
INEQUALITIES AND APPROXIMATIONS FOR THE FINITE
HILBERT TRANSFORM: A SURVEY OF RECENT RESULTS

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we survey some recent results due to the author con-
cerning various inequalities and approximations for the �nite Hilbert transform
of a function belonging to several classes of functions, such as: Lipschitzian,
monotonic, convex or with the derivative of bounded variation or absolutely
continuous. More accurate estimates in the case that the higher order deriva-
tives are absolutely continuous, are also provided. Some quadrature rules with
error bounds are derived. They can be used in the numerical integration of
the �nite Hilbert transform and, due to the explicit form of the error bounds,
enable the user to predict a priory the accuracy.

1. Introduction

Let 
 = (�1; 1) where 1 � p < 1, the usual Lp-space with respect to the
Lebesgue measure � restricted to the open interval 
 will be denoted by Lp (
).
We de�ne a linear operator T (see [24]) from the vector space L1 (
) into the

vector space of all �-measurable functions on 
 as follows. Let f 2 L1 (
). The
Cauchy principal value

(1.1)
1

�
PV

Z 1

�1

f (�)

� � td� = lim
"!0+

�Z t�"

�1
+

Z 1

t+"

�
f (�)

� (� � t)d�

exists for �-almost every t 2 
.
We denote the left-hand side of (1.1) by (Tf) (t) for each t 2 
 for which (Tf) (t)

exists. The so-de�ned function Tf , which we call the �nite Hilbert Transform of
f , is de�ned �-almost everywhere on 
 and is �-measurable; (see for example [2,
Theorem 8.1.5]). The resulting linear operator T will be called the �nite Hilbert
transform operator or Cauchy kernel operator.
It is known that L1 (
) is not invariant under T , namely, T

�
L1 (
)

�
6� L1 (
)

[19, Proof of Theorem 1 (b)].
The following basic results are well known and their proofs may be found in

Propositions 8.1.9 and 8.2.1 of [2] respectively.

Theorem 1 (M. Riesz). Let 1 < p <1. Then T (Lp (
)) � Lp (
) and the linear
operator

Tp : f 7! Tf , f 2 Lp (
)
on Lp (
) is continuous.
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Theorem 2 (Parseval). Let 1 < p <1 and q = p
p�1 . Then

(1.2)
Z 1

�1
(fTg + gTf) d� = 0

for every f 2 Lp (
) and g 2 Lq (
).

We introduce the following de�nition.

De�nition 1. A function f : 
! C is said to be �-Hölder continuous (0 < � � 1)
in a subinterval 
0 of 
 if there exists a constant c > 0, dependent upon 
0, such
that

(1.3) jf (s)� f (t)j � c js� tj� ; s; t 2 
0:

A function on 
 is said to be locally �-Hölder continuous if it is �-Hölder con-
tinuous in every compact subinterval of 
. We denote by H�

loc (
) the space of all
locally ��Hölder continuous functions on 
.
The class of Hölder continuous functions on 
 is independent because the �nite

Hilbert transform of such a function exists everywhere on 
 (see [18, Section 3.2]
or [23, Lemma II.1.1]).
This is in contrast to the �-almost everywhere existence of the �nite Hilbert

transform of functions in L1 (
).
There are continuous functions f 2 L1 (
) such that (Tf) (t) does not exist at

some point t 2 
. An example is given by the function f de�ned by (see [24])

f (t) =

8<:
0 if �1 < t � 0;

1
ln t�ln 2 if 0 < t < 1:

It readily follows that (Tf) (0) does not exist.
In paper [24] it is proved amongst others the following result.

Theorem 3 (Okada-Elliot, 1994). The space Lp (
) \H�
loc (
) is invariant under

the �nite Hilbert transform operator T and the restriction of T to that space is
continuous whenever 1 < p <1. This, however, is not true when p = 1.

Allover this paper, we consider the �nite Hilbert transform on the open interval
(a; b) de�ned by

(Tf) (a; b; t) :=
1

�
PV

Z b

a

f (�)

� � td� := lim
"!0+

"Z t�"

a

+

Z b

t+"

#
f (�)

� (� � t)d�

for t 2 (a; b) and for various classes of functions f for which the above Cauchy
principal value integral exists.
For several recent papers devoted to inequalities for the �nite Hilbert transform

(Tf), see [20], [21], [22], [25] and [26].
In this paper we survey some recent results due to the author concerning various

inequalities and approximations for the �nite Hilbert transform of a function be-
longing to several classes of functions, such as: Lipschitzian, monotonic, convex or
with the derivative of bounded variation or absolutely continuous. More accurate
estimates in the case that the higher order derivatives are absolutely continuous,
are also provided. Some quadrature rules with error bounds are derived. They can
be used in the numerical integration of the �nite Hilbert transform and, due to the
explicit form of the error bounds, enable the user to predict a priory the accuracy.
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2. Inequalities for Some Classes of Functions

2.1. Some Estimates for �-Hölder Continuous Mappings. We say that the
function f : [a; b]! R is �-H-Hölder continuous on (a; b), if
(2.1) jf (t)� f (s)j � H jt� sj� for all t; s 2 (a; b) ;
where � 2 (0; 1]; H > 0:
The following theorem holds.

