
tives are absolutely continuous, are also provided. Some quadrature rules with
error bounds are derived. They can be used in the numerical integration of
the finite Hilbert transform and, due to the explicit form of the error bounds,
enable the user to predict a priory the accuracy.

1. INTRODUCTION

Let @ = (—1,1) where 1 < p < o0, the usual £P-space with respect to the
Lebesgue measure A restricted to the open interval 2 will be denoted by £ (Q2).

We define a linear operator T (see [24]) from the vector space £! () into the
vector space of all A-measurable functions on Q as follows. Let f € £!(Q). The
Cauchy principal value

1 t—e 1
(1.1) lPv/ IO 4 i [/ +/ } AR
™ 4 T—t e—0+ | J_q tpel (T —1)
exists for A-almost every ¢ € €.

We denote the left-hand side of (1.1) by (T'f) (t) for each t € Q for which (T'f) (¢)
exists. The so-defined function T'f, which we call the finite Hilbert Transform of
f, is defined A-almost everywhere on  and is A-measurable; (see for example [2,
Theorem 8.1.5]). The resulting linear operator T will be called the finite Hilbert
transform operator or Cauchy kernel operator.

It is known that £' () is not invariant under T, namely, T (£' (Q)) ¢ £' (Q)
[19, Proof of Theorem 1 (b)].

The following basic results are well known and their proofs may be found in
Propositions 8.1.9 and 8.2.1 of [2] respectively.

Theorem 1 (M. Riesz). Let 1 < p < oco. Then T (£P () C £ (Q) and the linear
operator
T,:f—=Tf, fetl(Q)

on £P (Q) is continuous.
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2 S.S. DRAGOMIR

Theorem 2 (Parseval). Let 1 <p < oo and ¢ = ;5. Then

(1.2) / (fTg+ gTf)dr=0

-1

for every f € £° () and g € £7(Q).
We introduce the following definition.

Definition 1. A function f : Q — C is said to be a-Hélder continuous (0 < o < 1)
in a subinterval Qo of Q if there exists a constant ¢ > 0, dependent upon Qq, such
that

(L3) F(s) = F@] <ecls—*, s, te

A function on 2 is said to be locally a-Hdélder continuous if it is a-Holder con-
tinuous in every compact subinterval of 2. We denote by H}} . (Q2) the space of all
locally a—Holder continuous functions on 2.

The class of Holder continuous functions on {2 is independent because the finite
Hilbert transform of such a function exists everywhere on  (see [18, Section 3.2]
or [23, Lemma II.1.1]).

This is in contrast to the A-almost everywhere existence of the finite Hilbert
transform of functions in £! ().

There are continuous functions f € £!(Q2) such that (Tf) (t) does not exist at
some point ¢ € Q. An example is given by the function f defined by (see [24])

0 if —1<t<0,
f@)=
s i 0<t<L

It readily follows that (T'f) (0) does not exist.
In paper [24] it is proved amongst others the following result.

Theorem 3 (Okada-Elliot, 1994). The space £° (Q) N H. () is invariant under
the finite Hilbert transform operator T and the restriction of T to that space is
continuous whenever 1 < p < oo. This, however, is not true when p = 1.

Allover this paper, we consider the finite Hilbert transform on the open interval
(a,b) defined by

(Tf) (a,b;t) : PV/ G dr = lim l/ /:

for t € (a,b) and for various classes of functions f for which the above Cauchy
principal value integral exists.

For several recent papers devoted to inequalities for the finite Hilbert transform
(Tf), see [20], [21], [22], [25] and [26].

In this paper we survey some recent results due to the author concerning various
inequalities and approximations for the finite Hilbert transform of a function be-
longing to several classes of functions, such as: Lipschitzian, monotonic, convex or
with the derivative of bounded variation or absolutely continuous. More accurate
estimates in the case that the higher order derivatives are absolutely continuous,
are also provided. Some quadrature rules with error bounds are derived. They can
be used in the numerical integration of the finite Hilbert transform and, due to the
explicit form of the error bounds, enable the user to predict a priory the accuracy.

m (T —1)
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2. INEQUALITIES FOR SOME CLASSES OF FUNCTIONS
2.1. Some Estimates for a-Hoélder Continuous Mappings. We say that the
function f : [a,b] — R is a-H-Holder continuous on (a, b), if
(2.1) lf(t)—f(s)| < HIt—s|" forallt, s€ (a,b),
where o € (0,1], H > 0.
The following theorem holds.

Theorem 4 (Dragomir et al., 2001 [3]). If f : [a,b] — R is a-H-Hélder continuous
n (a,b), then we have the estimate

I Y e | E LR

t—a am

for allt € (a,b).
Proof. As for the mapping f : (a,b) = R, f(t) =1, ¢ € (a,b), we have

b
(Tf) (a,b1) = 2PV / !

1 t== 1 b1
= — lim / dT+/ dr
mTe—0+| /), T—t tre T—1

_ 1 t—e b
= — lim [m\fftu +In(r t)|t+€}

dr
t

_! lim Ine—In(t—a)+1n(d—t) —Ine

T e—0+
:11n<b_t), t e (a,b).
0 t—a
Then, obviously
1
(TF) (a,bi ) = PV/ fO=fO+1®),,
T T—t
1 - b
:fPV/ G f(t)dr—i—f(t)PV/ dr
™ o T—1 s o T—1

from where we get the equality

_ bog(ry
2 @n@ey-n () < Lpy D S0,

for all t € (a,b).
By (2.3) and by the modulus properties, we have

T (a >mln(fj;)
PV/ fTT) f

— 1
7t| ™ a |T_t|

(2.4)

I A
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However,

b [ pt—e b
PV/ dTl—a = lim / dTl—a + / dTl—oc
a ‘T — t‘ e—0+ |/a (t — T) t+e (T — t)

S el Gk A Gl ]
e—0+ i o a (6] tte

~ lim [((t —a)® —e~ N (b—t)a—sa}
e—=0+ | &% [e%
(t—a)*+(b-1)"

= - )

Using (2.4), we get the first inequality in (2.2).

Consider the mapping ¢ () := (t —a)* + (b—1)*, a € (0,1], t € [a,b]. Then,
obviously
a [(b e a)H‘]
¢/ (t) = 1—a .

[(t—a) (b—1)]
We observe that ¢’ (t) = 0iff t = 22 and ¢' (£) > 0if ¢ € (a, %2) and ¢ (t) < 0 if
te (‘%rb, b), which shows that
a+b b—a\” —a o
mx o) =0 (250 ) =2(*5%) =200

and the last part of (2.2) is proved. O

The following two corollaries are natural.
Corollary 1. Let f : [a,b] — R be an L— Lipschitzian mapping on [a,b], i.e., f
satisfies the condition
(2.5) lf@&)—f(s)| <L|t—s| forallt,sé€][a,b]l, (L>0).
Then we have the inequality

(TF) (a,b3t) — ffr’f) hl(b—t)’ _Lib-a)

t—a m

(2.6)

for allt € (a,b).

Corollary 2. Let f : [a,b] — R be an absolutely continuous mapping on [a,b]. If
' € Ly [a,b], then, for allt € (a,b), we have

(Tf) (a,b;t) — ff:) In (bt>

t—a

< Il (b= a)

™

2.7)

)

where || f'|| , = essup,e(qp) [f (£)] < 0.
The following result also holds.

Corollary 3. Let f : [a,b] — R be an absolutely continuous mapping on [a,b] whose
derivative f' € Ly a,b], p € (1,00). Then for allt € (a,b) we have

et - L0 (221

(2.8) —

1

2p p=1
Gos 0T 70,

= 1 (GeTORE R G [ T P
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where, as is usually the case, ||f'[|, : (f lf @) dt) < 0.

Proof. As f is absolutely continuous on [a, b], we can state that

29 1w -rwi=|[ roa<|[ 7o |dt)

/ If ()" dt‘ : (by Holder’s inequality)

<

dt‘q

1 b % 1
<ly—al (/ If’(t)lpdt> =ly—z<[If],,

1,1 _
Wherep>1,5+a—1.

Thus, f is a-H-Holder continuous with a = % = % € (0,1) and H = [|f'||,,-

Applying Theorem 4 we get the desired result (2.8). O

The particular case for euclidean norms may be useful.

Corollary 4. If f is absolutely continuous on [a,b] and f' € Ly [a,b], then for all
€ (a,b) we have:

o et - L (321

t—a

(2.10)

22
<2 (Vimat Vi) Il < 22Ve—alrl,.
2.2. Some Results for Monotonic Functions. The following result holds.

Theorem 5 (Dragomir et al., 2001 [3]). Let f : [a,b] — R be a monotonic
nondecreasing (nonincreasing) function on [a,b]. If the finite Hilbert transform
(Tf) (a,b,-) exists in every t € (a,b), then

(2.11) T bt = () 11 0w (1)

t—a

for allt € (a,b).
Proof. Using the equality (2.3) we have

(2.12) (T) (a,b: £) — @m <bt)

t—a

_ ;_PV/bf(:)__{(t)dT

_ 1 VHf(r)—f(t)dT+ b f(T)—f(t)dTl'

T e—0+ T—1 the T—t

If we assume that f is nondecreasing, then for both 7 € [a,t — €] and 7 € [t + €, ]

we have
FE -0
T—1 -
which shows that the right side of (2.12) is positive and hence the inequality (2.11)
holds. O

The following result can be useful in practice.
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Corollary 5. Let f : [a,b] — R and e : [a,b] — R, e(t) = t such that f — me,
Me — f are monotonic nondecreasing, where m, M are given real numbers. If
(Tf) (a,b,-) exists in every point t € (a,b), then we have the inequality
b— 1 b—t b—a)M
L= < @b - 27 m (1= ) < O=2

7r T T

t—a

(2.13)

for allt € (a,b).

Proof. We simply apply Theorem 5 for the mappings f — me and Me — f which
are monotonic on |[a, b].
For example, for the first mapping f — me we get

(2.14) T(f—me)(a,b;t)z%[f(t)—mt]ln C’:z)
for all t € (a,b).
However,
T (f —me)(a,b;t) =T (f) (a,b;t) —mT (e) (a, b 1)
and as

1 i t—e b
T(e)(a,b;¢) = — lim / T th+/ T tdr]
T e— a T — t4e T —

1 t=e ¢ b t
= — lim / 14+ — dT—I—/ 1+ dr
T e—0+ | J, T—1 the T—1

1 t=e by
= — lim t—E—a—i—/ dT+b—t—€—|—/ dT]

T—1 t4e T—1

- %(b—a—i—tT(l) (a,b5t))

_b—a+tT (1) (abt) 1 {bwtln(btﬂ
T ™ t—a

then by (2.14) we get
T(f)(“’b?t)(ba)mmln(bt) > ;f(t)ln<bt) mtln(bt)

™ ™ t—a t—a ™ t—a

and the first inequality in (2.13) is obtained.
The second inequality goes likewise by applying Theorem 5 to the mapping
Me— f. O

Remark 1. If the mapping is differentiable on (a,b) the condition that f — me,
Me— f are monotonic nondecreasing is equivalent with the following more practical
condition

(2.15) m< f(t) <M forallte (a,b).
Remark 2. From (2.13) we may deduce the following approximation result
1 b—t M+m M—m
. ) — = - —a)| < —a).
(2.16) |(T'f) (a,b;t) 71_f (t) In (t — a) o (b—a)| < o (b—a)

for allt € (a,b).
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The above procedure for estimating the finite Hilbert transform can be extended
as follows.

Theorem 6 (Dragomir et al., 2001 [3]). Let f, g : [a,b] = R and v, T" € R be such
that f —~g, T'g — f are monotonic on [a,b]. If (Tf) (a,b,:) and (Tg) (a,b,-) exist
in every point t € (a,b), then we have the inequality:

2.17) VP@M%&@;mwm(b—v}

t—a

<@pnn-2rom (=)

t—a

<T {T(g) (a,b;t) — %9 ()l <f:2>]
for all t € (a,b).

Proof. As above, we apply Theorem 5 for the monotonic nondecreasing function
J =g to get

(2.18) T(f =) (0b0) = L0 =29 O] (=1 )

t—a

and as, by the linearity of T', we have

T(f —9)(a,b;t) =T (f) (a, b;t) =T (g) (a, b;1) ,
then, by (2.18) we obtain the first inequality in (2.17).
The second inequality goes likewise and we omit the details.

Remark 3. If we assume that the mappings f, g are differentiable on (a,b), ¢’ (t) >
0 on (a,b) and
"t "t
o PO o PO

= in , I'= )
te(a,b) g’ (t) te(ap) 9 (1)
then the inequality (2.17) holds.

2.3. Some Results for Convex Functions. Now, if we assume that the mapping
f :(a,b) = R is convex on (a,b), then it is locally Lipschitzian on (a,b) and then
the finite Hilbert transform of f exists in every point ¢ € (a,b).

The following result holds.

Theorem 7 (Dragomir et al., 2001 [3]). Let f : (a,b) — R be a convexr mapping
on (a,b). Then we have

(2.19) % {f () In (f‘é

<(Tf)(a,b;t)

% [f(t)ln (b_t> +f(b)—f(t)+l(t)(t—a)],

t—a
where 1(s) € [fL(s), [, (s)]. s € (a,b).
Proof. By the convexity of f we can state that for all a < ¢ < d < b we have

)+ EO-1@+100-1)

IN

(2.20) FA =1 5 g,

d—c
where [ (c) € [f_ (¢), f} ()]
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Using (2.20), we have

(2.21) /” A /MZ(T) dr

and

(2.22) b de/b L(t)dr=1(t)(b—t—e¢)
t4e T—1 t4e

and then, by adding (2.21) and (2.22), we get

. l /t‘ef(t)—f(f)dTJr ' f<¢>—f<t>dT]

t—T1 tre T—1

> lim [/tel(r)dr—i—l(t)(b—t—s)]
:/ L) dr+1(8) (b—1t) = F(8) — f(a) +1() (b—1)

Consequently, we have
b
PV/ wclrz F@&)=f(a)+1(t)(b—1)

and by the identity (2.3), we deduce the first inequality in (2.19).
Similarly, by the convexity of f we have fora <c<d<b

(2.23) 1(d) > fd) -1l

where 1 (d) € [f" (d), [} (d)].
Using (2.23) we may state

/:E f(tiii‘(ﬂ

dTg/tEl(t)dT—l(t)(tsa)

and
b b
(r)—f@)
. e dTS/t+€l(T)dT.

Now, in the same manner as that employed above, we may obtain the second part
of (2.19). |

Corollary 6. Let f : (a,b) — R be a differentiable convex function on (a,b). Then
we have the inequality

ez Llrom () r0-r@rwe-o)

<(Tf)(a,b; t)_
<Llrom (L) +ro - s+ 5 we-a)

t—a

for allt € (a,b).
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3. INEQUALITIES OF TRAPEZOID TYPE

3.1. Trapezoid Type Inequalities. The following theorem holds.

Theorem 8 (Dragomir et al., 2002 [4]). Let f : [a,b] — R be such that [’ : (a,b) —
R is absolutely continuous on (a,b). Then we have the bounds

(3.1) \T(f)(a,b;w—mln(b‘t)— L (10) — (@) + 1 (0) (b a)

T t—a o

f” —a2 a 2 y
170 [0 4 5 5)?], # 7€ Luolab]:
<0 A Te—w -0 i eyl
2m(g+1)
p>1, zl»+%:1;
L1, - a)

" b—a2
I @zel i pre L fa,b;
q+1
" b—a q
< q||pr(—9;7 if f"€Lylab],
2m(g+1) ¢
p>1, %-i— % =1;
1 1"
32 17y (b= a)

for allt € (a,b), where ||-||, are the usual Lebesgue norms in Ly [a,b] (1 < p < o0).