Theorem 4 (Dragomir et al., 2001 [3]). If f : [a; b]! R is �-H-Hölder continuous
on (a; b) ; then we have the estimate����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

����� � H

��
[(t� a)� + (b� t)�](2.2)

� 21��

��
H (b� a)� ;

for all t 2 (a; b).
Proof. As for the mapping f : (a; b)! R, f (t) = 1, t 2 (a; b), we have

(Tf) (a; b; t) =
1

�
PV

Z b

a

1

� � td�

=
1

�
lim
"!0+

"Z t�"

a

1

� � td� +
Z b

t+"

1

� � td�
#

=
1

�
lim
"!0+

h
ln j� � tjjt�"a + ln (� � t)jbt+"

i
=
1

�
lim
"!0+

[ln "� ln (t� a) + ln (b� t)� ln "]

=
1

�
ln

�
b� t
t� a

�
; t 2 (a; b) :

Then, obviously

(Tf) (a; b; t) =
1

�
PV

Z b

a

f (�)� f (t) + f (t)
� � t d�

=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� +

f (t)

�
PV

Z b

a

1

� � td�

from where we get the equality

(2.3) (Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
=
1

�
PV

Z b

a

f (�)� f (t)
� � t d�

for all t 2 (a; b).
By (2.3) and by the modulus properties, we have����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�����(2.4)

=
1

�

�����PV
Z b

a

f (�)� f (t)
� � t d�

����� � 1

�
PV

Z b

a

����f (�)� f (t)� � t

���� d�
� 1

�
PV

Z b

a

j� � tj�

j� � tj d� =
1

�
PV

Z b

a

d�

j� � tj1��
:
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However,

PV

Z b

a

d�

j� � tj1��
= lim

"!0+

"Z t�"

a

d�

(t� �)1��
+

Z b

t+"

d�

(� � t)1��

#

= lim
"!0+

"
� (t� �)�

�

����t�"
a

+
(� � t)�

�

����b
t+"

#

= lim
"!0+

�
(t� a)� � "�

�
+
(b� t)� � "�

�

�
=
(t� a)� + (b� t)�

�
:

Using (2.4), we get the �rst inequality in (2.2).
Consider the mapping � (t) := (t� a)� + (b� t)�, � 2 (0; 1], t 2 [a; b]. Then,

obviously

�0 (t) =
�
h
(b� t)1�� � (t� a)1��

i
[(t� a) (b� t)]1��

:

We observe that �0 (t) = 0 i¤ t = a+b
2 and �0 (t) > 0 if t 2

�
a; a+b2

�
and �0 (t) < 0 if

t 2
�
a+b
2 ; b

�
, which shows that

max
t2[a;b]

� (t) = �

�
a+ b

2

�
= 2

�
b� a
2

��
= 21�� (b� a)�

and the last part of (2.2) is proved. �
The following two corollaries are natural.

Corollary 1. Let f : [a; b] ! R be an L�Lipschitzian mapping on [a; b], i.e., f
satis�es the condition

(2.5) jf (t)� f (s)j � L jt� sj for all t; s 2 [a; b] ; (L > 0) :
Then we have the inequality

(2.6)

����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

����� � L (b� a)
�

for all t 2 (a; b).
Corollary 2. Let f : [a; b] ! R be an absolutely continuous mapping on [a; b]. If
f 0 2 L1 [a; b], then, for all t 2 (a; b), we have

(2.7)

����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

����� � kf 0k1 (b� a)
�

;

where kf 0k1 = essupt2(a;b) jf 0 (t)j <1.
The following result also holds.

Corollary 3. Let f : [a; b]! R be an absolutely continuous mapping on [a; b] whose
derivative f 0 2 Lp [a; b], p 2 (1;1). Then for all t 2 (a; b) we have����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�����(2.8)

� p

(p� 1)�

h
(t� a)

p�1
p + (b� t)

p�1
p

i
kf 0kp �

2
1
p p

(p� 1)� (b� a)
p�1
p kf 0kp ;
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where, as is usually the case, kf 0kp :=
�R b

a
jf 0 (t)jp dt

� 1
p

<1.

Proof. As f is absolutely continuous on [a; b], we can state that

jf (x)� f (y)j =
����Z y

x

f 0 (t) dt

���� � ����Z y

x

jf 0 (t)j dt
����(2.9)

�
����Z y

x

dt

���� 1q ����Z y

x

jf 0 (t)jp dt
���� 1p (by Hölder�s inequality)

� jy � xj
1
q

 Z b

a

jf 0 (t)jp dt
! 1

p

= jy � xj
1
q kf 0kp ;

where p > 1, 1p +
1
q = 1.

Thus, f is �-H-Hölder continuous with � = 1
q =

p�1
p 2 (0; 1) and H = kf 0kp.

Applying Theorem 4 we get the desired result (2.8). �
The particular case for euclidean norms may be useful.

Corollary 4. If f is absolutely continuous on [a; b] and f 0 2 L2 [a; b], then for all
t 2 (a; b) we have:����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�����(2.10)

� 2

�

�p
t� a+

p
b� t

�
kf 0k2 �

2
p
2

�

p
b� a kf 0k2 :

2.2. Some Results for Monotonic Functions. The following result holds.

Theorem 5 (Dragomir et al., 2001 [3]). Let f : [a; b] ! R be a monotonic
nondecreasing (nonincreasing) function on [a; b]. If the �nite Hilbert transform
(Tf) (a; b; �) exists in every t 2 (a; b), then

(2.11) (Tf) (a; b; t) � (�) 1
�
f (t) ln

�
b� t
t� a

�
for all t 2 (a; b).
Proof. Using the equality (2.3) we have

(Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
(2.12)

=
1

�
PV

Z b

a

f (�)� f (t)
� � t d�

=
1

�
lim
"!0+

"Z t�"

a

f (�)� f (t)
� � t d� +

Z b

t+"

f (�)� f (t)
� � t d�

#
:

If we assume that f is nondecreasing, then for both � 2 [a; t� "] and � 2 [t+ "; b]
we have

f (�)� f (t)
� � t � 0

which shows that the right side of (2.12) is positive and hence the inequality (2.11)
holds. �
The following result can be useful in practice.
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Corollary 5. Let f : [a; b] ! R and e : [a; b] ! R, e (t) = t such that f � me,
Me � f are monotonic nondecreasing, where m; M are given real numbers. If
(Tf) (a; b; �) exists in every point t 2 (a; b), then we have the inequality

(2.13)
(b� a)m

�
� (Tf) (a; b; t)� 1

�
f (t) ln

�
b� t
t� a

�
� (b� a)M

�

for all t 2 (a; b).

Proof. We simply apply Theorem 5 for the mappings f �me and Me � f which
are monotonic on [a; b].
For example, for the �rst mapping f �me we get

(2.14) T (f �me) (a; b; t) � 1

�
[f (t)�mt] ln

�
b� t
t� a

�
for all t 2 (a; b).
However,

T (f �me) (a; b; t) = T (f) (a; b; t)�mT (e) (a; b; t)
and as

T (e) (a; b; t) =
1

�
lim
"!0+

"Z t�"

a

�

� � td� +
Z b

t+"

�

� � td�
#

=
1

�
lim
"!0+

"Z t�"

a

�
1 +

t

� � t

�
d� +

Z b

t+"

�
1 +

t

� � t

�
d�

#

=
1

�
lim
"!0+

"
t� "� a+

Z t�"

a

t

� � td� + b� t� "+
Z b

t+"

t

� � td�
#

=
1

�
(b� a+ tT (1) (a; b; t))

=
b� a+ tT (1) (a; b; t)

�
=
1

�

�
b� a+ t ln

�
b� t
t� a

��
then by (2.14) we get

T (f) (a; b; t)� (b� a)m
�

� mt
�
ln

�
b� t
t� a

�
� 1

�
f (t) ln

�
b� t
t� a

�
� mt
�
ln

�
b� t
t� a

�
and the �rst inequality in (2.13) is obtained.
The second inequality goes likewise by applying Theorem 5 to the mapping

Me� f . �

Remark 1. If the mapping is di¤erentiable on (a; b) the condition that f � me,
Me�f are monotonic nondecreasing is equivalent with the following more practical
condition

(2.15) m � f 0 (t) �M for all t 2 (a; b) :

Remark 2. From (2.13) we may deduce the following approximation result

(2.16)

����(Tf) (a; b; t)� 1

�
f (t) ln

�
b� t
t� a

�
� M +m

2�
(b� a)

���� � M �m
2�

(b� a) :

for all t 2 (a; b).
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The above procedure for estimating the �nite Hilbert transform can be extended
as follows.