Proof. We start with the following elementary identity which can be proved using
the integration by parts formula

(3.2) /jg<u>du= W(ﬂ—aH/j (“;ﬂ—u> o (u) du,

provided that g is absolutely continuous on the interval [a, 8] if & < 8 (or [8, o] if
B <a).
As for the mapping f : (a,0) = R, f(¢t) =1, t € (a,b), we have

(Tf)(a,b;t)_}rln(bt) b€ (ab)

t—a
then obviously

(TF) (a, b ) = ipv/bf(T)—f(t)—&-f(t)dT

T—1

:1PV/bf(TT):f(t)dT+ff:)Pv/b ar

™ T—1

from where we get the equality

— by
e @nsy-n (22 < ey [[LO 10,

t—a T T—1
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Using (3.2), we obtain

PV/fT—t dr

[ B
rOw (o e
:pv/b > tg;z )1 ) du
’ H‘qu " () du
:%L[f<>+f<>dT+pv/ Ji T_)tf()d N
T (t+T _ 7
iuwfmwfw@@w+pvll;(27jj<>

and then, by (3.3), we can state the identity

t—a 2T

s
gy [0
™ a

T—1

(3.4) zmn@mwf@m(bt)l[ﬂwﬂ@+fmw

Using the property of modulus

35 |eneo -0 (ZH - Lo - @ oo

t—a 2T

Ji (555 — ) f" (u) du
T—1

dr =: A(a,b;t).

r

b
<-rv |
T a

Now, it is obvious that

/tT (t;T—u> £ (u) du

t+71

> —u| du

< essup |f" (u)|
u€la,b]

2
|t — |

t
=1/l

Then

b " _
A(a,b;t)glPV/ Mm-
m o 4

" t—e b
:Lf [ lim / (th)dT+/ (tr—t)dr
4 e—0+ a t+e

_wmuhm[uaf+ﬁ+wﬁ_¥]
e—0+

4 2 2 2 2
e (=) + (=1
47 2

- = [(”2“’)2+“4a>2].

a)l

a)l

_4T , forall t,7 € (a,b).
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Using Holder’s integral inequality, we can state for p > 1, % + é =1, that

Tt4+T
. 1" d
t ( ' u)f (u) du
" pd B T
< / 1 @) du /
b % Hr q T q
<</ |f”(u)pdu> /t (t—;T—u> du+/tj (u—t—;T) du

2

1
q a

t
T du

1
q

g+1
t— 7|
= ||f”|\p¥ for all ¢, 7 € (a,b).
(g+1)9
Then
-1
1 SNF |t —T|?
A< Loy [ UL
T Ja 2g+ 1)
"
Sy
2 (¢ + 1)«

(b te -1 b -1
= ——"—7 lim / (t—7)1 dT+/ (t—7)7 dr
2T (q-l— 1)5 e—0+ a t+e

||f”Hp i (t—a)‘le _ a1 (b_t)q_1+1 _ a1
=——7"+ lim
o (g + 1) <0+ gt +1 gt +1

L R I L
2 (g +1)7 gt +1
q+1 q+1
Calfll, (60 -]
o (g + 1)

and the second bound in (3.1) is proved.
Finally, we observe that

[ (t;T—u> £ (w) du

< sup

| [ 17 Wl
u€elt,T

t—T1 -7

<! '/ 7 wlau= 2T,

Consequently,

1
ano < ey [T = Lo -
and the theorem is proved. O

Remark 4. It is obvious that for small intervals (a,b), the approzimation provided
by (3.1) is accurate.

The best inequality we can get from the first and second part of (3.1) is the one
for t = ‘17'“’, and thus we can state the following corollary.
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Corollary 7. With the assumptions of Theorem 8, we have

a+b 1 ,(a+Db B
o) |@n(an3?) - [ro-r@+r (50) 0-al]
7] mo)® if "€ Luo [,
%(b—@%ly if f'elylab],p>1, L +1=1
24 (g+1) ¢ 7 p g

The following result also holds.

Theorem 9 (Dragomir et al., 2002 [4]). Let f : [a,b] — R be such that f" : (a,b) —
R is absolutely continuous on (a,b). Then we have the bounds

f (t) b—t 1 ’
: )y - L (270 - -
(3.7) (Tf)(a,b;t) = == In{ s— ) = o [f(b) = f(a) + f'(t) (b — a)]
f//I (bfa) — )2 a 2 .
I Toca 4 (o eg)?], i "€ Lo [a,b]:
1
a|| £ [B(g+1,q+1)]4 1 1 ,
- el [t M (S e TR =y AT
p>1 s+ =1
17711, [ o-a)? atb)?
87'rl|:(4) +(t %b)i|
" —a 3
1
1" B(g+1,q+1 q 1
< ¢ LI O a2t e Lo,
p>1, %} + % =1;
f//l 2
” 1671“1 (b—a)

for all t € (a,b), where |||, are the usual p—norms and B (-,-) is Euler’s Beta
mapping

1
(3.8) B(a,ﬁ):/o (1= )5Vt @B >0,

Proof. Using the integration by parts formula, we obtain the equality:
b a)+g (B I
69 [ gtwdu= 9001290 (5 ) - 5 [ - G-y @,
« «
where g is such that ¢’ is absolutely continuous on [«, 5] (if @ < ), or on [8, o] (if
B < a).
By a similar procedure to that in Theorem 8, we have

(3.10) <Tf><a,b;t>—f(”ln(b‘t) L (1) - F @+ (0 (b a)

™ t—a _%

_ ;Tpv/ab Ji (=) (7 —w) " () du

T—1

T.
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Using the property of modulus, we have

@iy -IPu () - Liro- @+ r0e-a

t—a
- 1PV/b ftT(u—t) (r—u) f" (u) du
T 27 a
Firstly, let us observe that

T—1
/tT(u—t)(T—U)f’”( ) du

dr =: B(a,b;t).

< sup |f" (u
u€(t,)

<1l

u—t|\7‘—u|du

ft—r" TI
and then
B(a,b;t) < ||fm”‘X’PV/b |t — T|2 dr
YU 12n o

I e )
127 3

e b= a) l(b_a)Q . (t_ a+b>2

)

127 12 2

which proves the first part of (3.7).
For the second part, we apply Holder’s integral inequality to obtain

. - 1
<| [l | [ d
t t

1 1
<71, 1t = 71> [B(q+ 1, +1)]7

[ (w—1) (r — ) £ (u) du

for all t,7 € (a,b).
Indeed, if we assume that 7 > ¢, then, by u = (1 — s)t + s7, s € [0, 1], we get

/|u—t|q|7'—u|qdu:/ (u—t)" (1 —u)?du
¢ t

1
(Tft)QqH/ s (1—s)%ds
0

(r—t)*""' B(qg+1,q+1).

Consequently, we have

1

" B +1’ +1 q
B(a’b;t)g\\f I, [B(g+1,q PV/ PEpESY

2w
1 1
_ I, [Blat g+ Dt (b b—1)**7 4 (t—a)**
2 142

1
Callf”l,[Blg+1,9+ 1"
B 2m (2q + 1)

and the second part of (3.7) holds.

(b= )" + (t—a)**s
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For the last part, we observe that

J w00 wdd < maxiw- o -l 177 @)

2
t—7)
< i (
<l
since a simple calculation shows that
(t—7)°
max |(u—1%) (7 —u)| = .
max (=) (r— )| =

(uE[-r,t])

Thus, we can write the following inequality
1] ’

B (a,b;t) < 71PV/ [t — 7| dr
8w a

N R R N

8T 2
I [ea?  (, axbY’
87 4 2
and the theorem is proved. O

Remark 5. It is obvious that if (b—a) — 0, then (3.7) provides an accurate
approximation for the finite Hilbert transform.

Taking into account the fact that all the mappings depending on ¢ from the
right hand side of (3.7) are convex on the interval (a,b), it is obvious that the best
inequality from (3.7) is that one for which ¢ = £t

Corollary 8. Let f be as in Theorem 9. Then we have the inequality

e @ (an ) - o -r@ s () 06—

Com

]| (b=e)®

1447 ’ Zf f/// € Loo [(1, b] 5

q||f’”||p[B(q+1,q+1)ﬁ

= 22+l (2¢+1) (b - a)2+% ’ Zf fm € Lp [a,b],
1 7(2q
1 1 _ 1.
P > 1, E + a = ].,
1], b-)?
327 :

3.2. Agarwal-Dragomir Type Inequalities. In [1], R. P. Agarwal and S. S.
Dragomir proved the following trapezoid type inequality

b
bia/ Q(I)dxfw
_lg®) —g(@) —md-a)[Mb-a)—g(b)+g(a)
) 2(M —m)(b—a)

(3.12)
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provided that g : [a,b] — R is absolutely continuous on [a,b] and M = sup ¢’ (z) <
z€(a,b)
oo, m= inf ¢ (z)>—o0and M > m.
z€(a,b)

Using the above inequality, we can state and prove the following theorem.

Theorem 10 (Dragomir et al., 2002 [4]). Let f : [a,b] — R be such that [ :
(a,b) — R is absolutely continuous on (a,b) and

(3.13) = sup f"(t)<oo, y= inf f"(t)>—o0, ' >~.
te(a,b) te(a,b)

Then we have the bound:

a1 @ @s - (20) - LU0 - s @+ 0o
=) [(,_atb), 0-0] - O 0-a?
S g [(t_ 2 ) T ]< 167 ’

for allt € (a,b).
Proof. Applying the inequality (3.12) written for f’ (-) in the following version:

Lo W] =)l
R R e

we can state the inequality

fO -1 O+ C=2)t-1l
T—t1 2 - 8
for all ¢,7 € [a,b], t # 7.
The following property of the Cauchy-Principal Value follows by the properties
of integral, modulus and limit,

(3.15)

b b
(3.16) PV/ Al(t,s)ds §PV/ |A(t,s)]ds,

holds, assuming that the PV involved exist for all ¢ € (a,b).
Using (3.4) and (3.5), we may write:

(3.17) PV/bf(TT)_{(t)dTPV/b Mm
gpv/bﬂiifwjﬂﬂ;ﬂ@)w
< Pv/b W‘”’

and as

t
T m t—a

b — —
%PV/ f(T)itf(t)dT:(Tf) (a,b;t)—f()ln(b t>7

b/T !
oy [T - L) - s @+ s 06—
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and
1 b t—a)’+ (-t 1 b\ | (b—a)’
fpv/ PR Ul i Cleut) S R i R C )
U o 2m 7r 2 4

then by (3.17) we deduce the desired inequality (3.14). O

It is obvious that the best inequality we can get from (3.14) is that one for which

we have t = ‘%"b, obtaining the following result.

Corollary 9. Under the assumptions of Theorem 10, we have the inequality:

19 o0 (an ) - L [ro-s@+r (S5 ) 0-a)

2w
L= -a)
- 327

3.3. Compounding Trapezoid Type Inequalities. The following inequality
concerning the trapezoid inequality for absolutely continuous functions holds (see
for example [14, p. 32]).

Lemma 1. Let u : [a,b] — R be an absolutely continuous function on [a,b]. Then
one has the inequalities:

b
(3.19) / u(s)ds — M (b—a)

b—a)? .
O e W € L 0]
1
(b—a)ts ,
S m ||u,||[a,b],p Zf u/ € LP [a7b] )
q q
p>1, % + % =1;
(b—a)
B [l [a,b],1

A simple proof of this fact can be done by using the identity

(3.20) /abu(s)dsu(a);u(b)(ba)/ab(sa;rb>u’(s)d5,

and we omit the details.
The following lemma holds.
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Lemma 2. Let u : [a,b] — R be an absolutely continuous function on [a,b]. Then
for any t,T € [a,b], t #7 and n € N, n > 1, we have the inequality:

(3.21) ’Tl_t[u(s)ds;ng[ (t+z T; )+u(t+(z‘+1).7n_t)H

=0
T—1 .
| | w1l 7,00 if u € Lo |[a,b];
|7 — ¢« . ’
< 2( +1) || ||[t7']p Zf u/ EL [a b]
q q
p>1, 1 >t g =1
1
o
where
T I——
sEt,T)
(s€[r,t])
and
1= | [ 1 G o’
forp>1.

Proof. Consider the equidistant division of [¢t,7] (if t < 7) or [7,t] (if 7 < ¢) given
by

If we apply the inequality (3.19) on the interval [z;,x;41], we may write that:

Tit1 u(t+i- =) du(t+(@+1)- =) 7t
/1 u(s)ds — 5 —

q

(T — t)2 I
2 Hu ||[ml,ajl 1],00
dn +

if v e Lyla,bl;

r ="
!t (g4 1)7

IN

it W elLylab],

!
I H[%@Hl}w

1 1 _ 1.
p>1,5+5—1,
[T — ¢

||u/||[zi,zi+1],1 )

from where we get

Tlt/:i+lu(s)ds—21n [u(t+i-7)+u(t+(i+1)-7)”

i
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|7

=)
4n? Ul i 41],00

|t
i1, .1
20"t (q+ 1)

IN

|| /H [zi,xit1],p

1

/
m H’LL ||[wi,wi+1],1 .

Summing over ¢ from 0 to n — 1 and using the generalized triangle inequality, we
may write

S O RGeS

[ g (e T v (G- T )|

|T o t| n—1 )
4n? Z [0 [P
=0

n—1

33

=0

IN

Z || /||[:v“£vl+1] P

2n q+1

1 n—1
m Z ”u/H[%Jle]vl )
=0

However,

n—1
> 1 i iigio0 < P10 00 -

1=0
:I;i+1 %
/ [ (s)|” ds
i

n—1 n—1
Z “ul‘|[ibi7iﬂj+l],p = Z
i=0 =0

1
n—1 Tit1 % 1
< n} KZ/ W ()1 ds )
i=0 'V T
1
1 T / P v 2 et
=na \u <S>| ds =nd ||u H[t,‘r],p
t
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and

\u )| ds| =

Z H ||[$'L»xz+1 1=

‘/ |u' (s)|ds| =

and the lemma is proved. [l

el

The following theorem in approximating the Hilbert transform of a differentiable
function whose derivative is absolutely continuous holds.

Theorem 11 (Dragomir et al., 2003, [6]). Let f : [a,b] — R be a differentiable
function such that its derivative [’ is absolutely continuous on [a,b]. If

fO) = f@)+ @) ((b—a)

2nm

b—a=! —-—a . b—t .
+ Z{ft— -1, t+ - -1,

(3.22) T, (f;t) =

then we have the estimate

(3.23)

t—
1 (1= 2 t — afb 2 1" . ne bl

dmn 4( a) +( 2 ) ||f H[a,b],oo Zf f S oo[a, ],
<Ot [ 0 1y, S € Lyl

o (3 (b—a) + [t — 432] 1" a1

S;n (b - a)Q ||f//||[a,b],oo Zf f// € Lo [a7 b] ;

T (b—a) || if f"€L,lab
< omn(qt1) e (b—a) IIf ”[a,b],p i f pl[a, 1],

p>1 5 +5=1
(b= ) 1

for allt € (a,b), where [f;c,d] denotes the divided difference

f(€)=f(d)

[f;c,d] ==
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Proof. Applying Lemma 2 for the function f’, we may write that

(3.24) ’f(T)_f(t)—;n[f’(t)Jer’ <t+¢.7_t)

T—1 n

- Zf’ <t+(i+1)-7;t)+f’(T)H

T—t )

LﬂgﬂﬂMﬂm it f" € Loo [a,0];
Tt )

% 1"l 3 7 € Lyla,b],

2(g+1)n

IN

1 1 _ 1.
p>1,];+5—1,

1
1y
However,

s T—1 w2 T—1
;f’(t+i-n) =>f <t+(i+1)~n>

=0

and then, by (3.24), we may write:

FO - [ro+rmo 1&, (. r—t
I e e |
|T_t| "
S [P [
|T*t|% "
<
]‘ 1!
oo LA [

for any t,7 € [a,b], t # T.
Consequently, we have

Loy / 1010, 1y / [Lure

(3.26) -

1 T—1t
/ .
+n;_1f<t+l' " )]dT
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1 ’ i
TPV [t

IN

1
. Pv/ = 8% £y
2r(g+1)e

1 b
ﬂPv/a T

TSNS MRS

Since

PV/

1

fF)b-—a+f)-fla) b- a"i:

i=1

—t a—t
{ft—i—z R },
n
and

b b
PV [ e =1 7 < 15 Ny PV [ 7=t

VN ) il Ui
la,b],00 )

| £ 1 2 7a+b 2

)
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b 1 b 1
PV/ 7= 815 1 ey 47 < 1 Nty PV/ T — 7 dr

(t—a)to 4 (b—t)'ts
14

||fI/H [a7b]7p

allf . i
- 2t [yt -

¢ b
/||f”\|[7,t],1d7+/ ||f//||[t,r],1d71

< Ny (8 = @)+ 15 g0 (0= )
< max (t = 0,0 = 0) [ g + 17 o1

and

b
PV / 1" |2 dr = PV

1 a+b
= [30-0+ |- 52 1o
then, by (3.26) we get
b _ / _ _
pom ey [0S0, S00=0 10 s
™ T—1 2nm
b—a ' t—a b—1t
— [f;t— i,t+ z}
nmw n
LAY [ —a)+ (t- =)’] if /" € Lo [a,b];
47‘[‘“ 4 2 oo 9 b
11
< M (=) 5+ o-0)"5] it e, o),
2m (¢ +1)
p>1, %+ % =1;
1"l
Tt [ (b —a) + [t — 2]

2mn
On the other hand, as for the function fy : (a,b) — R, fo (t) = 1, we have

1 b—t
(Tfo) (a,b58) = L n (t_) te(h)
then obviously

(TF) (a,bi ) = ipv/ O =fO+F1)

T—t

:lPV/f — t PV/
m a T—t T—t

from where we get the equality:

(3.28) (Tf)(mb;t)—%t)l (b ) PV/ Jo =7 T—t
Finally, using (3.27) and (3.28), we deduce (3.23).
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Before we proceed with another estimate of the remainder in approximating the
Hilbert Transform for functions whose second derivatives are absolutely continuous,
we need the following lemma (see for example [14, p. 39]).