Theorem 6 (Dragomir et al., 2001 [3]). Let f; g : [a; b]! R and 
; � 2 R be such
that f � 
g, �g � f are monotonic on [a; b]. If (Tf) (a; b; �) and (Tg) (a; b; �) exist
in every point t 2 (a; b), then we have the inequality:




�
T (g) (a; b; t)� 1

�
g (t) ln

�
b� t
t� a

��
(2.17)

� (Tf) (a; b; t)� 1

�
f (t) ln

�
b� t
t� a

�
� �

�
T (g) (a; b; t)� 1

�
g (t) ln

�
b� t
t� a

��
for all t 2 (a; b).
Proof. As above, we apply Theorem 5 for the monotonic nondecreasing function
f � 
g to get

(2.18) T (f � 
g) (a; b; t) � 1

�
[f (t)� 
g (t)] ln

�
b� t
t� a

�
and as, by the linearity of T , we have

T (f � 
g) (a; b; t) = T (f) (a; b; t)� 
T (g) (a; b; t) ;
then, by (2.18) we obtain the �rst inequality in (2.17).
The second inequality goes likewise and we omit the details. �

Remark 3. If we assume that the mappings f; g are di¤erentiable on (a; b), g0 (t) >
0 on (a; b) and


 = inf
t2(a;b)

f 0 (t)

g0 (t)
; � = sup

t2(a;b)

f 0 (t)

g0 (t)
;

then the inequality (2.17) holds.

2.3. Some Results for Convex Functions. Now, if we assume that the mapping
f : (a; b) ! R is convex on (a; b), then it is locally Lipschitzian on (a; b) and then
the �nite Hilbert transform of f exists in every point t 2 (a; b).
The following result holds.

Theorem 7 (Dragomir et al., 2001 [3]). Let f : (a; b) ! R be a convex mapping
on (a; b). Then we have

1

�

�
f (t) ln

�
b� t
t� a

�
+ f (t)� f (a) + l (t) (b� t)

�
(2.19)

� (Tf) (a; b; t)

� 1

�

�
f (t) ln

�
b� t
t� a

�
+ f (b)� f (t) + l (t) (t� a)

�
;

where l (s) 2
�
f 0� (s) ; f

0
+ (s)

�
, s 2 (a; b).

Proof. By the convexity of f we can state that for all a � c < d � b we have

(2.20)
f (d)� f (c)

d� c � l (c) ;

where l (c) 2
�
f 0� (c) ; f

0
+ (c)

�
.
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Using (2.20), we have

(2.21)
Z t�"

a

f (t)� f (�)
t� � d� �

Z t�"

a

l (�) d�

and

(2.22)
Z b

t+"

f (�)� f (t)
� � t d� �

Z b

t+"

l (t) d� = l (t) (b� t� ")

and then, by adding (2.21) and (2.22), we get

lim
"!0+

"Z t�"

a

f (t)� f (�)
t� � d� +

Z b

t+"

f (�)� f (t)
� � t d�

#

� lim
"!0+

�Z t�"

a

l (�) d� + l (t) (b� t� ")
�

=

Z t

a

l (�) d� + l (t) (b� t) = f (t)� f (a) + l (t) (b� t)

Consequently, we have

PV

Z b

a

f (�)� f (t)
� � t d� � f (t)� f (a) + l (t) (b� t)

and by the identity (2.3), we deduce the �rst inequality in (2.19).
Similarly, by the convexity of f we have for a � c < d � b

(2.23) l (d) � f (d)� f (c)
d� c ;

where l (d) 2
�
f 0� (d) ; f

0
+ (d)

�
.

Using (2.23) we may stateZ t�"

a

f (t)� f (�)
t� � d� �

Z t�"

a

l (t) d� = l (t) (t� "� a)

and Z b

t+"

f (�)� f (t)
� � t d� �

Z b

t+"

l (�) d� :

Now, in the same manner as that employed above, we may obtain the second part
of (2.19). �

Corollary 6. Let f : (a; b)! R be a di¤erentiable convex function on (a; b). Then
we have the inequality

1

�

�
f (t) ln

�
b� t
t� a

�
+ f (t)� f (a) + f 0 (t) (b� t)

�
(2.24)

� (Tf) (a; b; t)

� 1

�

�
f (t) ln

�
b� t
t� a

�
+ f (b)� f (t) + f 0 (t) (t� a)

�
for all t 2 (a; b).
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3. Inequalities of Trapezoid Type

3.1. Trapezoid Type Inequalities. The following theorem holds.

Theorem 8 (Dragomir et al., 2002 [4]). Let f : [a; b]! R be such that f 0 : (a; b)!
R is absolutely continuous on (a; b). Then we have the bounds����T (f) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� 1

2�
[f (b)� f (a) + f 0 (t) (b� a)]

����(3.1)

�

8>>>>>>><>>>>>>>:

kf 00k1
4�

h
(b�a)2
4 +

�
t� a+b

2

�2i
; if f 00 2 L1 [a; b] ;

qkf 00k
p

2�(q+1)
q+1
q

h
(t� a)

q+1
q + (b� t)

q+1
q

i
; if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1
2� kf

00k1 (b� a)

�

8>>>>>>><>>>>>>>:

kf 00k1(b�a)2
8� ; if f 00 2 L1 [a; b] ;

qkf 00k
p
(b�a)

q+1
q

2�(q+1)
q+1
q

; if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1
2� kf

00k1 (b� a)

for all t 2 (a; b), where k�kp are the usual Lebesgue norms in Lp [a; b] (1 � p � 1).

Proof. We start with the following elementary identity which can be proved using
the integration by parts formula

(3.2)
Z �

�

g (u) du =
g (�) + g (�)

2
(� � �) +

Z �

�

�
�+ �

2
� u
�
g0 (u) du;

provided that g is absolutely continuous on the interval [�; �] if � � � (or [�; �] if
� � �).
As for the mapping f : (a; b)! R, f (t) = 1; t 2 (a; b), we have

(Tf) (a; b; t) =
1

�
ln

�
b� t
t� a

�
; t 2 (a; b)

then obviously

(Tf) (a; b; t) =
1

�
PV

Z b

a

f (�)� f (t) + f (t)
� � t d�

=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� +

f (t)

�
PV

Z b

a

d�

� � t

from where we get the equality

(3.3) (Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� :
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Using (3.2), we obtain

PV

Z b

a

f (�)� f (t)
� � t d�

= PV

Z b

a

R �
t
f 0 (u) du

� � t d�

= PV

Z b

a

f 0(�)+f 0(t)
2 (� � t) +

R �
t

�
t+�
2 � u

�
f 00 (u) du

� � t d�

=
1

2

Z b

a

[f 0 (�) + f 0 (t)] d� + PV

Z b

a

R �
t

�
t+�
2 � u

�
f 00 (u) du

� � t d�

=
1

2
[f (b)� f (a) + f 0 (t) (b� a)] + PV

Z b

a

R �
t

�
t+�
2 � u

�
f 00 (u) du

� � t d�

and then, by (3.3), we can state the identity

T (f) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
� 1

2�
[f (b)� f (a) + f 0 (t) (b� a)](3.4)

=
1

�
PV

Z b

a

R �
t

�
t+�
2 � u

�
f 00 (u) du

� � t d� :

Using the property of modulus����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� 1

2�
[f (b)� f (a) + f 0 (t) (b� a)]

����(3.5)

� 1

�
PV

Z b

a

�����
R �
t

�
t+�
2 � u

�
f 00 (u) du

� � t

����� d� =: A (a; b; t) :
Now, it is obvious that����Z �

t

�
t+ �

2
� u
�
f 00 (u) du

���� � essup
u2[a;b]

jf 00 (u)j
����Z �

t

���� t+ �2 � u
���� du����

= kf 00k1
jt� � j2

4
; for all t; � 2 (a; b) :

Then

A (a; b; t) � 1

�
PV

Z b

a

kf 00k1 jt� � j
4

d�

=
kf 00k1
4

lim
"!0+

"Z t�"

a

(t� �) d� +
Z b

t+"

(� � t) d�
#

=
kf 00k1
4

lim
"!0+

"
(t� a)2

2
+
"2

2
+
(b� t)2

2
� "

2

2

#

=
kf 00k1
4�

� (t� a)
2
+ (b� t)2

2

=
kf 00k1
4�

"�
t� a+ b

2

�2
+
(b� a)2

4

#
:
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Using Hölder�s integral inequality, we can state for p > 1, 1p +
1
q = 1, that����Z �

t

�
t+ �

2
� u
�
f 00 (u) du

����
�
����Z �

t

jf 00 (u)jp du
���� 1p ����Z �

t

���� t+ �2 � u
����q du����

1
q

�
 Z b

a

jf 00 (u)jp du
! 1

p
�����
Z t+�

2

t

�
t+ �

2
� u
�q
du+

Z �

t+�
2

�
u� t+ �

2

�q
du

�����
1
q

= kf 00kp
jt� � j

q+1
q

2 (q + 1)
1
q

for all t; � 2 (a; b) :

Then

A (a; b; t) � 1

�
PV

Z b

a

kf 00kp jt� � j
q�1

2 (q + 1)
1
q

d�

=
kf 00kp

2� (q + 1)
1
q

PV

Z b

a

jt� � jq
�1
d�

=
kf 00kp

2� (q + 1)
1
q

lim
"!0+

"Z t�"

a

(t� �)q
�1
d� +

Z b

t+"