Lemma 3. Let u : [a,b] — R be a function such that its derivative is absolutely
continuous on [a,b]. Then one has the inequalities

b
b
(3.29) / u(s)ds — M(b—a)
b—a)? .
( 13 ) 14"l (4,610 if v’ € Lyla,b];
b_a 2+% 1 .
<3 O B g 0 W, € Ly la),
p>1 s+ =1
(b—a)®
sy

where B (-,-) is the Beta function

1
B (a,p) ::/0 Tt 1 -t tat, a,8>0.

A simple proof of the fact can be done by the use of the following identity:

b b
(3.30) / w(s)ds — M(b—a) _ —%/ (b—s) (s — a)u" (s) ds,
and we omit the details.

The following lemma also holds.

Lemma 4. Let u : [a,b] — R be a differentiable function such that u' : [a,b] — R is
absolutely continuous on [a,b]. Then for any t,7 € [a,b], t #7 and n € N, n > 1,
we have the inequality:

Tl_t/;u(s)ds—;ng[u(t+i-7>+u<t+(z+1).7n_t)H

=0

(3.31)

|T — t|2 "
12n2 H'U/ ||[t,7‘],00

if v € Lyla,bl;

1
Ir—t|'Ta 1 _
<\ T B g 0y, e Lot
1 1 _ 1.
| t| p > ]., 5 + E = ].,
T_

8n? ”uH”[tﬁLl’
where B (-,-) is the Beta function.

Proof. Consider the equidistant division of [¢, 7] (or [7,])

T—1

E,:z,=t+1-

, 1=0,n.
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If we apply the inequality (3.29), we may state that

/’fi+1 (5)d uw(t+i- =) 4u(t+(@4+1)- =) 7t
u(s)ds — .
@ 2 n
=1’ :
12n3 Hu//”[wivxiﬂ]»oo if v’ € Lela,b];
< |T—t|2+% " : "
< e [B(q+1, q+1)]‘I||u ||%xz+1p if v eLyla,b],
nta
p>1, p+,=1
|T *t|2 " ’ '
8n?2 Hu ||[Ti7$i+1]71'

Dividing by |7 — t| > 0 and using a similar argument to the one in Lemma 2, we

conclude that the desired inequality (3.31) holds.

O

The following theorem in approximating the Hilbert transform of a twice differ-
entiable function whose second derivative f” is absolutely continuous also holds.

Theorem 12 (Dragomir et al., 2003, [6]). Let f :

[a,b] — R be a twice differentiable

function such that the second derivative " is absolutely continuous on [a,b]. Then
t b—t
3 |@n s - T (120) -1, )
0 t—a
1 (b— a)2 a+b\? ”
12027 [ 12 + (t - ) (b—a)llf “[a,b],oo
if "€ Lo [a,b];
1
q[B(g+1,¢+1)]" 241
< - "
- 2(2¢+ 1) n?w [(t @) } I1f ”[a bl,p
z‘ff’”eL[ab] L o+o=1
1 [(b—a)’ a+b .
_— [ L (Y 1
b .
=) § e Loolab];
< Q[B (Q+1,q+1)]" ( )2+E Hf///ll if f" el [ b]
- 2 (2q + 1) n2 [a.t].p b ’
p>1 o+ o=1
7 Nesss
167n?2

for all t € (a,b), where T, (f;t) is defined by (3.21).
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Proof. Applying Lemma 4 for the function f”, we may write that (see also Theorem
11)

(5.9 ‘fﬁgf<t>_[f’<t>+f'<r>+1"if,<t+i¢t)H

2n n “—

=1 .
oz I 1,00 if "€ Lea,b];
< ‘T _t‘1+% L " . "
= T[B (+Lag+ Dl [/, i 7 €Lplab],
p>1, % + % =1;
|7 — ]
gz " ey

for all ¢t,7 € [a,b], t # 7.
Consequently, we may write:

1 b _ 1 b ’ /
(3.34) —PV/ FO -1, ,pv/ {f“)JFf(T)
™ a T—1 s a 2n
+1n§f’ ti- Tt d
1 . )
L n
B T
12n27r a [t,‘f‘],oo )
1
[B(q<i>17q<i>1)]E b 1
= n2 PV . |7'_t|1+“ Hf”/”[t,TLp dr,
b
sV [ =t 0
8n2 a [t)T]J-
Since

b
PV / 7= 42 1"y 7

(t—a)’+ (b—1t)°
3

b
< ||f/”||[a,b],oo PV/ |7 — t‘Q dr = ||f//,||[a7b]700

(b12a)2 N (ta;b)Q b—a).

_ mn
T
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b 1 b 1
PV/‘h—tﬁmnfﬂmﬂmd7gﬂf”mﬂmPV/‘hftfﬂdT

(b1 4 (t—a)*'7

. "
= 1" N Tl
allf" Nap1. 241 241
= — 2" (h—¢ q t— q
2 +1 {( JrrHt-a) }
and
b
PV [ e =t e
b 2 2
(t—a)®+(b—1t)
< Naga PV [ 1= tlar = L=
(b—a)? a+b\’
= [ Y t— 5 1" W, -
Then by (3.34), we deduce the first part of (3.32). O

4. INEQUALITIES OF MIDPOINT TYPE
4.1. Midpoint Type Inequalities. The following result holds.

Theorem 13 (Dragomir et al., 2002, [5]). Assume that the function f : [a,b] — R
is such that f' : [a,b] — R is absolutely continuous on [a,b]. Then we have the
inequality:

(4.1) ‘TUthﬂffhnCL;>i{fCét>fC;aﬂ‘

I [ o2+ 052) if f" € Lo a,b];
f// 1 =
= 27rit|z|+1)1ié {(t - a)Hé +(b— t)lﬁ] e Lpla bl
p>1, Il) + % =1
\@le_a%
1
% (b—a)? if f" € Lo la,b];
1
< Ajﬂfi%ﬁwaaf+% if [ € Lyla,b],
m(g+1) "
p>1, L+1=1;
1
5 1l (b —a),

for any t € (a,b). The ||-||p, p € [1,00] denote the usual norms, i.e.,

llgll o :=essup|g ()| if g€ Lo a,]
tea,b]
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b v
lgll,, = (/ lg @) dt) if g€ Llpla,b], p=1.

Proof. As for the mapping fo : (a,b) = R, fo (t) =1, t € (a,b), we have

T (fo) (a, ;1) = }Tln(f"f), L (@),

—a

and

then, obviously

1 fFO—7r@®+7r@®
(Tf)(a,b;t) = 7rPV/ T—t dr
1 f(r)—f@ A0 bodr
7;PV/G T—t dT+ T PV/a T—t

from where we get the identity

_ bopir)
42)  (Tf)(abit) - @m (f-i) _ %PV/ wfﬁ

If we use the known identity, which can easily be proved using the integration by
parts formula,

(43) Lﬁg<u>du=g(o“§5) (ﬁ—a>+[K<u>g'(u>du

where

u—a if ue€ {a,QT‘"B}

K (u) :=
u—pf if uE('HB }

and g is absolutely continuous on [a, b], we may write

PV/fT, PV/ftTt

:Pv/a f’(g)(T—t:_ftt w) 1 () du ]dT
:PV/jf’(T—;t)dT—&—PV/ab(Tlt/tTK(u)f”(u)du>dT

Q{f <b;t>f<“;t>} +PV/ab<T1_t/tTK(u)f”(u)du>dT.

Consequently, by (4.2), we obtain the identity

(4.4) (Tf)(a,b;t)‘@ln(f_i)ﬁ{f (b;t>f<t;a>}
_ %pv /: <Tlt /tTK(u) a0 du) dr,

{ u—t if ue [t,%“]

where
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Using the properties of modulus, we get, by (4.4), that

(4.5) ’(Tf)( ) — mln<g>_ﬂf(by>_f<t;a>”

—t/ K (u uldr =: D (a,b;t).
Now, it is obvious that
< Sup A u) du
u€la,b)
= 1"l (u—t)du+/; (t —u)du
=

PRI,

=11 E

Then

1 b
D(abit) < ||f”HOOPV/ it — | dr
™ a

1 (t=a)* + (b=t
47 2

M [ atb) L (0—a)’
A 2 4 '
Using Holder’s integral equality, we have
™ G H
<|[ @l | [ g @l
t ) t X
/ |K (u)|? du
t

u) f (u) du

< 171,

Tt r 7
= ||f”|\p (u—t)qdu+/ (t —u)?du
T4t
7 1+1
i [t 1l
Pl127(g+1) 2(g+1)7

for all ¢,7 € (a,b).
Then

IN

1 T
Datst) < 21, v [ AT
T a 2(g+1)0
1 1
allf"ll, |t =) Fi + (b -t
2r (g + 1)'

proving the second part of the first inequality in (4.1).
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Finally, we observe that

/K u) du

and then

< sup |K (u
w€lt,7]

/ |f// ‘d ‘ ”f ||1 ‘t ‘

1 b 1
D(abit) < o I PV [ dr= oo 1187] (b a).
™ o m

proving the last part of the second inequality in (4.1).
The last part of (4.1) is obvious. O

The best inequality we can get from (4.1) is embodied in the following corollary.

Corollary 10. With the assumptions in Theorem 13, we have
a+b 2 a4+ 3b 3a+0b
0o Jenfents?) 2l () o (557

7 (0 a? if f" € Loolab];

IN

q
2" aim (g +1)

o I, 0= i f7 e Lylasb),

p>1, o+ o =1
Remark 6. It is also obvious that if b—a — 0, then both the inequalities (4.1) and
(4.6) provide accurate approximations.
4.2. Other Midpoint Type Inequalities. The following result holds.

Theorem 14 (Dragomir et al., 2002, [5]). Assume that the function f : [a,b] — R
is such that " : [a,b] — R is absolutely continuous on [a,b]. Then we have the
inequalities:

(4.7) (Tf) (a,b;t) — @m (f:i) _% {f (b2+t> -f (t;am

Vil - o) [2528 4 (- 25)%] o 77 € Dacla];
f/// 1 1
<Y i :’2” Hi';;; [(b_t)2+é + (t_a)%é} if f"eL,ab,
' p>1 e lo
1, T (o—a)? atb)2
st [ U5 4 (- =)
" b—a 3
1
all ]|, (b—a)*" @
S\ Tt F ek
p>1, 3+ o =1
||f/”||1(b—a)2

167
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Proof. If we use the identity (4.2) and the following identity, which can be proved
by applying the integration by parts formula twice,

/jg(u)duzg( +6>(ﬂ— a) + ;/(fL(u)g”(u)dm

(u—a)® if ue[m#}

where
L(u):=
(u—ﬁ)2 if we (#,B]

and g is such that ¢’ is absolutely continuous on [a, 5], then we get

avwmao—fanC”j)
- 1 b f/ (T+ L f/// )
=PV /a 2 p— ] dr
2 b a 1 o1 T
= {f (?) —f<H2r )] +EPV/G L—t/t L(u)f'”(u)du} dr.
Consequently, we have the identity:

(4.8) (Tf)(a,b;t)@ln(f_;)w{f (b;t>f<t;a>}
_ %pv / b [Tlt /f " L) " () du} dr,

(u—1t)° if u e [t, ]

where

L(u) =
(w=7)* if we (T ]
Using the modulus properties, we may write, by (4.8), that

o s () -2 [ (57) (5]
b

1 " _ X
7t/t L ()| £ ()| du| dr =: E (a,b;t).

1
< —PV
27

Now, observe that

T I+t T
[ @iad <t [ - otas [ e ot a

t =t

TN
i 7P
and then
Ty P 1 L S
. < o _ _ oo .

E (a,b;t) < i . (t—7)"dr Y 3

(b_a)7

_ e (=) L, at DY
- 247 12 2

giving the first part of the first inequality in (4.7).
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Using Holder’s inequality, we may write that

1
T4t q

[t @iad <t | [ i [ et
! =t
2. |t—7‘F|2q+1 1 ol
= 11" 2 = ol A | L
p 2¢+1 4(2q+1)7
and then
1
E (a,bt) < — 1o PV/ t— 7| g
8m(2g+1)9
I i P ) R et O
8 (2q +1)7 2t
"
= 7(]'” I, - [(b — )%t (- a)2+6} ,
87 (2¢+ 1)
which proves the second part of the first inequality in (4.7).
Finally,
" " ‘t - Tl "
|L I ()] du| < up I ()N = 11l
giving
/114 /b £, (=1 + (t—a)’
E(abt) <l 1ip - - :
(a,b;t) < o 14 ’ [t —7|dT - 5
M [ 0=a)® b
8 4 2 ’
which proves the last part of the first inequality in (4.7). O

The best inequality we may obtain from (4.7) is embodied in the following corol-
lary.

Corollary 11. With the assumptions of Theorem 14, we have
a+b 2 a+ 3b 3a+b
4.1 — - = —
aw e (wnt) <2 (552) 1 (457
1| (b — )’
288w

gl f"l, (b — a)**e
16-2ir(2q+1)7

if f" € Looa,b];

IN

if "€ Lylab],

1 1 _ 1.
p>1,5—|—5—1,

£l (b = a)?
327 ’
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4.3. Compounding Midpoint Type Inequalities. Before we point out the
quadrature formula for the finite Hilbert transform, we need the following two
technical lemmas:

Lemma 5. Let u: [a,b] — R be an absolutely continuous function on [a,b]. Then
we have the midpoint inequalities:

/abu(s)ds—u(a;b> (b—a)‘

(4.11)

(b—a)® )
el 74 TS A= A PR
(b_ a)lJr% / . !
< 2( >1 ”u ”[a,b],p if ue Lp [avb]v
q q
1 1 _ 1.
(b ) P > 1, ;; + E = 1,
— a
9 [lu'| [a,b],1 *

A simple proof of this fact can be done by using the identity (see for example
[14, p. 34]):

(4.12) /abu(s)ds—u<a—2'_b> (b—a)

atb
3 b

[ emar@as [ c-b e

We omit the details.
The following lemma also holds.

Lemma 6. Let u: [a,b] — R be an absolutely continuous function on [a,b]. Then
for any t,T € [a,b], t #7 and n € N, n > 1, we have the inequality:

17 1= I\ T—t
(4.13) T—t/t u(s)ds—n§u<t+(z+2> - >|
ey A
< leﬁmmmwmifweQMM,
p>1 s +i=1
1 p q
2 1l
where
[6/][(1,7],00 == esSUP [’ (2)]
te(t, 7]

(telr,t])
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and

1
P

4l = | [ G s
forp>1.

Proof. Consider the equidistant division of [¢,7] (if ¢ < 7) or [r,t] (if 7 < t) given
by
T—t

E,: x;=t+1- , 1=0,n.

If we apply the inequality (4.11) on the interval [z;, x;11], we may write that

[ s T (e (54 5) Tj)’

i

(r— t)2

3 if W€ Lyla,bl;
n

||ul||[mi7x1;+1],oo

r—¢'ts

S Kl if ' eLylab],
't (g4 1)7

IN

||u/||[a:i,:rzi+1],p
p>1, % + % =1;
[T~

/
THU H[

Ti,Tit1],17?

from where we get
1 Titl 1 1 —t
T—t/m u(s)ds—n~u(t+<i+2>Tn )‘

|T — t| ” /” .
4n2 u [zi,@iq1],000

| —t]s

o ta (g4 1)7

IN

||ul||[mi}wi+1];p ;

1

m ||u/||[zi,xi+1],1 )

for all i = 0,n — 1.

Summing over ¢ from 0 to n — 1 and using the generalized triangle inequality, we
may write
n—1

Tit/;u(s)dsiZu(t+<i+;> Tnt>|

1=0

n—1

1 [ 1 1\ 7 —t
/ u(s)ds—~u(t+<i+)T )‘
K n 2 n

< Z 1

1=
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|7 —t| n=d )
4n? ig() HUIH[%MHLOO’
| t|l n—1
T —t|a —
< JENN / .
B onlte (q+ 1)% i=0 s ”[xivxiﬂ],p’
1 n=1 ,
27 z;) HU H[a:i,a:prﬂ,l
However,
n—1
Z HU’/| [zs,xi+1],00 =n ||u/||[t,7'],oo ’
i=0
n—1 n—1 Tit1 %
S Wi < | [ s
i=0 i=0 'V Ti
) n—1 Tit1 % p %
<of [[XS)] W
i=0 V¥
1
i T / P v ETY
=t | [ ds|” =t o,
t
and
n—1 n—1 Tit1 T
Y Wl = 3| [ 1] = | [ 9] = Wl
i=0 i=0 17/ t
and the lemma is proved. [l

The following theorem in approximating the Hilbert transform of a differentiable
function whose derivative f’ is absolutely continuous holds.