(t� �)q
�1
d�

#

=
kf 00kp

2� (q + 1)
1
q

lim
"!0+

"
(t� a)q

�1+1 � "q�1+1
q�1 + 1

+
(b� t)q

�1+1 � "q�1+1
q�1 + 1

#

=
kf 00kp

2� (q + 1)
1
q

"
(t� a)q

�1+1
+ (b� t)q

�1+1

q�1 + 1

#

=
q kf 00kp

h
(t� a)

q+1
q + (b� t)

q+1
q

i
2� (q + 1)

q+1
q

and the second bound in (3.1) is proved.
Finally, we observe that����Z �

t

�
t+ �

2
� u
�
f 00 (u) du

���� � sup
u2[t;� ]

���� t+ �2 � u
���� ����Z �

t

jf 00 (u)j du
����

� jt� � j
2

Z b

a

jf 00 (u)j du = jt� � j
2

kf 00k1 :

Consequently,

A (a; b; t) � 1

�
PV

Z b

a

1

2
kf 00k1 d� =

1

2�
kf 00k1 (b� a)

and the theorem is proved. �
Remark 4. It is obvious that for small intervals (a; b), the approximation provided
by (3.1) is accurate.

The best inequality we can get from the �rst and second part of (3.1) is the one
for t = a+b

2 , and thus we can state the following corollary.
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Corollary 7. With the assumptions of Theorem 8, we have����(Tf)�a; b; a+ b2
�
� 1

2�

�
f (b)� f (a) + f 0

�
a+ b

2

�
(b� a)

�����(3.6)

�

8>>><>>>:
kf 00k1(b�a)2

16� if f 00 2 L1 [a; b] ;

qkf 00k
p

2
q+1
q (q+1)

q+1
q �

(b� a)
q+1
q ; if f 00 2 Lp [a; b] ; p > 1; 1

p +
1
q = 1:

The following result also holds.

Theorem 9 (Dragomir et al., 2002 [4]). Let f : [a; b]! R be such that f 00 : (a; b)!
R is absolutely continuous on (a; b). Then we have the bounds

(3.7)

����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� 1

2�
[f (b)� f (a) + f 0 (t) (b� a)]

����

�

8>>>>>>>>><>>>>>>>>>:

kf 000k1(b�a)
12�

h
(b�a)2
12 +

�
t� a+b

2

�2i
; if f 000 2 L1 [a; b] ;

qkf 000k
p
[B(q+1;q+1)]

1
q

2�(2q+1)

h
(b� t)2+

1
q + (t� a)2+

1
q

i
; if f 000 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

kf 000k
1

8�

h
(b�a)2
4 +

�
t� a+b

2

�2i

�

8>>>>>>><>>>>>>>:

kf 000k1(b�a)3
36� ; if f 000 2 L1 [a; b] ;

qkf 000k
p
[B(q+1;q+1)]

1
q

2�(2q+1) (b� a)2+
1
q ; if f 000 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

kf 000k
1

16� (b� a)2

for all t 2 (a; b), where k�kp are the usual p�norms and B (�; �) is Euler�s Beta
mapping

(3.8) B (�; �) =

Z 1

0

t��1 (1� t)��1 dt; �; � > 0:

Proof. Using the integration by parts formula, we obtain the equality:

(3.9)
Z �

�

g (u) du =
g (�) + g (�)

2
(� � �)� 1

2

Z �

�

(u� �) (� � u) g00 (u) du;

where g is such that g0 is absolutely continuous on [�; �] (if � < �), or on [�; �] (if
� < �).
By a similar procedure to that in Theorem 8, we have

(Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
� 1

2�
[f (b)� f (a) + f 0 (t) (b� a)](3.10)

= � 1

2�
PV

Z b

a

R �
t
(u� t) (� � u) f 000 (u) du

� � t d� :
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Using the property of modulus, we have����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� 1

2�
[f (b)� f (a) + f 0 (t) (b� a)]

����
� 1

2�
PV

Z b

a

�����
R �
t
(u� t) (� � u) f 000 (u) du

� � t

����� d� =: B (a; b; t) :
Firstly, let us observe that����Z �

t

(u� t) (� � u) f 000 (u) du
���� � sup

u2[t;� ]
jf 000 (u)j

����Z �

t

ju� tj j� � uj du
����

� kf 000k1
jt� � j3

6

and then

B (a; b; t) � kf 000k1
12�

PV

Z b

a

jt� � j2 d�

=
kf 000k1
12�

� (b� t)
3
+ (t� a)3

3

=
kf 000k1 (b� a)

12�

"
(b� a)2

12
+

�
t� a+ b

2

�2#
;

which proves the �rst part of (3.7).
For the second part, we apply Hölder�s integral inequality to obtain����Z �

t

(u� t) (� � u) f 000 (u) du
���� � ����Z �

t

ju� tjq j� � ujq du
���� 1q ����Z �

t

jf 000 (u)jp du
���� 1p

� kf 000kp jt� � j
2+ 1

q [B (q + 1; q + 1)]
1
q

for all t; � 2 (a; b).
Indeed, if we assume that � > t, then, by u = (1� s) t+ s� , s 2 [0; 1], we getZ �

t

ju� tjq j� � ujq du =
Z �

t

(u� t)q (� � u)q du

= (� � t)2q+1
Z 1

0

sq (1� s)q ds

= (� � t)2q+1B (q + 1; q + 1) :

Consequently, we have

B (a; b; t) �
kf 000kp [B (q + 1; q + 1)]

1
q

2�
PV

Z b

a

jt� � j1+
1
q d�

=
kf 000kp [B (q + 1; q + 1)]

1
q

2�
� (b� t)

2+ 1
q + (t� a)2+

1
q

1 + 1
q

=
q kf 000kp [B (q + 1; q + 1)]

1
q

2� (2q + 1)

h
(b� t)2+

1
q + (t� a)2+

1
q

i
and the second part of (3.7) holds.
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For the last part, we observe that����Z �

t

(u� t) (� � u) f 000 (u) du
���� � maxu j(u� t) (� � u)j

Z �

t

jf 000 (u)j du

� kf 000k1
(t� �)2

4

since a simple calculation shows that

max
u2[t;� ]
(u2[�;t])

j(u� t) (� � u)j = (t� �)2

4
:

Thus, we can write the following inequality

B (a; b; t) � kf 000k1
8�

PV

Z b

a

jt� � j d�

=
kf 000k1
8�

� (b� t)
2
+ (t� a)2

2

=
kf 000k1
8�

"
(b� a)2

4
+

�
t� a+ b

2

�2#
and the theorem is proved. �

Remark 5. It is obvious that if (b� a) ! 0, then (3.7) provides an accurate
approximation for the �nite Hilbert transform.

Taking into account the fact that all the mappings depending on t from the
right hand side of (3.7) are convex on the interval (a; b), it is obvious that the best
inequality from (3.7) is that one for which t = a+b

2 .

Corollary 8. Let f be as in Theorem 9. Then we have the inequality����(Tf)�a; b; a+ b2
�
� 1

2�

�
f (b)� f (a) + f 0

�
a+ b

2

�
(b� a)

�����(3.11)

�

8>>>>>>>><>>>>>>>>:

kf 000k1(b�a)3
144� ; if f 000 2 L1 [a; b] ;

qkf 000k
p
[B(q+1;q+1)]

1
q

2
2+ 1

q �(2q+1)
(b� a)2+

1
q ; if f 000 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

kf 000k
1
(b�a)2

32� :

3.2. Agarwal-Dragomir Type Inequalities. In [1], R. P. Agarwal and S. S.
Dragomir proved the following trapezoid type inequality����� 1

b� a

Z b

a

g (x) dx� g (a) + g (b)
2

�����(3.12)

� [g (b)� g (a)�m (b� a)] [M (b� a)� g (b) + g (a)]
2 (M �m) (b� a)

� (M �m) (b� a)
8

;
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provided that g : [a; b]! R is absolutely continuous on [a; b] andM = sup
x2(a;b)

g0 (x) <

1, m = inf
x2(a;b)

g0 (x) > �1 and M > m.

Using the above inequality, we can state and prove the following theorem.

Theorem 10 (Dragomir et al., 2002 [4]). Let f : [a; b] ! R be such that f 0 :
(a; b)! R is absolutely continuous on (a; b) and

(3.13) � = sup
t2(a;b)

f 00 (t) <1; 
 = inf
t2(a;b)

f 00 (t) > �1; � > 
:

Then we have the bound:����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� 1

2�
[f (b)� f (a) + f 0 (t) (b� a)]

����(3.14)

� (�� 
)
8�

"�
t� a+ b

2

�2
+
(b� a)2

4

#
� (�� 
) (b� a)2

16�
;

for all t 2 (a; b).

Proof. Applying the inequality (3.12) written for f 0 (�) in the following version:���� 1

� � t

Z �

t

f 0 (u) du� f
0 (�) + f 0 (t)

2

���� � (�� 
) jt� 
j
8

;

we can state the inequality

(3.15)

����f (�)� f (t)� � t � f
0 (�) + f 0 (t)

2

���� � (�� 
) jt� 
j
8

for all t; � 2 [a; b], t 6= � .
The following property of the Cauchy-Principal Value follows by the properties

of integral, modulus and limit,

(3.16)

�����PV
Z b

a

A (t; s) ds

����� � PV
Z b

a

jA (t; s)j ds;

holds, assuming that the PV involved exist for all t 2 (a; b).
Using (3.4) and (3.5), we may write:�����PV

Z b

a

f (�)� f (t)
� � t d� � PV

Z b

a

f 0 (�) + f 0 (t)

2
d�

�����(3.17)

� PV
Z b

a

����f (�)� f (t)� � t � f
0 (�) + f 0 (t)