Theorem 15 (Dragomir et al., 2004, [7]). Let f : [a,b] — R be a differentiable
function such that its derivative f’ is absolutely continuous on [a,b]. If

R e C O e

i=0
then we have the estimate:

(4.15) ‘(Tf) (a,bit) — %’5) In <bt

t—a

) =50
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1|1 ) a+b\”

||fNH[a,b],oo if f"€ Lela,bl;

q 1 1 .
<8 — L =) o= W gy S E Lylast],
2mn (¢ + 1)
p>1, %Jr%: 1;
1 1 a+b
g |50+ = 52 1
(b—a? "] i 1€ Lo,
8mn [ab],00 oo
q 1 .
< O=a) TN Mgy o f7E Lyplashl,

2mn (g + 1)
p>1, %—}-%:1;

1
9 (b—a) Hf”||[a,b],1 ;
for all t € (a,b), where [f;c,d] denotes the divided difference

re.d = LEZTE

Proof. Applying Lemma 6 for the function f’, we may write that

ORI _i”zlf, (H (H;) <r;t>)‘

=0
|

T *tl "
—1If"]

[t, T],00

1
|7 —t|e
— I/
2(g+1)n

IN

[t.7].p

1
o 1Nt 1.1

for any t,7 € [a,b], t # T.
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Consequently, we have

f / 1\ 17—t
4 16 PV PV — d
/ Z 1+ 5 n T
—PV/ = 117" 1y 7 it e Lo (0]
1 b 1
< —PV [t dr i 57 € Lylad,
m(g+in  Ja ’
p>1, % + % =1;
1 b
PV [ 1y
Since

I
m»—-
:E
/N
m\ﬁ

.

+ .
E
N N

. n 1\ r—t\|"* n AW AN
= lim i+§f<t+<l+2) n ) * +;f<t+<”2) n >t+5
_n . . o I\ a-—t ¢ 1 —t .
_i+é[f(>_f(+<l+2> +flt+ Z+2>n>—f(>]

n N A/ o 1\a-—t
:z+;{f<”<”z)n)‘f(”(”z> )]
:(b—a){f,t—k(z—k;);t,t—(z’—i—;)t;a}

and

b b
PV [ e =1V 7 < 15 Ny PV [ =t
l(bfa)%r tia+b 2
4 2

b 1 b 1
PV / =t 1y @7 < 1 i PV / (4] dr

- q ”f//ll[a,b],p
qg+1

_ 1"
= 1" N a,5),00

(t—a) i+ (-0
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and

b t b
PV / 1"y dr = PV / 1"y 7 + / ||f"||[t,ﬂ,1dr]

< (=) Npag0 + G =1l 010

< max (¢ = a,b— ) ||/ N1 + Hf“n[t,b],l]
1 a+b
= (3= |- )1l

then by (4.16) we obtain:

b
o e
1 1 b
m[4(b—a)2+<t a+ ) ||f”Hab if f”ELoo[a,b];
q 1 1 /) . .
< m {(t—a)lﬂ +(b—t)1+q} £ ||[a7b]7p if £ e L,[ab],

1 1 _ 1.
p>1,;+5—1,

a+b

1(b—a)—|—‘t—

1
o |3 1

On the other hand, as for the function fy : (a,b) — R, fo (t) = 1, we have

(ng)(a,b;t)ziln <f:i), t € (a,b),
then obviously
1 f@O-fO+f@)
(TF) (a,b; 1) = va/ T_t dr

:lpv/f —1), PV/
T a T*f T—1

from where we get the equality:

_ b
(4.18) () (a,b;w—ﬂ(rt)m(f_;) Ly [1O10,,

Finally, using (4.17) and (4.18), we deduce (4.15). O

Before we go further and point out another estimate of the remainder in approxi-
mating the Hilbert Transform for functions whose second derivatives are absolutely
continuous, we need the following lemma.
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Lemma 7. Let u : [a,b] — R be a function such that its derivative is absolutely
continuous on [a,b]. Then one has the inequalities

/abu(s)ds—u<a;b> (b a)

(4.19)

(b_a)B " : "
o1 4"l a,5),00 if u" € Lo a,b];
b—af*'s
= 8|(2611) 1" llap,p & u" € Lypla,b],
q q
p>1, % + % =1;

(b—a)”

= 1

A simple proof of this inequality may be done by using the identity:

(4.20) /abu(s)ds—u<a;b> (b—a)

We omit the details.
The following lemma also holds.

Lemma 8. Let u : [a,b] — R be a differentiable function such that u' : [a,b] — R is
absolutely continuous on [a,b]. Then for any t,7 € [a,b], t € T and n € N, n > 1,
we have the inequality:

1 7 1 1\ 7—t
4.21 ds — — t )+ = -
(421) — [ utas n;U<+<z+2) . )‘
(r—1t)° .
2477,2 ||u//||[t7'r]’oo Zf U” € LOO [a‘7 b] ;
|r — ¢t

IN

8(20+1)7 n2 1w o w' € Lpla,b],

1 1 _ .
I — 1 p>L o+7=1%
T_
8n2 ”u/’”[t,f],l'

Proof. Consider the equidistant division of [¢, 7] (or [7,¢])

T—1

E,:z,=t+1-

, 1=0,n.
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If we apply the inequality (4.19), we may state that

Fit —t 1\ 7—t
/ u(s)ds—T-u(t+<i+2>T )‘

du |
24n3 Uil ziq1] .00

if v € Lyla,b];

< |7—_t|2+% ” //| if "el, [ b]
< T pull| | PSR T - R »la,b],
8(2¢ +1)7 n*ta S
p>1, % + % =1;
=t
8n2 "] [zi,zit1],1 "

Dividing by |7 — t| > 0 and using a similar argument to the one in Lemma 6, we
conclude that the desired inequality (4.21) holds. O

The following theorem also holds.

Theorem 16 (Dragomir et al., 2004, [7]). Let f : [a,b] — R be a twice differentiable
function such that the second derivative f" is absolutely continuous on [a,b]. Then

t b—t
(122 O e R A
T t—a
1 b—a)? a+b\? )
. [( ok (-5 ) [ O O e P Lot
1 " 245 (b ¢ 2+1 " . me g, b
< 1 9 ( _a’) + - ) ||f ||[a,b],p Zf f € P[a” ]’
8(2¢+ 1)< mn
p>1, %-i— % =1;
1 | (b—a)? a+b\>
o | e+ (-5 (17
-l if "€ Loo[a,b];
72mn? [a,b],00 corm D
1 241 :
————b=a)7 ", if "€ Lyla,b],
=\ 8(2q+1)7 2 bl ’
p>1 o+ =1
LAIPTI

1672
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Proof. Applying Lemma 8 for the function f”, we may write that (see also Theorem
15)

a0 () o)

: n
1=0

(T_t)Q 1 ; 1
22 If ”[t,r],oo if "€ Ly la,bl;

|7 — t|1+%

8(2q +1)7 n2

r—4
e

for all t,7 € [a,b], t # .
Consequently, by (4.23), we may write that

IN

1N,z i S € Lpla,b],

p>1, %Jr%:l;

1 b —f(t 1= b 1\ 7—t
(4.24) fpv/ MdT——ZPV/ f <t+ (z+> u >d¢
™ @ T—1 ™ o 2 n
1 _py b 2N d
stz V| 1T Il 00 A7
1 ’ 1+2 "
< —————PV [ |ttt f ||[t,r],pd7
87 (2¢+ 1) n? a
1 b
"
PV [ =t
Since

b b
PV [ 1r =t 1 o 47 < 1 oy PV [ 7=t dr

— ||f///H (t_a)3+ (b_t)3
la,b],00 3
b—a)? a+b\?
= ||f/”H[a,b],oo l( 12 ) + (t_ 2 > (b_a)?

b b
PV / =t Ny 4 < N Ny PV / Ir—t"*a dr

g

TS [(t o) (b t)“ﬂ
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and

b b
PV/ T —1 ||fm||[t,7],1 dr < ||f”/||[a’b],1 PV/ |7 —t|dr

_ " (t — @)2 + (b — t)Q
- ||f ||[a,b],1 2

2 2
" (b*a) a+b
= —_— t—
If ||[a,b],1[ i +< 5 )

then, as in Theorem 15, by (4.24) we deduce the first part of (4.22). The second
part is obvious. (Il

)

5. ESTIMATES FOR DERIVATIVES OF BOUNDED VARIATION

5.1. Some Integral Inequalities. We start with the following lemma proved in
[8] dealing with an Ostrowski type inequality for functions of bounded variation.

Lemma 9. Let u : [a,b] — R be a function of bounded variation on [a,b]. Then,
for all x € [a,b], we have the inequality:

b
G0 |u@)(b—a)- / w(t) dt

< B(b—a)+‘x—a;bu\?(u),

where \/Z (u) denotes the total variation of u on [a,b)].
The constant % 18 the possible one.

Proof. For the sake of completeness and since this result will be essentially used in
what follows, we give here a short proof.
Using the integration by parts formula for the Riemann-Stieltjes integral we have

/:(t—a)du(t):u(x)(x—a)—/:u(t)dt

and
b

b
/(t—b)du(t)zu(x)(b—x)—/ w(t)dt.

x

If we add the above two equalities, we get

b T b
(5.2) u(z)(bfa)f/ u(t)dt:/ (tfa)du(t)qL/ (t —b)du(t)

for any « € [a, b].
If p : [¢,d] — R is continuous on [¢,d] and v : [¢,d] — R is of bounded variation
on [c,d], then:

d

< sup [p(@)\/ (w).

z€[c,d]

d
(5.3 [ p@do)
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/j(t—a)du(t)‘-&-

T b
x—a\/ b—ux \/(u)

Using (5.2) and (5.3), we deduce
b

b
u(x)(b—a)—/ w(t)dt| < / (t—0)du(t)

<max{z —a,b—z}

b
a+b
T = — H \/ (u)
and the inequality (5.1) is proved.
Now, assume that the inequality (5.2) holds with a constant ¢ > 0, i.e.,

u(x)(b—a)—/:u(t)dt < [c(b—a)—f—‘x—a;—bu\b/(u)

for all z € [a, b].
Consider the function ug : [a,b] — R given by

0 if z€lfa,b)\{%2}

= B(ba)nL

(5.4)

ug (z) =
1 if o=t

Then wyg is of bounded variation on [a, b] and

b b
\/ (o) =2, / wo (£) dt = 0.

If we apply (5.4) for up and choose z = “TM, then we get 2¢ > 1 which implies that
¢ > % showing that 3 is the best possible constant in (5.1). O

The best inequality we can get from (5.1) is the following midpoint inequality.

Corollary 12. With the assumptions in Lemma 9, we have

(5.5) |u<a;rb>(ba)/ab (1) di| <

The constant % 18 best possible.

b

(b—a)\/ ()

a

l\J\H

Using the above Ostrowski type inequality we may point out the following result
in estimating the finite Hilbert transform.

Theorem 17 (Dragomir, 2002, [9]). Let f : [a,b] — R be a function such that
its derivative f' : [a,b] — R is of bounded variation on [a,b]. Then we have the
inequality:

(T'f) (a,bst) —

<L[aep- 2] [fo-a+ -2 ven.

(5.6)
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for any t € (a,b) and X € [0,1), where [f;«, B] is the divided difference, i.e.,
fa) = f(B)
a—pfp

Proof. Since f’ is bounded on [a,b], it follows that f is Lipschitzian on [a,b] and
thus the finite Hilbert transform exists everywhere in (a,b).
As for the function fo : (a,b) = R, fo (t) =1, t € (a,b), we have

[f;a,p] =

(Tfo) (a, b 1) = 71T1n<b_t), L€ (ab),

t—a

then obviously

_ b ) —
(5.7) (Tf) (a,b;t) — yln <f_2) - %PV/ wd“

Now, if we choose in (5.1), u = f', x = Ac+ (1 — A) d, A € [0,1], then we get

[f (d) = f(c) = (d=c) f' (Ae+ (1= A)d)

v

Vi

1
< [2|d—c|+ Ae+(1—A)d—

where ¢, d € (a,b), which is equivalent to

_f/()\c+(1—>\)d)’ < [1+‘)\_1H

for any ¢,d € (a,b), ¢ # d.
Using (5.8), we may write

b
(5.9) PV / Jo =7 —%pv F O+ (1= N 7)dr
1 1] L
g;_§+ )\—i_PV ; \/(f
1 N
bl o)
1 117 B t b
S; -+ )\—5- -t—a\a/ \t/ ‘|
11 1 b
S; 54’ )\*5 (bfa) ‘ H\a/
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Since (for A # 1)
b
lPV/ O+ (1 =XN)7)dr

t—e
— lim / /
T e—0+ tte

"At+ (1= X)7)dr)

1 ) t—e 1 b
— lim. ll_f()\tJr(l)\) )a + S e A=) Hj
1 fO-F =N+ L=V = f ()

m 1—A

b

= 2 A (L= A b M+ (1 -\ d].
T
Using (5.9) and (5.7), we deduce the desired result (5.6). O

It is obvious that the best inequality we can get from (5.6) is the one for A = 3.
Thus, we may state the following corollary.

Corollary 13. With the assumptions of Theorem 17, we have

(5.10) ’(Tf) (a,b;t) — f7(rt) In (i“i) _ b;a {f;t;’b’a;-tH

g% [;(b—a)+‘t—a;bu\b/(f’)~

a

The above Theorem 17 may be used to point out some interesting inequalities for
the functions for which the finite Hilbert transforms (7'f) (a, b;t) can be expressed
in terms of special functions.

For instance, we have:

1) Assume that f: [a,b] C (0,00) = R, f(z) = 1. Then

Th@nn =4[ FZ05] e @,

S+ Q= A b AE+ (1— )]
1 b—a
T M+ =N M (1= Na]

b 2 2
b —a
S

Using the inequality (5.6) we may write that

1. [(b—1) 1 b—t b—a
mt n[(ta)b} ot n(ta)+7r[At+(1)\)b][)\tJr(l)\)a]

171 1 1 a+bl] b —a?
< | = — — — — .
< [zrp-af Fe-o+ -3 =
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which is equivalent to:

b—a 1 b
. — -1
(5.11) N+ (1 NB M+ (- Nad] tn<a>
1 111 a+bl] b*—d?
<|= - - .
_[2+‘)\ 5] |5 a)—l—‘t || =
If we use the notations
b—a . .
L(a,b) =5 "Ina (the logarithmic mean)
Ax(z,y) @ =Xxx+(1-Ny (the weighted arithmetic mean)
G (a,b) =Vab (the geometric mean)
(a,b) _— _2|_ b (the arithmetic mean)
then by (5.11) we deduce
1 _ 1
A>\ (tv b) A)\ (tv CL) tL (CL, b)
1 17 1 24 (a,b)
< |= _ - Z(p— _ St s
_[2+‘)\ 2} {Q(b a) + |t A(a,b)@ Gilab)’

giving the following proposition:

Proposition 1. With the above assumption, we have
(5.12)

[tL (a,b) — Ax (t,b) A (t, )

<38 1+ p- 2 oo}

for any t € (a,b), A € [0,1).

a+b

In particular, for t = A (a,b) and A = 3, we get

(A(a,b) +a)(A(a,b) +b)
(5.13) A(a,b) L(a,b) — 1 ‘
1 A2?(a,b) (A(a,b)+a)(A(a,b)+b)
§§-G4(a,b). 1 L(a,b).

2) Assume that f:[a,b] CR — R, f(z) =exp (z). Then

@) bty = 2 (mi 1) - Bia 1),
where

Eu@::PV/ 9§¥Qﬁ, ZER.

— 00

Also, we have:
b—a

[exp; At + (L= A) b, At + (1 — N d]

1 exp(M+(1—-XA)b) —exp (At +(1—X)a)
B 1-X ’

H tAx (t,b) A (t,a) L (a,b)

45
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b

b
\ () = / 7 (8)] dt = exp (b) — exp (a)..

Using the inequality (5.6) we may write:

exp (1) {Ei(bt)Ez‘(at)ln(b—tﬂ

(5.14) p—

exp (At + (1 —A)b) —exp (Mt + (1 — A)a)
1-A

1 1 1
< |Z _ - Z(b—
<[z p-af oo
for any t € (a,b).

If in (5.14) we make A = % and t = %£2, we get

oo ()5 (552) -2l () o (457
< i(z) — a) [exp (b) — exp (a)],

which is equivalent to:

b— b— b—
5 (1) 2o () oo (5]
1 b— b—
Sz(b—a) [exp (2a>—exp (— 2@)]
If in this inequality we make b’T“ =z > 0, then we get

(5.15) ‘Ez () —2 [exp ( ) — exp (—%)] < 1z [exp (2) — exp (—2)]

-2
for any z > 0.
Consequently, we may state the following proposition.

0= 22|l ) - exp o)

z

2

Proposition 2. With the above assumptions, we have
1
(5.16) ‘Ez (z) — 4sinh (22) ‘ < zsinh (2)

for any z > 0.

The reader may get other similar inequalities for special functions if appropriate

examples of functions f are chosen.

5.2. A Quadrature Formula for Equidistant Divisions. The following lemma

is of interest in itself.

Lemma 10. Let u : [a,b] — R be a function of bounded variation on [a,b]. Then
foralln>1, X\, €[0,1) (i=0,...,n—1) and t,7 € [a,b] with t # 7, we have the

inequality:
n—1
1 /7 1 , T—t
(5.17) T_t/t u(s)ds—n;u{t—k(z—kl—)\i) - }
11 NN
< —|= Ai— =
“n [2+2_%1le 2} \/(U)
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Proof. Consider the equidistant division of [¢t, 7] (if ¢ < 7) or [r,t] (if T < t) given
by

T—1

(5.18) E,:z;=t+1i- , ©=0,n.

Then the points & = A; [t 4@ - ZL]+(1 = N) [t+ (i + 1) - =] (A €[0,1], i =0,n—1)

are between x; and x,41. We observe that we may write for simplicity &, =
t+(i+1-X) =t (1 =0,n—1). We also have

Ti+xip1 T T—1
i — 21 =5 (1=20), & —zi=(1-X)

and
T—1

Tip1 — & =N -

for any i = 0,n — 1.
If we apply the inequality (5.1) on the interval [x;,2;41] and the intermediate
point &, (z =0,n— 1) , then we may write that

_ _ Tit1
(5.19) T tu(t+(i+1—)\i)T t)—/ u(s)ds
n n -
1 |r—t T—1 o
<= — 2\ .
< |3 e Gt a-a)| V@

Summing, we get

T _ n—1 o
/ u(s)dS—T t u[t+(i+1—)\i)7- t}
¢ n = n

K2

|7_ _ tl n—1 Tit1
D I LE B2V AV
T —t [1 N
=— 5 Ai— 5 ;
R 2 \t/(“)
which is equivalent to (5.17). O

We may now state the following theorem in approximating the finite Hilbert

transform of a differentiable functions with the derivative of bounded variation on
[a, b].

Theorem 18 (Dragomir, 2002, [9]). Let f : [a,b] — R be a differentiable function
such that its derivative f' is of bounded variation on [a,b]. If A = (Ni);_g—
Ai€[0,1) (i=0,n—1) and

a—t

n—1
(5.20)  Sp (fi A1) := b_az [f?(i+1—>\i)bn_t+t7(i+1—)\i) +t],

=0



48 S.S. DRAGOMIR

then we have the estimate:

(5.21) ‘(Tf)(a,b;t)—1n<b_t>—5n(f;)\,t)‘
e

b—a [1
< — + max

=0,n—1

nm

Proof. Applying Lemma 10 for the function f’, we may write that

n—1
M_%Zf |:t+(’i+1—)\i)7—;t:|
1=0

5.22
( ) T—1
oy
1 2

T

\ ()

t

1 [1
< — |-+ max
n |2 i=0n—

for any ¢,7 € [a,b], t # T.
Consequently, we have

PV/f LI ZPV/ {t+z+1—x)7_t]d

==l P
A 2H vf

V (f)|dr
/\i_;H B(b—aw‘t—a;bu\z/(f’)

(5.23)

1 [1
< — |z + max
nmw i=0,n—1

t

1 [1
< — |-+ max
nm i=0,n—1

On the other hand

(5.24) PV/ [H—H—l—)\)T;t}dT

“ [ L ()

t—e
n T—1
= lim | —— i+ 11—\
siI(I)IJr i+1)\if(t+(l+ )\Z) n )a
n T—1 b
—f |t i+ 1=\
+Z+1)\1f(+(z+ ) n >t+€‘|

n ) b—t ) a—t
:Mlif(t—F(Z—Fl—/\i)n)—f(t‘i‘(’t—‘rl—/\i) o ):l
, b—t . a—t
:(b—a) |:f;t+(’b+1—)\i)n,(2+1—>\i)n+t:|.
Since (see for example (5.7)),

(T) (a,bs1) = pv/’f dT+fU)l<bt>

™ t—a
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for ¢t € (a,b), then by (5.23) and (5.24) we deduce the desired estimate (5.21). O
Remark 7. For n =1, we recapture the inequality (5.6).

Corollary 14. With the assumptions of Theorem 18, we have

(5.25) (Tf) (a,b;t) = @hl (tb_ > + hm Sn (f3 A1)

uniformly by rapport of t € (a,b) and A with \; € [0,1) (i € N).
Remark 8. If one needs to approxzimate the finite Hilbert Transform (T f) (a,b;t)

in terms of
ﬂln (bt> +Sn (5 A1)

™ t—a

with the accuracy € > 0 (e small), then the theoretical minimal number n. to be
chosen is:

b—a\
(5.26) ne i= [ g V()

where [a] is the integer part of .

It is obvious that the best inequality we can get in (5.21) is for \; = % (l =0,n— 1)
obtaining the following corollary.

Corollary 15. Let f be as in Theorem 18. Define

(5.27) M, (f; Zl{ < )bnt+t,(i+;>ant+t}

Then we have the estimate

s - 0w (20) < o )

<b‘”B<b—> - iW

(5.28)

- 2nm
for any t € (a,b).
5.3. A More General Quadrature Formula. We may state the following lemma.

Lemma 11. Let u : [a,b] — R be a function of bounded variation on [a,b], 0 =
o < g <0 < plyyqg < pp, =1 and v; € [,ui,,uiﬂ], it = 0,n— 1. Then for any
t,T € [a,b] with t # 7, we have the inequality:

n—1

J @ ds =3 (s =) ult = wi) e v

i

(5.29)

T—1

v; — IU/L + /’[’7,+1

1
< [An () + max
2 i=0,n—1

t

where Ay, (p) == max (g1 — ) -

1=0,n—
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Proof. Consider the division of [t, 7] (if ¢ < 7) or [r,¢t] (if T < t) given by
(5.30) Icwii=(1—p)t+pr (i=0n).

Then the points §; := (1 —v;) t + v;T (z =0,n— 1) are between z; and z;11. We
have
Tit+1 — (N’7,+1 lu‘z) (T - t) (Z = Ovn - 1)

and

g - Tt (V_Nzﬂﬂ> (r—t) (i=0n=T).

Applying the inequality (5.1) on [z;, ;1] with the intermediate points &; (z =0,n— 1),
we get

Tit1
[ ) ds = (e = ) (7 =yl = vyt 7]
for any ¢ = 0,n — 1. Summing over %, using the generalized triangle inequality and
dividing by [t — 7| > 0, we obtain

Ti+1

V (@)

Zq

My =+ i
2

V; —

1
< 5(#1‘-5—1*/%') |7 —t| + |7 — 1

1 b n—1
T_t/U(S)dS—Z(Nz‘H—Mz‘)“[(l—l’i)t+l/i7']
@ i=0
n—1 Tit1
1 By +
< [2 (Pigr — 1) + |vi = % } \/ ()
=0 T
1 T
< [An (1) + max |v; — it MZH } \/
2 i=0,n—1 t
and the inequality (5.29) is proved. O

The following theorem holds.

Theorem 19 (Dragomir, 2002, [9]). Let f : [a,b] — R be a differentiable function
such that its derivative [’ is of bounded variation on [a,b]. If 0 = pg < pq < -+ <

Py < pb, =1 and v, € [ui,uiﬂ}, (i:(),nf 1), then
bh—

(5.31) (Tf) (a,b;t) = @ In (t _

t) + —Qn (p,v,t) + Wy (1, v, 1)

for any t € (a,b), where

(5.32)  Qn(mv,1)
n—2

= f OO+ b-a)Y { T

i=1

X [fi(1—vy)t+ b, (1 —v;)t + vial } + (1= pyq) [f (0) = f (a)]
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ifVO =0,vp_1=1,

n—1
(533) Qn (/J’v Va t) = /u’lf ( ) (b - a‘ Z /”L7,+1 2
=1

[f (1_V1)t+Vz (1—wvi)t+ ]
ifvg=0,v,1 <1,

n—2

(5.34) Qn(m,v,t) :=(b—a) Z (Hi+1 - Mi)

i=1
X [f; (L =wi) t+vib, (1= vi)t +vial + (1= p,_y) [f (b) = [ (a)]
ifvg>0,v,_1=1 and

n—1

(5.35) Qn (v, t) = (b—a) Y (ipr — ) [f5 (A= vi)t +vib, (1 — vi) t + vid]

3

Zf Vg > O, Vpo1 < 1.
In all cases, the remainder satisfies the estimate:

(536) W (mw 0] < BA 1)+ max |y, - PP }
b b
S
b
S%An(u) [;(b—a)+‘t—a+bH \ ()
1 b
S; bfa\a/

Proof. If we apply Lemma 11 for the function f’, we may write that

w*z_:(Hi-;—l*#i)f/[(l*l/i)tJrViT]

i=0

1 Mi+ui+1:| Y
< |=A, + max |v; — ———
< [580 00+ max e

for any t,7 € [a,b], t £ T.
Taking the PV in both sides, we may write that

=

b [/n—1
_%PV/ (Z (igr — ) F 1A= vi)t+ un]> dr

=0
b
|

(5.37)

T

\ ()| dr

t

Hi + Pita
2

V; —

11
<=|zA,
T [2 () + i:n([)li};
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Ifvg=0,v,_1 =1, then

b [/n—1
PV/ <Z (:ui+1 - Mi) f/ [(1 —v)t+ yi7]> dr
a i=0
n—2

b
:PV/ m f dT+Z (thip1 — 1 PV/f (1—v)t+v7)dr

i=1

+ (1 - anl) PV/ f(r)dr
=y f' (1) (b—a)+(b—a)z_: (i1 — i) If;s A= vi) t 4 wb, (1 — i) t + v4a]

+ (1= ) [f (0) = f(a)].

If vo=0, v,_1 <1, then

b /n—1
PV/ (Z (i — ) f1A—vi)t+ 1/1-7-}> dr
@\ ;=0

= f () (0 —a)+(b—a) Y (w1 —w) [fs (L= vi)t +vib, (1 = vi) t + via].

i=1
Ifvg >0, v,_1 =1, then

b [/n—1
PV/ (Z (Hi+1 - .Ui) flA—vi)t+ Vﬂ']) dr
a i=0

n—2

=(b—a) Z (i1 = 1) [fs (L= vi) t +vib, (1 = vi) t + via] + (1 — p,—q) [f (b) = f (a)].-

i=1
and, finally, if v > 0, v,_1 < 1, then

PV/ <Z_: (Mz‘+1 - Mz’) flt=vi)t+ ViT]) dr

i=0
:(b—a)yif(ui+1—ui) [f; (1= wi)t +wib, (1 — v) t + vsa].
Since -
/a \T/ dr < F(b—a)Jr‘t—“;bH\b/(f')
and
(Tf) (a,b; t) PV/ i ffrt) In (fj)
then by (5.37) we deduce (5.31). m

6. ESTIMATES FOR ABSOLUTELY CONTINUOUS DERIVATIVES

6.1. Ostrowski type inequalities. For the sake of completeness, we state and
prove the following lemma providing some Ostrowski type inequalities for absolutely
continuous functions (see [15], [16] and [17]).
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Lemma 12. Let u: [a,b] — R be an absolutely continuous function on [a,b]. Then
we have:

b

u(x)(bfa)f/ w (t) dt

li(b—a)2+(x—a;b>2

Lr (o= )5+ (0= ) 0] gy, O W€ Lyl

(6.1)

140l 44,00 if u € Lo [a,bl;

IN

(q+1)% -
a .
{2 (b—a)+ |z — ] 1/ g1+ ifu' € La, b

where ||-||,. (r € [1,00]) are the usual Lebesgue norms, i.e., for ¢ < d

(e,d],00 1= €SS SUD [h (¢)|
t€le,d]

ll, (/ nt |dt> L

Proof. Using the integration by parts formula, we have

/j(t—a)u’(t)dt:u(x)(x—a)—/;u(t)dt

and

and
b

b
/(t—b)u'(t)dt:u(x)(b—x)—/ u (t) dt.

x

If we add the above two equalities, we get

b T b
(6.2) u(x)(b—a)—/ u(t)dt:/ (t—a)u’(t)dt—i—/ (t—b)u (t)dt

for any z € [a, b].
Taking the modulus, we have

T b
< [ - @ldes [ @bl

= M (x).

b
u(:r)(b—a)—/ w (t) dt

Now, it is obvious that

T b
M @) < iy [ @)t gy [ (0=t

/ (z—a) (-2
[a,@],00 2 2

+ 119l 241,00
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< e [(”’"“) -2 ]

2

o ’ 1 _ 2 _a+b 2
. Ll(b oy + (o- 21

proving the first part of (6.1).
Using Holder’s integral inequality, we may write:

)

1

B % b q
M @) < Wl ([ €= at) "+ W, (/ <b—t>qczt>
a T

4 1 1
)q q q

(b—2)
g+ 1

(z—a
q+1
<q+1 s =)™+ -]

proving the second part of (6.1).
Finally, we observe that

M (z) < (x = a) [W/lljg 11 + (0= 2) 1]y 40

= 1 g 0, + 1l

<[l

< max {w = a,b = &} [0/l a1 + 110

1
- {2 (b—a)+ 'm H 14l fa..1

and the lemma is proved. ([l

_a+b

The best inequalities we can get from (6.1) are embodied in the following corol-
lary.

Corollary 16. With the assumptions of Lemma 12, we have

b b
(6.3) u<a;r )(ba)/u(t)dt
1 2 (00! . ,
1 (0= @) [l 00 if U € Log [a,b];
1 .
S m (b B a)1+q ||u" [a,b],p Zf u’ € LP [a’? b] 9
p>1 S +1=1;
1 P g
2 (b= a) [u'll 4,1 - if u' € La,b]

The following theorem providing an estimate for the finite Hilbert transform,
holds.

Theorem 20 (Dragomir, 2002, [10]). Let f : [a,b] — R be a function so that
its derivative [’ : [a,b] — R is absolutely continuous on [a,b]. Then we have the
inequalities

(6.4) |(Tf)(a,b;t) — 1® ln<bt> — b;a[f;)\t+(1—/\)b,>\t+(1—/\)a}

™ t—a
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11 1\°
; 4+<A‘2)]
o L N T 1€ Lo fal]
< 1 q 1 1
w0
Tla+1) e - .
x [t =)+ 0= "] 1 if [ € Lyla.t],
1,1 _ 7.
11 1 1 +b p>1,5+a_1’
a .
W[Q—'—’)\_?H [Q(b—a)—i—‘t— H 1 Napp> i f7 € Llasb]
for any t € (a,b) and X € [0,1), where [f;«, 8] is the divided difference, i.e.,
f(a) = f(B)
[f?OéHB]:O)[ﬁ(-

Proof. Since f’ is bounded on [a, b], it follows that f is Lipschitzian on [a, ] and
thus the finite Hilbert transform exists everywhere in (a,b). As for the function
fo:(a,b) =R, fo(t) =1, ¢ € (a,b), we have

b—t
t—a

(ﬂ@@@ﬂ:ih( »tewm,

then, obviously,

b J—
Gvﬂmmﬂzipv/:ﬂﬂ ffl““”w
Lo [HO e L [

from where we get the identity

(6.5) (Tf)(a,b;t)*Ml ( > PV/ e T—t

™

Now, if we choose in (6.1), u = f', z = Ae+ (1 = A\)d, A € [0,1], ¢,d € [a,b] then
we get

If(d) = f(c) = (d—c) f (Ac+ (1= N)d)|
1 1?2
4+<A‘2)

jd— ¢
(¢+1)7

(d—c)® [F. if f" € Log [a,b];

IN

1 1
N =05 1 e

it f”eLyla,b],

1 1 _ 1.
p>1,;+3—1,

1 1
d=el 5+ = 5] 1]
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which is equivalent to:

(6.6) ’f(d()i:f(c) —f e+ (1 —A)d)’

1 I I
4+(A—2>]Hf

|d = ¢

[e,d],00

if f"€ L la,b];

p>1, %-l—%:l;

d—C% 1 1 )
< (|+1|)1 [)\1+q + (1 — )\)1+q} ‘HfHH[c,d],p‘ if e L, [a,b],
q q
1 1
3+ =2l ]

Using (6.6), we may write

(6.7) |711_PV/bf(T7)__{(t)d7-iPV/bf’()\tJr(l/\)T)dT

1[1 1\* b
. [4 + ()\_ 2) PV [t —7| ‘Ilf”||[m]7oo‘d7
< l _ % [)\1+% +(1- )\)1+%} PVf; |t—7-|% Hf//”[t T]p‘ dr
T (g+1)" N
11 1 b
Pl e e
1[1 1\? b
; 1 + (A - 2) ‘| ||f//||[a,b],oo PVfa |t _T|dT
< S N @ N ] 1 g PV S N dr
T (¢g+1)s -
1M1 1 t b
; _5 + ’A B 2” PV |:fa ||fNH[Tvt]71 dT+ft ||f”||[t,‘r]71 dT:|
1 -1 1 2 , 1 9 a+b 2
; 1"‘ <>\_2> ‘| ||f ||[a,b],oo [4 (b_a) + <t— 2 >
1 1 1 :
L. AT =T s
<y m+n;[ 1 17,
1+l _pite
bpleatteomo
171 1 1 a+b 7
Laep-gll [se-as - s
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Since (note that A # 1)

iPV/bf’()\t—&—(l—)\)T)dT

t—e
_ %Ji%h V /+8 "M+ (1= \)7) dr)
t—e b
_ islir&[l_f()\t—k(l—)\) 7) +ff(xt+(1—x) )Hj

a

Lf@)—fM+0-Na)+f(M+(1=Na)—f(?)
T 1—A

- b;—“[f;At+(1—A)b,At+(1—A)a],

then by (6.5) and (6.7) we deduce the desired inequality (6.4). O

The best inequality one may obtain from (6.4) is embodied in the following
corollary.

Corollary 17. With the assumptions of Theorem 20, one has the inequality

68) ’(Tf)(a,b;t)—f;t)ln<b_t)—b;a {f;t+b a—l—t”

t—a 2 7 2
IBE 2 a+b ? " . 1" .
=100 (=50 |1 if "€ Lo o]

1 1 1 .
<8 =) 0= 1 Ny, S € Lylos],

1 1 _ 1.
p>1, ;‘i‘g—l,
H Hf”Hab fo/leL[aab]a

for any t € (a,b).
6.2. A Quadrature Formula. The following lemma is of interest in itself.

Lemma 13. Let u : [a,b] — R be an absolutely continuous function on [a,b]. Then
foralln>1, X\, €10,1) (:1=0,...,n—1) and t,7 € [a,b] with t # T, we have the
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inequality
1 T ) _— -
(6.9) Tft/t u(S)ds_n;u[t‘i‘(i—l—l_)\i) E }
t—7l |1 1721 N / |
el PR S CYE S N T
1 1
t—7l7 [172l [/ 1+l Nk
S =y " Z‘b MM " [ H[t,r],p
q an LT i=
1 1
1l p>1 t4l=1
n L -+ max |\ H Hu,“[t,f]J;
[t — 7|
om ”u/H[tﬂ'],oo;
< ‘t—7|% ) o
> m”u ||[t,7'],p p>1’ §+E:1,
1 li
% ||’LL ”[tﬂ'],l )
where
||'U/||[t’7-]’p = ‘/ |u/ (8)|p ds - Z .
t
and
[l [t,7],00 1= €SS SUD ! (s)].
s€[t,7]
(s€[r,t])

Proof. Consider the equidistant division of [¢t,7] (if t < 7) or [7,t] (if 7 < ¢) given
by

(6.10) B, imi—t4i ' =0
n

Then the points §; := A; [t +i- T2 +(1 = N) [t+ (i +1) - =] (A €[0,1), i=0,n—1)
are between x; and x;11. We observe that we may write for simplicity &, =
t+(i+1—X) =t (i=0,n—1). We also have

T—1

T+ Tip T—t (1
& — = n

5 2—/\i>;§i—3«"i=(1—)\i)

and
T—1

Tip1 — & =N -

for any i = 0,n — 1.
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If we apply the inequality (6.1) on the interval [z;,x;11] and the intermediate
points &; (z =0,n— 1) , then we may write that

—_ _ Ti+1
(6.11) Tntu[t—l—(i—&—l—/\i)Tnt]—/ u(s)ds

1t—7)7 (t—71)7° ) .

[4 ’n2 + 4TL2 (1 - 2)\1) Hul‘ [zi,zi+1},oo lf ’U,/ = Loo [a/, b] ,
1 t— 141 1 t— 1+% 1

= 1 | 17-‘1 q)\;-"_q +%(1_>‘i)l+q ||u/||[a:-m'+1]-:0 if ' €Ly [GJb]7
(g+1+ | ' 't o
1 1 _ 1.

L=t fr—t|1 pheranh
T — T —

[zn T ’2 N } ey

Summing (6.3), we get:

n—1
T -1 —1
(6.12) / u(s)ds — u[t+(z’+1—)\i)7 }
. no = n
t—7)?n=d |1 1\ ‘
n? = 4 - 2 HU/H[JJNHHLOO ’
— 1+% n—1 1 1
: ( |:— 1)71| +3 /5 [Ai+q - Ai)H_q} Hu/H[xi’wiﬂ],p
q am q 1=
p>1, % + % =1;
|t — 7] =11 1
no =2 +h- 2 ”u,”[xmzwl],l'
However,
n—1 1 1 2]
(6.13) Dol (Ai - 2) 1 17,00
i=0 i
n—1 2
1 1
T - _Z
SLGENFTEDS (Az 2) ] |
n—1 1+1 L
1 11
(614) |:>\Z a4 + (1 - )\Z) +‘1:| ||u,||[75i7$i+1]7p
i=0
1 1
n—1 1+% el g\ ¢« [n—1 o P
< Z )\i + (1 - )\i) ! Z ||’LL ||[$i,$i+1]7p
i=0 1=0
. 1
n— 141 N q] «
= vl 70 [Z ()‘i T+ (1- )\i>1+") ]
i=0
and

1 /
3= 3|

(6.15) Z_: B +
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1 1
< [2+max }Zﬂu“x civall = [ + max | \; —2H|
Now, using (6.12)-(6.15), we deduce the first part of (6.9).
The second part is obvious. O

We may now state the following theorem in approximating the finite Hilbert
transform of a differentiable function whose derivative is absolutely continuous.

Theorem 21 (Dragomir, 2002, [10]). Let f : [a,b] — R be a differentiable function
so that its derivative f' is absolutely continuous on [a,b]. If X = (X\;),_

A €0,1) (i=0,n—1) and

O,n—17

_b-ax~ b—t t—a
1 1— T t—(i+1=N\
(010) S, (fidd)i= 0 Y [Fitk 100 e k12

1=0
then we have

617) @) abn=1Dn (b - t) S (A 0) + R (Fi M 0)

s t—a

and the remainder Ry, (f;\,t) satisfies the estimate:

(6.18) |Rn (f3 A1)
11 1n=l 1\?
n 4+n§)(“2>]
1 b
ro-at s (=) |1 # P L o]
< 1>< 1 1 a7 q
=~ 1 n— 1 q
™ ql|:2<>\ll+ _|_(1_)\)1+):|
no(g4 1)t n iz
x [t =)+ 0= "] 1 if f" € Lylabl,
p>1 %—i—%:l'
11 1 1 a+b
w5+ maxp=gf) [Fe- 0 o= 52 17
1 .
1 1 .00 (0= 0)° if "€ Lo [a,0]
q
<1y iw—a)l*qnf"n[ab]p if f'eLylabl, p>1, t+i=1
) (g+D)7"
1
—b=a)[f" N0
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Proof. Applying Lemma 13 for the function f’, we may write that

fH)—f) 15
6.19 — = t 1=
(6.19) | - nz + (i + )"
=k S SOV N T
- 1 n = i 2 [t,T],00 ?
< |t—7|5 1zl /a4l 1+1 ok
_ § [ <Ai - )} 1 s
(g+1)an L™ i=0
11 1
E {2+max - 2” Hf”H[t,T],l
for any ¢, 7 € [a,b], t # T.
Taking the PV, we may write
n—1

ZPV/ [H— H—l—)\)T;t}dT

(6.20) ‘iPV/b f(t)T__JZ(

1|1 1 1\? b ,
E Z + - n ’L;() ()\ - ) PV fa |t - 7—| ||f ||[t,'r],oo dT;
1 ~ g1
_ 1 n—1 141 1 1 b 1
<7 L (e ) P e e
n(g+1)s LT i=0
11 1 b
(5 m=3] 2V L0
However,

b b
PV [ 1= 118" 7 < 15 Vi PV [ V6= 7l
a a

(t—a)® + (b—t)zl

_ "
= 1" N0 -

b 1 b 1
PV/ [t =717 1"y, AT < ||f”||[a,b],pPV/ It — 7|7 dr

(t—a)it' 4 (b—t)st!
s+

=" Nanp

q 1 7
= {(t—a)q+1+(b*t)q+l} ||fl/||[a,b],p’
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¢ b
/ ||f//||['r,t],1 dT+/t Hf””[trT])l dT]

< max{t —a,b—t} Hf”H[a,b},l

b
PV [0 dr = PV

1 a+b
S GRS S| [ T
and using the inequality (6.20) we obtain the desired estimate (6.18). O

The following particular case which may be easily numerically implemented
holds.

Corollary 18. let f be as in Theorem 21. Define

n—1
st R e () (4]) 5]

=0

Then we have the representation:

t b—t
(Tf)(a,b;t) = y In (t—a) + Smn (fit) + R (f51)

and the remainder Rar., (f;t) satisfies the estimate
(621) |RM,7L (fvt)|

11 a+b)® _

: [4 R e N [T € Lol
<Ly ! t—a)t T (-t ) i "€ Ly[a,b]
< g (=T 0= 1, plab],

™ 2%((]—1—1)5

p>1 4=
1171 a—l—b
2[2(b_a)+’t— 5 H 1" ey,

for any t € (a,b).

7. INEQUALITIES FOR CONVEX DERIVATIVES

7.1. An Inequality on the Interval (a,b). The following result holds.

Theorem 22 (Dragomir, 2002, [11]). Assume that the differentiable function f :
(a,b) — R is such that f' is convex on (a,b). Then the Hilbert transform (T f) (a,b;-)
exists in every point t € (a,b) and:

o)) )
< (Tf)(a,b;t)
<gUO-f@+e-ar o+ (=)

27 7r

for any t € (a,b).
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Proof. The existence of the Hilbert transform in each point ¢ € (a, b) follows by the
fact that f is locally Lipschitzian on (a,b).

Since f’ is convex, we have, by the Hermite-Hadamard inequality, that

(7.2) f(t_l_T)_T_t/f +f’()
for all ¢, 7 € (a,b), t # 7, giving
(73) F(50) < L0210 L0 0

for all t,7 € (a,b), t # 7.
Applying the PV in t, i.e., hm (ft E—i—fH_E) , we get

(7.4) Pv/a 7 <t+27> dTSPV/a f(TT)_tf(t)dTgPV/abf/(t)—gf/(T)dT.
() 0 (557) )
s [ (e [ (5
- (5)

H(5) (%)

Since

)]
D)+ ( (55 (%59)]

:%Elj&[f (t)(t—s—a)+f t)(b—t—e)+f(t—e)— f(a)+ f(b)— f(t+¢e)]
:%[f(b)—f(a)+(b—a)f’(t)],

then by (7.4), we may state that:

b))y

<

/fT—t

= fla)+(b—a) f' (2)]

M‘H:}

for all ¢t € (a,b).
As for the function fy (¢) =1, ¢t € (a,b), we have

(TF) (a, b;t) = ln<bt), te (a,b),
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then obviously

(7.6) (Tfo) (a,b; 1) = %PV/ f(r . _tt 1),
_ 1 f(r)—f(t) Q) b—t
,;PV/(I p— dr + - 1n<t—a>
for any t € (a,b).
Finally, by (7.5) and (7.6), we may obtain (7.14). 0

The inequality (7.1) in Theorem 22 may be used to obtain different analytic
inequalities for functions f : [a,b] — R whose derivatives are convex on (a,b) and
the Hilbert Transform (Tf) (a, b;-) is known.

For example, the following proposition holds.

Proposition 3 (Dragomir, 2002, [11]). For any a,b € R, a < b and t € (a,b), we
have the inequality:

(7.7) In (S_;) +2(e'7 = ')
<Bi(b—t)— E(a—t)

b—t 1, o
§ln<t >+2[ebte L+ (b—-a)],

—a

where E; is defined in (7.8).

Proof. If we consider the function f (t) = €', t € (a,b), then f’ is convex on (a,b),

t
(TF) (a,bit) = = [Bi (b= t) = By (a— )]
where F; is defined by
(7.8) =PV / % €R,

_2 [6#*6%} Jre—tln b-t
T T t—a
and
1 / (t) b—1
0= 1@+ 00 £ 0]+ T (7=7)
1 et b—t
" or [ —e"+(b-a)e] +wln<t—a>'
Using (7.1) and dividing by e?, we deduce (7.7) O

The following inequality also holds.

Proposition 4 (Dragomir, 2002, [11]). For any x > 0, we have the inequality

1 1 1
(7.9) 2sinh (235) <Ei(z) < 3 sinh (z) + 7%
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Proof. If in (7.7) we put t = %2, then we deduce:

2(61:2@ _e_bza) < E, (b;a) _E <_b;a>

S e
— 2 J— 2 J—
<35 e + a
If we denote z := b*T“, then we get
1
(7.10) 2 <e%x - e*%x) < By (¢) = Bi(—2) < 5 [¢" — ¢ +2a] .
However,

—Ei (—iL') = Ez (LE) s

1
2 <e%x — e_%’”> = 4sinh (2x>

and )
3 (" —e™® +2z) =sinh (z) + =
and then, by (7.10), we deduce (7.9). O
If we choose another function, for instance, f : (a,b) C (0,00) — R, f () = —1,

then obviously f’ is convex on (a,b), and we may state the following result as well.

Proposition 5 (Dragomir, 2002, [11]). For any 0 < a < b and t € (a,b), we have
the inequality:

2G? 2+ 24t + G2

11 <L —m"— ——
(7.11) reZE) <L< yr , forany t € (a,b),
where A=t G =+ab and L = —2=2— (the logarithmic mean).

Proof. For the function f : (a,b) — R, f(t) = —1, we have

e = m(2) -m (=1
(7)) f”) (=)

+
4 b—a
T T (tta)t+d) (

and

(
b—a 1 1 —il b—t
2 ab o \t—a)"

Now, if we use (7.1), we may write:

4 b—a 1 b—t 1 b 1 b—t

2. vme Ly <—m(2)-=m

m (t+a)(t+b) =t t—a mt a mt t—a
2
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which is equivalent to:

4t Inb—Ina _t>+ab
< < .
(t+a)(t+b) = b—a — 2tadb
Using the fact that L := —=2— we deduce (7.11). O
Corollary 19. We have the inequality
A
(7.12) GngG; .

Remark 9. The first inequality is a well known result as the following sequence of
inequalities hold
GLLLILA

The second inequality is equivalent with:

2
(7.13) L(a,b) < [4(Va, V8],
which is interesting in itself.

7.2. An Inequality on an Equidistant Division of (a,b). The following lemma
is interesting in itself.

Lemma 14. Let g : [a,b] — R be a convex function. Then forn > 1 andt, T € [a,b),
t # 7, we have the inequality:

(7.14) igg[t—k <i+;)-t;1
Tl_t/Tg(u)du

LS oreen 2]

Proof. Consider the equidistant partitioning of [t,7] (if ¢ < 7) or [r,t] (if T < ?)
given by

IN

I N

T—1

(7.15) En:imi=t—+i-

, t=0,n.

Then, applying the Hermite-Hadamard inequality, we may write that:

. ) Tit1 . )
g (m’b + xl+1) S 1 / g (’LL) du S g (ZUZ) + g (xl+1)
2 i+1 i J 2

g<t+<i+;).tn7) STTit/%ng(u)du
gé{ <t+l - )+g<t+(z’+1)~Tn_t>}.

Dividing by n and summing over ¢ from 0 to n —1, we deduce the desired inequality
(7.14). O

i.e.,

The following generalization of Theorem 22 holds.
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Theorem 23 (Dragomir, 2002, [11]). Assume that [ : (a,b) — R fulfills the hy-
pothesis of Theorem 22. Then for all n > 1, we have the double inequality:

o B S o 1) e ()45 e ()
( 77) (0,0
VIO f()Q;;Tf’(t)( bm“"_l[ft_@ 0 bﬂ

[

1=

L, (1)
T t—a
: o fe)—F(d
for any t € (a,b), where [f;c,d] denotes the divided difference %.

Proof. If we write the inequality (7.14) for f’, then we have

(7.17) inzlf’ [t+ <i+;>-7;t}

- Tt
O ITE)
=21n[f’(t){:f’(twj;t)+§f’(+(z+ 1) )+f()]

_ % [f’(t)+f’(7)+2j§;1f' <t”' T;tﬂ ’

since it is obvious that

n—1 S— n—2 S—
;fcﬂ~n)_2fcﬂwn-n)

=0

Applying the PV over t, i.e., liJr(r)l+ (fatfs + ftl;g) to the inequality (7.17), we deduce
T—1
7.18 — PV . d
w5 [l () e
< pv/ Qaﬁ
@ T—1

1 ’ ’ ’ nil/ . T—1
<%PV/G f(t)+f(7)+2;f <t+z~ = >]d7.




68 S.S. DRAGOMIR

(1) 5o (43) 3)

= lim, (/ . ) ﬂ .

= lim [ (t—e—a)+f’(t>(b—t—s>+f<t—s) fla)+f()—f(t+e)

6~>0+
a— t) (t ;. bt) (t ze)]
n ’ n ’ n

n—1 .
+227;[f(tzs)f<t+z
s t—a . b—t}

=f(b)—f(a)+f’(t)(b—a)+2(b—a)z[f;t—z'- i

i=1

then by (7.18) we deduce

n—1
b—a 1 t—a 1 b—t
1 1 I i+ =)
(7.19) A [f,t <z+2> - ,t+(z+2> - ]

=0
<Pv/bf(7)—f(t)dT

T—1

n—1

f(b)—f(a);f’(t)(b—a)+b;az[f;ti.t;a,m.b;t .

<

i=1

Using the identity (7.6) and the inequality (7.19), we obtain the desired result
(7.16). O

7.3. The Case of Non-equidistant Partitioning. The following lemma holds
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Lemma 15. Let g : [a,b] — R be a convex function on [a,b] and t,7 € [a,b] with
t£T. IfO0=Xg < A1 <+ < A1 < A = 1, then we have the inequality:

n—1
Ai + A1 Ai + A1
(7.20) ;(Ai+1/\i)g{<l 5 >t+ T

1 T
< d
—T—t/t g (u)du

L3 e = A {0l A+ A 4910~ Ausa) A7)
=0

IN

Proof. Consider the partitioning of [t,7] (if t < 7) or [7,¢] (if 7 < t) given by
Then, obviously,
T + Tita _(1_ Ai + i1 - Ai + i1 .
2 2 2

T, (i:O,nfl)

and
Tig1 — 2 = (T —1) Nig1 = Ni), (1=0,n—1).
Applying the Hermite-Hadamard inequality on [z;,x;+1] (i =0,n —1), we may

write that
Ai + A Ai + X1
o|(1- 2 e 2
1 Tit1 4
< u) du
S cer[ewess i A0
1
S5{9[(1—>\i)t+/\ﬂ]+g[(1—>\i+1)t+>\i+1T]}

for any ¢ =0,n — 1.
If we multiply with A;4+1 — A; > 0 and sum over ¢ from 0 to n — 1, we deduce the
desired inequality (7.20). O

The following theorem holds.

Theorem 24 (Dragomir, 2002, [11]). Assume that f : (a,b) — R fulfills the hypoth-
esis of Theorem 22. Then for allm > 1, and 0 =X g < A < -+ < A1 < A, =1,
we have the inequality

n—1
(7.21) f7(rt) In (b_ t) + ! ; : Z (Ait1 =)

t—a
i=0

i + A Ai + A Ai + A Ai + A
x[f;(l—)\+2)\+1>t+ * +1-b,<1—+2+1)t++2+1-a}

2
< (Tf) (a,bit)
< % ib—a) f () + (1= A1) [f (B) = f (@)}

2
i=0

for any t € (a,b).

+banz_:(/\i+1)\i)[f;(l)\i)tJr)\i@(lAi)tJr/\ia]Jrfth)ln(bt)
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Proof. If we write the inequality (7.20) for f’, then we have

(7.22) > Oipr =) S Kl - /\ZAH) o % 7
=0
LI f )

i
~ 1
|
~+

INA
N |
™
-E

s
I
o

M) LI =Xt Nir] 4 f1 (L= Aign) E 4 Xiga]}

)+ Z i1 = A) F L= Nt + AT

3| w\)—*

[V |
>
et
&E

+
(]

(N1 = A) 1A = A t+ A r] + (L= Aa) ff (T)]

.
Il

n—1

A (@) Y v = ) f1 (1= Aot + At

=1

i =) £ 1= A £+ M) + (L= ) <r>]

+ Il
i :I DO | =
= - — ©

n—1
Z Alf/(t)+2()\i+1 —Ai)f/ [(I—Ai)t+)\i7]+(1—)\n1)f/(7')‘| .
i=1

Applying the PV over t, i.e., EEI& (f;fs + ftl;s) to the inequality (7.22), we deduce

n—1 b ) . ) .
(723) Z (>‘i+1 _ >\1) PV/ f/ |:<1 . )\z +2>\1+1> L+ )\z +2>\1+1 . 7_:| dr
=0 a
b
SPV/ GO
T—1
n—1 b
A1 (b +Z i+l — i)PV/ P =XN)t+ 7] dr

(L= A (F () — f<a>>}

Since

b . . . .
PV/ f/ |:(1 _ )\l + Al-‘rl) t+ )\l + A1-‘y—1 . 7_:| dr
; 2 2
2 Ai + Aig1 Ai + Aig1
= — 1-— t -b
N (fK 2 ) T }

y Kl A +2>\i+1> . Ai +2>\i+1 ﬂ})

— (b—a) [f; (1Az—+m+1)t+xi+m+1 B <1Ai+xi+1)t+xi+xi+l 3

2 2 2 2
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and
b
PV/ P = M)t + Al dr = (b—a) [f: (1 — M) £+ Ab, (1— AVt + Al
then by (7.23) we deduce the desired inequality (7.21). O

Remark 10. It is obvious that for \; = % (z = 0,7) , we recapture the inequality
(7.16).

The following corollary also holds.

Corollary 20. Assume that f : (a,b) — R fulfills the hypothesis of Theorem 22.
Then for n > 1 we have:

(7.24) O, (b_t>

s t—a

b—a 1 1
+— {Qn_l [f;<1n

for any t € (a,b).

The proof follows by Theorem 24 applied for Ay = 0, \; = 22—;, i =1,n. We omit
the details.

8. INEQUALITIES FOR PRODUCTS

8.1. Some Basic Inequalities. The following lemma holds.

Lemma 16 (Dragomir, 2003, [12]). If f and g are locally Hélder continuous on
[a,b], then fg is also locally Hélder continuous on [a,b] and:

(8.1) T (fg)(a,b;t)
=f ()T (g)(a,b;t) + g (t) T (f) (a,b;t)

L@t () Loy [(HO= 6@ 00,

t— T—t

for any t € (a,b).
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Proof. Assume that for a subinterval [c,d] C [a, b], we have

(5.2) F ()= F@) < Lijs—ul* forany s,u€[ed;
(8.3) lg(s) —g(u)| < Ly|s—ul™ forany s,u € [c,d].
Then

1f(s)g(s) = f(u)g(u)]=1[f(s)g(s) = f(s)g(u)+ f(s)g(u) = f(u)g(u)
<1f($)Ng (s) =g (W) + g (W] [f (s) = f (u)]
< MiLi|s —u|™ + MLy |s — u|"™
< s —ul" [MiLy|s — "™+ MrLa s — "]
<|s—ul" {MlLl |d—c|" 7" + MaLy|d — C|T2_T}
=M|s—ul|
where

My := sup [f(s)], Mz:= sup [g(u)|, r=min(ri,r2),
s€le,d] u€lc,d]

and
M = M1L1 |d — C|T1_T + M2L2 |d - C‘m_r )

proving that fg is locally Holder continuous on [a, b].
Now, for any ¢, 7 € [a,b], we may write that

FO) =) g —g@)=f(T)g(m)+f ) g@)—F@)g(r)—f(r)g(®)
giving
f(:)j;;r) =f(t)-%+9(t)-f(ji B f(;f)fft>

()= f#)(g(r) —g@)

T—1

_|_

for any t,7 € [a,b], t # 7.

Consequently,
T (fg)(a,b;t)
_ ;PV/bf(:)_gt(T)dT
= ;f(t)PV/bi(_TidT%-g(t) ;PV/b-f(_TidT
~Lrwamryv / Ay Lpy / (F() -1 (?)_(i () -g(®)
=F ()T (9) (a,b58) + 9 (&) T (f) (a, b5t)
_ f(t)ﬂg(t) I (f:i) n 71TPV/” (f (1) —f(tT))_(i(T) —9@) .

for any t € (a,b), and the identity (8.1) is proved.
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Theorem 25 (Dragomir, 2003, [12]). Assume that f is of L1 — r1—Holder type
and g is of Lo — ro—Hdolder type on [a,b], where Ly, Ls > 0, 71,792 € (0,1]. Then
we have the inequality:

(8.4) T (fg)(a,b;t) = f ()T (g) (a, ;)

- g(t)T(f)(aab§t)+;f(ﬁ)g(t)h(b_t)

t—a

L1 Ly (b—a) "
m(ry+1r2)

L1L2 r147 r1+7
. TTaTme b_t 1 2 t_ 1 2 <
~ 7w (r+ 7o) [( ) +(t—a) ]—

for any t € (a,b).

Proof. Taking the modulus in (8.1), we may write

T (fg)(a,b;t) = f ()T (9) (a, ;1)

g OT D@+ 2 Og0m (=)
()~ F 1) () ~g 1)

T—1

1 ’ ritra—
'drgpv/ LiLy|r —t|* " dr
™ a

IN

1 b
v
T a

B Ly Lo [(b _ t)T1+7’2 + (t _ a)T1+T2]

0 r1+ 7o
and the first part of inequality (8.4) is proved. The second part is obvious. ([l
The best inequality we can get from (8.4) is embodied in the following corollary.

Corollary 21. With the assumptions in Theorem 25, we have

(8:5) ‘T(fg) (a,b; a;b> —f (a;b> T (g) (a,b; ‘“fb)

2
—g(a;b)T(ﬂ (a,b;“;b)‘

L]_LQ (b — a)T1+T‘2
- (Tl + TQ) oritra—1°

The following corollary also holds.

Corollary 22. If f and g are Lipschitzian with the constants K1 and Ko, then we
have the inequality

T (fg)(a,b5t) = f (1) T (9) (a; b58) —g () T (f) (a,b;t)+71rf(t)g(t)1n<bt)‘

t—a
1 2 aer 2
Z(h— t—
L0 +< ! )

KK
- 27

< Ki1Ky

™

(8.6) (b—a)?

for any t € (a,b). In particular, fort = “TH’, we have

i 150 (52)r s 5) o (55 o5

)
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< K1 Ko
T Ar

8.2. Further Estimates. The following theorem also holds.

(8.7) (b—a)*.

Theorem 26 (Dragomir, 2003, [12]). Assume that f and g are absolutely contin-
uous on [a,b]. Then we have the inequality:

(8.8) ’TUQM@ﬂ—fwT@Mm&ﬂ

MQTUM%@”+iﬂ0“”m<b_v‘

t—a

1 2 a+b 2
[4 (b—a)” + (t— 5 ) ] 11 10,01,00 119" 1,000

if f'€Lyslab], g € Lo |a,bl;

0 1 1
vl (SO RS R Rl N P EA e 7 TN
if f'€Lola,b], g €Lyla,b], v>1, %—!—%:1;
(0 = a) 1/ ljap),00 19" 1fa,p),1 if f'€Lalab], g € Lia,b];
B 1+%3 1+[% / /
51 (b—1) +(t—a) 1 W00, 19"l .87, 00
<l>< if f'eLa[a,b],a>1,§+%:1, and ¢’ € Ly [a,b];
oom
B4 248 248
i (LR GO ks I N P S
if f'€Lala,b], a>1, %—}—%:1, and g € L [a,b], v>1, %4—%:1,

1 1
=07 + =) | 1 e 19 0o

if f'€Lqla,b], a>1, —1—%:1, and g’ € Ly [a,b];

1
o

(b= a) 17 llja,0,1 19 ll10,01,00 if f'€lifab], ¢ € Loo[a,b];

1+1 1+1
60— = )" 1 e 19
if f'€Lifab], ¢ €Lyfab], v>1, 24+3=1

Proof. Since f and g are absolutely continuous on [a, b] , we may write that

f(ﬂ-—f@)zu[TfWUMﬁtami gh&—g(ﬂ==zﬁg%uﬁw

which implies:

10l g |7 =t i € Loo [a,B];

(8.9) F () =FOI< S 1Ml gelm—t7 if f7€ Lala,b],
a>1, é + % =1,

1"l 1.1
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and

Hg/H['r,t],oo |T - 2("| if gl € LOO [a’7 b] 5
1
(8.10) lg(m)=g@®)| <9 N9l 7=t if g €Ly[a,b],
v>1, % + % =1;

Hg/”[T,t],l .

Using the identity (8.2), we get

B0 [P0 ) - 0T (@) bt

0T+ e ()]
U= D050y,

T—1

b
<oy
™ a

Then we have, by using (8.9) or (8.10), that

b

PV [ 17100 19017 =t
b 1

PV [ 17 19 . 7 = 1
b

PV [ 1 g 19 1

b
1
PV [ 170 19 7 = 1%

(8.12) I

IN
3|

141
r—t|pts T dr

b
<{ pv / T Tl .
b 1
PV [ 1701/ |7 = 5"
a
b
PV / TN I
a

b
19
PV [ 10 19117 =1

b
-1
PV [ 180 19017 = 817"

75
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However,
b
PV / T T —

(b= 17+ (¢~ 0)?
< ||le[a,b],oo Hg/”[a,b],oo [

2

1 2 a+b 2
= 110 1901 [4 oo+ (1-257)

b 1
PV [ 180 19 b = 8

T I P [ Gt G
= [a,b],00 [a,b],y %_‘_ 1

1 1
= 1 gy 19 iy [0 =0+ 6043
PV/ Hflll[r,t],oo ||9/||[T,t],1 dr < ||f/||[a,b],oo ||9/H[a,b],1 (b—a),

b 1
PV / 1 i 19y |7 — 217

oo 1o 5o (6= 037+ - )],

b
141l 9
PV [ 18 |7 = 03
a
1
1
3+

+

=

m\H
Wl

;
< w19 gy 751 (6= D7 + =)

}

|

Ib
\

— 1 N 19 [0 075 4 - 7]

’ / / |
PV N0 19 g o 7 =217 dr

<||f||[ab],u|\g||[ab]16[< D + (- a)t],

PV/ ||f,||[7,t]71 ||g/H[7—7t]7oo dr < (b—a) Hf/||[a,b],1 ||9,||[a7b],oo

and

PV b ! / _ %71d
1 g0 19 g, 17— 2 T

5 [(bft)H% +(t—a)1+%}.

For the last inequality we cannot point out a bound as above.
Using (8.11) and (8.12), we deduce the desired inequality (8.8).

The following lemma also holds.



INEQUALITIES FOR THE FINITE HILBERT TRANSFORM 7
Lemma 17 (Dragomir, 2003, [12]). Let f : [a,b] — R be locally Hélder continuous
on la,b] and g : [a,b] — R so that g’ is absolutely continuous on [a,b]. Then we
have the identity:
(8.13) T(fg)(a,b;t)
b—t

=f(t)T(g)(a,b;t) +g ()T (f) (mb;t)—%f(t)g(t)ln (ta)

b
1 /f(r)df—(b—a)f(t)]g’(t)

_ipv/abf(?:f(t) (/tT(u—T)gH(u)du) dr

for any t € (a,b).

Proof. We use the following identity:

[e3

B
/ @(U)du:w(a)(ﬁfa)*/ (u—B) ¢ (u)du

which holds for any absolutely continuous function ¢ : [, 8] — R.
Then we have

Lev [rm -0 [ 06 -so) e

:ipv/ab[f(T)_f(t)] [Tl_t/;g'(u)du} dr

zva/ab[f(T)—f(t)] 0= [ =g ] dr

™

t
_PV/abf(:)__{(t) </tT(u—7')g”(u)du>dT]

= 24 () /f Ydr— = (b—a) £ (1)g' (1
ipv/f T_t (/t (u—T)g”(u)du)dT.
Using (8.1), we deduce (8.13). O

The following theorem holds.

Theorem 27 (Dragomir, 2003, [12]). Assume that f : [a,b] — R is of H—r—Hdlder
type and g : [a,b] — R is such that ¢’ is absolutely continuous on [a,b]. Then we
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have the inequality:

(8.14) ’T (f9) (a,b;t) = f () T (9) (a,b;8) — g () T (f) (a, b3 1)

>_71T Vabf(r)dr—(b—a)f(t)] 0

s t

+1f(t)g(t)ln(b:2

2y [0 0+ (= 0] g a0 if "€ Lo [a,8];
<l -t e (=0T gy 97 € Lylad],
T (rq+q+1)(g+1) e L
p>1, S+ =1
(Til) {(b _ t)7'+1 (- a)7>+1:| ||g”||[a,b]71 )

Proof. Using the identity (8.13), we deduce that the left side in (8.14) is upper
bounded by

1

dr
T —t

= 2PV [15 () - £ 10)

| w-ng" @au

H ’ —] [T
< 2PV [ [ g ) duldr =
™ a t
We observe that
) 2
T—1
/ (u _ 7—) g” (u) du < ||gll||[t,7'],oo %
t
if g” € Ly [a" b] ’
q+1
T T E ti T
/ (u B 7') g” (u) du| < ||.g”||[t,7'],1) / |t — 7-|da = ||g’/||[t,7],p %
t t (q + 1)q
if g € Ly [a, b] and, finally,
/ (u—7)g" (u)du| < |t —7] Hgﬂn[tﬂﬂ :
t
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Consequently, we have

=
H T —t| -
s< Tt by / I
b 1
PV [t e el 0 dr
LT () I G s
S r+2
§ E y 1 1l (b_t)r+§+1 n (t—a)”éﬂ
I IR e
" (b _ t)r+1 + (t - a)r+1
g ||[a,b],1' 1 )
which proves the inequality (8.14). O

The following lemma also holds.

Lemma 18. Assume that f and g are as in Lemma 17. Then we have the identity:
(8.15) T (fg)(a,b;t)

1 b—t

=f(t)T(g)(a,b;o+g<t>T<f><a,b;t>—Wf(t)g(t)ln(t )

—a

/ f(r)g (7)dr — [g (b) —g<a>1f<t>]

%Pv/a w (/; (u—1t)g" (u) dU> dr

for any t € (a,b).
Proof. In this case, we use the following identity:
B B ,
[ owai=e@ G- [ @w-a)¢ @

which holds for any absolutely continuous function ¢ : [«, 5] — R.
Then, as above, we have
1

Pv/b )= £ 0] L_t (g (7) g(t))} dr

fpv/ [Tlt/;g’(u)du} dr
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“Lev [ -roifr - - [ a-ngwad e
[ res@a o [ ¢ @

v [IOTO ([ g ) o]

b
— 2| [t @ar-lo®) - (@) £
- PV/bf(:)__{(t) </T (u—t)g"(u)du) dT] )
proving the identity (8.15). O

The following result also holds.

Theorem 28 (Dragomir, 2003, [12]). With the assumptions in Theorem 27, we
have:

(8.16) ’T (fg) (a,b;t) = f () T (9) (a,b;8) — g () T (f) (a, b3 1)

1 b—t 1| /0 ,
+—f(t)g(t)In (t_a> - Va f(r)g (T)df—[g(b)—g(a)}f(t)H
2y [0 0+ (= )] g a0 if 9" € Locla,b];
<l - (=) T g sy i 97 € Lylasb],
s (rq+q+1)(g+1) ¢
p>1, %-l-%:l;
o (0= 07+ = @) gl

Proof. The proof follows in a similar manner to the one in Theorem 27 by the use
of Lemma 18. We omit the details. O

9. ESTIMATES VIA TAYLOR’S EXPANSION

9.1. Inequalities on the Whole Interval [a,b]. The following result holds.

Theorem 29 (Dragomir, 2005, [13]). Let f : [a,b] — R be such that =Y (n > 1)
is absolutely continuous on [a,b]. Then we have the bounds:
(9.1)

UVM&&Q—f@ﬂn(

bot\ L) [o-of + ()M (- a)f
o) [

k=1
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17 11,00

n-n!

[(b—t)"+ (t—a)"], if f € Ly a,b];

A5y [0 =0 + =]

= 1 , if fM™eL,ab],
(n—D!(n - 1)q+1]1+5 P
p>1 s+ 1=1;
Hf(n)H[a,b],l bt n—1 ‘ ne1
(n—1)-(n—1)! {(7) +(t—a) }v
b*a n '
(n.nv) ||f(n)H[a,b],oo’ if f € Ly [a,b];
o n71+%
< (I(b a) if f(n) c Lp [a,b],

(n)
(n—1![(n—1)q+1""3 (LA YO

p>1, %—Fl:l;

1 q
I (b— a)nil Hf(n) ||[a,b],1 )

(n=1)-(n—1)
for any t € (a,b).

Proof. Start with Taylor’s formula for a function g : I — R (I is a compact interval)
with the property that g1 (n > 1) is absolutely continuous on I, then we have

= (z—a) 1 ‘
— MY (k) - _n—1_(n)
o) = 3 @+ gy [ -0 @
where a,z € I ([is the interior of I). This implies that
n—1 k
(ZL' — a) (k) 1 /-’/U n—1 ’ (n) ’
_ RSl < - _
g (@) I;O 9 @) < ey | et g (@) de
1
= — M
(n—1)! ()

for any a,x € I.
Before we estimate M (), let us introduce the following notations

1

Al i=| [ I OFa i p=1
and
17l [g,07,00 = €8s sup [h ()],
t€la,z]
te([=,a])

where a,x € I.
It is obvious now that
M(z) < sup ‘g(n) (t)‘ |z —al”
t€la,z]
(t€lz,a])

/ |z — ¢! dt‘ = Hg(")

la,z],00 n!

for any a,:cEjg.



82 S.S. DRAGOMIR

Using Holder’s integral inequality, we may state that

r

for any a,z € I.
Also, we observe that

n—1+é

M (z) < |z — a

el [(n—1)q+ 1]

» 1
g(n) (t)’ dt‘ !

1
q
_ t|(n71)q dt’ — Hg(n)

Q=

M(z) <|z—a|""

r

In conclusion, we may state the following inequality which will be used in the
sequel

g™ (t)’ dt‘ _ Hgm)

|:L' _ a|’ﬂ71
[a,x],1

for all a,xe]o.

nfl

Z Z‘—Gj (k) )

k=0

(9.2)

Ix*al

19 10 2,00 if g™ € Loo(I);
|z — a|n71+%

(n—1![(n—1)q+1]7

1
p
n—1

IN

Hg n)H[a z],p if g( ™) Lp(i)’

|z — al N
(n_l)l ||g( )||[a,x],1

for any a, x el.
Now, let us note for the function fy : [a,b] — R, fo (£) = 1, we have that

(Th) bt = (12 ). v € ab),

and then

(TF) (a,b51) PV/ J@)=fO+®)

T—1

PV/ G td +f(t)1n<f__2),

giving the equality

03 @D@nn-Fom (S

—o) = [
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Writing (9.2) for g = f, x =7, a = t, we get

FO—f) == 4
(9.4) — o/
k=1
tn 1 ) /
iy T 0 € Lo fo,1]:
| t|n 2+1 . ) N
< lWUmﬂpﬁfﬂe%mw

(n—=DHmn-1)g+

p>1, 3+ o =1
‘T 71 2 .
(7 Hf( H [t,7],1
for any t,7 € (a,b), t # T.
If we take the PV in (9.4), then we may write
f n— lf(k)
(9.5) PV/ T_t FO=r®, _z: PV/
b n—1 —1
f( Tft (k)
S PV/Q . t ]; f (t) d'T
1w e
HPV fa |7 — ¢ 1 Hf( )”[t,f],oo dr
1 n 241
PV q f(”) dr
= (n—1D![(n- 1)q-|—1] f = H H[t’T]vP
1 b N
MPV [ —t] 2 Hf( )||[t7T]71 dr
1 e
O e PV S 7=t
1
NP oy PV S 17—t 0 dr
1 b n—
et Wl PV L=t ar
However,

PV/bT—t"1d7-:711[(b—t)"+(t—a)”],

b
PV/ Ir— " dr = — )" (t—a)" ]
a

q
(=1 q+1] [

83
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pv/ =t 2dr = 2 [b— 0" + (1 - )]
and
PV/ (r— 1) Var = % (60" + (-1 (¢~ a)*]
and then by (9.5) we deduce the desired result (9.1). O

It is obvious that the best inequality one would deduce from (9.1) is the one for
t= “'H’, getting the following corollary.

Corollary 23. With the assumptions of Theorem 29, we have

06 | (a’ a+b> i [ (1)k+1}f(k) <a;'b>

k=1

b—a)" | .
o 1 1 a0 if f" € Lo [a,b];

g(b—a)" 7
2" 720 (n—1)![(n— 1) g+ 1]

IA

1+% ||f(n)H[a,b],p’ Zf f(n) € LP [avb] ’

. p>1,%+%:1;
= e
2n=2.(p —1)-(n—1)! [a,0],1

It is important to note that for small intervals, we basically have the following
representation:

Corollary 24. Assume that f € C™ [a,b] and 0 <b—a < 1. Then

ok L (D) — o)
(Tf) (a,b;t) = f () In (t_a> Zf_ [b HF + () ¢ )]

k
and the convergence is uniform on [a,bl.
9.2. The Composite Case. The following lemma holds.

Lemma 19. Let g : [a,b] — R be such that g1 (n > 1) is absolutely continuous
on [a,b]. Then for any m € N, m > 1, we have the inequality:

m—1 n
1 b—a
(k 1)) i
b—a/ ZZ mkkl <a+z m>

i=

(9.7)

o-0" o
e 19 s 0 9" € Laclal];
bh— n—1+4 .
< %H (")H[ab Lo if g™ € L,ab],
mrn! (ng+1)9 o
(b )nl p>175+a:1’
1 .-
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Proof. Write Taylor’s formula with the integral remainder for ¢ (z f g (u) du and
then choose x = 3, to get:

8 "5 o)
[ o=y Pl e )

k=1

(9.8)

B—a™" - .
7514*H(Hmmm7lf¢)€Lmhﬂy
18 —«a .
< g™ , if g™ € Ly[a,b],
m@m+1ﬁ” HWﬂm 1 ? ]
M“ng

for any o, 8 € [a, b].
Now, if we consider the division

L,:x;,=a+71- , 1 =0,m,
m

and apply (9.8) on the intervals [z; z;11] (i =0,m — 1), we can write:

s (- gy S b—a
/m g(u)du—z mkil Y i

k=1

(b _ a)7l+1

s H (n)|
mrtl (n+1)!

[#i,zit1],00”

1
< (- a)""'a Hg(")‘
m"tin (ng + 1) [zi,zital,p’
S T,
mnnl [z, xi41],1

Summing over 4 from 0 to m — 1 and using the generalized triangle inequality, we
deduce (9.8). O

The following main result holds.

Theorem 30 (Dragomir, 2005, [13]). Let f : [a,b] — R be such that f™ (n > 0)

is absolutely continuous on [a,b]. Then for any m € N, m > 1, we have:

T @b = 1 0 ;=

)+Anm(f’) "vm(f’t)’

—a
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.
where
(99) A (fi1)
Zf?:;kl .[b t)’“+(—;>"“<t—“>k +(b—a>WZ_1iwlw
==

k—1

AT et (3
x[f““ v) t—i—%b t),t—;(t—a)}
(—1)F~ ( )k 1(k1)1{f;t+;(bt),tni(ta)”

and the remainder Ry, . (f,t) satisfies the estimate

v=1

+

(9.10) | B (£,1)]
1 o "
Ak —1" —a)" £ p(ntl) .
m” (n+ 1! (n+1) {(b DT A E-a) }’ if f7T € Loo [a, b5
1
q {(b— t) a +(t— )"*z}
< (n+1) i p(n+1)
- f ) Zf f S L a,b y
m™n! (ng+ 1) Lty | H[GJ?LP p (@, 0]
p>1 s+ 1=1;
% [(b _ t)" + (t _ )”] .
m”n!-n RURE
(b - a)”+1 (n+1) . (n+1) .
mn (n+1),(n+1)!’||f H[a’b],oo if f € Lo [a,b];
1
< Q(b— CL)N'H f(n+1) if f(n+1) cL.lab
mnn! (nq+1)1+% | H[avbl’p’ o pla, b,
mnnl ||f(n+1)H[a b],1 ;

Proof. We have (see (9.3)) that:

(T 1) (atit) ~ O (1=

) [

If we write the inequality (9.7) for g = f/, we get

m—1

f -1

Tft

(9.11)

=0 k=1

n
7—_
Z m

! t

Tn—l )‘

t k—

kkl

) (t+i~
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[r—t"

mn(n+1 an+1 ||t‘r]oo’

| t|n_1 7

ol P [

IN

m™n! (ng + 1)

| t|n—1

mnn! ||f(n+1)H[t,T],1

If we apply PV to (9.11), we may write that:

(9.12)

if [0 € Loo [a,0];

if ) ¢ L,[a,b],

1 1 _
p>175+a_17

1 7l n
ﬁpv[ 7=t £Vl 7 0
1 n 141
< — PV q (n+1) dr,
| mal(ng+ 1)« f i 17 H[tTLp T
n 1
mnnlpv‘f | |’f(7l+1)|| [t,7],1 &
1 b n
M N PV S I 1" dr,
1 b n—14+21
<q —— [f0Y PV [P |r =t dr,
— mnn)! (nq N 1 || H [a,b],p fa ‘T ‘ T
mnnl ||f(n+1)H[a b], 1PVf | n 1d7—7
; ||f(n+1) H (b _ t)n+1 + (t _ a)TL+1
(n + 1 [a,b],00 n+1 )
< 1 (n+1) (b=t 4 (t—a)"t
= ol A [ :
mmn! (ng + 1)« n+ g
(n+1) (b— t)n +(t— a)n
mnnl Hf H [a,b],1 n .

)

87
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Now, let us denote

lk_pv/ <k>( TZ@-t))dr,

where i =0,....m—1, k=1,....,n
For ¢ = 0, we have

b _ k+1 k
Lok = PV/ (=0 @yar = p gy D (20
forany k=1,...,n
Fork=1,...,nandi=1,...,m — 1, we have
t—e b1 (k) 7»
1 L= li — k- 2
(9.13) = lim [ / (r—t)F 1y {t—# L t)] dr
b i
+ / (r—t)F o [t +—(r - t)} dr
t+e m

+ %f(’“‘l) {t + % (r— t)] (r—t)*!

t+e

- = (k—1)(r—t)F 2 =) {t—&- ;(T—t)] dT‘|

v Jite

[f“f Dlet L-o] -0 fe- Le-)|
- — (k-1 Pv/ “f<k1<t+7;(7—t)>d7
= (b—a) {f<’f1>;t+m(bt),t;(ta)}T(k1)1i7k_1

forany k=2,...,n
For k =1, we have

IM:PV/ f<1( ﬂ;(Tt)>dT
:T[f[t—f—;(b—t)]—f[t—;b(t—a)”

=(b—a) [f;t—i—;(b—t),t—?;(t—a)]
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Using the recursive relation (9.13), we may write

(9.14) Iy

= (b—a) {f”ﬂ1>;t+;l(b—t),t—;(t—a)} - (?)
= (b—a) {f(kl);twL;(bt),t;(ta)} - (?) (k1)

X [(b—a) [f(k‘Q);t+ % (b—1),t— % (t—a)} - (%) - 2)1,,,6_2}

= (b—a) [f(’“1);t+;(b—t),t—;(t—a)]
— (b—a) (?) (k1) [f(k‘Q);H—;l(b—t),t—;L(t—a)]
() k) (-2 L

=<b—a>k§f(—1>”1<k—1>---<k—u> (™
x {f“”);tjuﬂi(b—t) t—(t—a)} + (-t (?) (k-1
0[S D ey (=)

v=1

X {f(’“”%t—ké(b—t),t—é(t—a)}

m

+ (=)t (7)'“_1 (k—1)! {f;tJr % (bt),t;(ta)] .

Replacing I; ; in (9.12), we deduce the estimate (9.10) with A,, , as defined by
(9.9). The theorem is thus proved. O

(1]
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