2

���� d�
� PV

Z b

a

(�� 
) jt� 
j
8

d� ;

and as

1

�
PV

Z b

a

f (�)� f (t)
� � t d� = (Tf) (a; b; t)� f (t)

�
ln

�
b� t
t� a

�
;

1

�
PV

Z b

a

f 0 (�) + f 0 (t)

2
d� =

1

2�
[f (b)� f (a) + f 0 (t) (b� a)]
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and

1

�
PV

Z b

a

jt� � j d� = (t� a)2 + (b� t)2

2�
=
1

�

"�
t� a+ b

2

�2
+
(b� a)2

4

#

then by (3.17) we deduce the desired inequality (3.14). �

It is obvious that the best inequality we can get from (3.14) is that one for which
we have t = a+b

2 , obtaining the following result.

Corollary 9. Under the assumptions of Theorem 10, we have the inequality:����(Tf)�a; b; a+ b2
�
� 1

2�

�
f (b)� f (a) + f 0

�
a+ b

2

�
(b� a)

�����(3.18)

� (�� 
) (b� a)2

32�
:

3.3. Compounding Trapezoid Type Inequalities. The following inequality
concerning the trapezoid inequality for absolutely continuous functions holds (see
for example [14, p. 32]).

Lemma 1. Let u : [a; b]! R be an absolutely continuous function on [a; b]. Then
one has the inequalities:�����

Z b

a

u (s) ds� u (a) + u (b)
2

(b� a)
�����(3.19)

�

8>>>>>>>>>><>>>>>>>>>>:

(b� a)2

4
ku0k[a;b];1 if u0 2 L1 [a; b] ;

(b� a)1+
1
q

2 (q + 1)
1
q

ku0k[a;b];p if u0 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

(b� a)
2

ku0k[a;b];1 :

A simple proof of this fact can be done by using the identity

(3.20)
Z b

a

u (s) ds� u (a) + u (b)
2

(b� a) = �
Z b

a

�
s� a+ b

2

�
u0 (s) ds;

and we omit the details.
The following lemma holds.
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Lemma 2. Let u : [a; b]! R be an absolutely continuous function on [a; b]. Then
for any t; � 2 [a; b], t 6= � and n 2 N, n � 1, we have the inequality:����� 1

� � t

Z �

t

u (s) ds� 1

2n

n�1X
i=0

�
u

�
t+ i � � � t

n

�
+ u

�
t+ (i+ 1) � � � t

n

�������(3.21)

�

8>>>>>>>>>><>>>>>>>>>>:

j� � tj
4n

ku0k[t;� ];1 if u0 2 L1 [a; b] ;

j� � tj
1
q

2 (q + 1)
1
q n

ku0k[t;� ];p if u0 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

2n
ku0k[t;� ];1 ;

where

ku0k[t;� ];1 := essup
s2[t;� ]
(s2[�;t])

ju0 (s)j

and

ku0k[t;� ];p :=
����Z �

t

ju0 (s)jp ds
���� 1p

for p � 1.

Proof. Consider the equidistant division of [t; � ] (if t < �) or [� ; t] (if � < t) given
by

En : xi = t+ i �
� � t
n
; i = 0; n:

If we apply the inequality (3.19) on the interval [xi; xi+1] ; we may write that:�����
Z xi+1

xi

u (s) ds�
u
�
t+ i � ��tn

�
+ u

�
t+ (i+ 1) � ��tn

�
2

� � � t
n

�����

�

8>>>>>>>>>><>>>>>>>>>>:

(� � t)2

4n2
ku0k[xi;xi+1];1 if u0 2 L1 [a; b] ;

j� � tj1+
1
q

2n1+
1
q (q + 1)

1
q

ku0k[xi;xi+1];p if u0 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

j� � tj
2n

ku0k[xi;xi+1];1 ;

from where we get���� 1

� � t

Z xi+1

xi

u (s) ds� 1

2n

�
u

�
t+ i � � � t

n

�
+ u

�
t+ (i+ 1) � � � t

n

������
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�

8>>>>>>>>>><>>>>>>>>>>:

j� � tj
4n2

ku0k[xi;xi+1];1

j� � tj
1
q

2n1+
1
q (q + 1)

1
q

ku0k[xi;xi+1];p

1

2n
ku0k[xi;xi+1];1 :

Summing over i from 0 to n � 1 and using the generalized triangle inequality, we
may write����� 1

� � t

Z �

t

u (s) ds� 1

2n

n�1X
i=0

�
u

�
t+ i � � � t

n

�
+ u

�
t+ (i+ 1) � � � t

n

�������
�

n�1X
i=0

���� 1

� � t

Z xi+1

xi

u (s) ds� 1

2n

�
u

�
t+ i � � � t

n

�
+ u

�
t+ (i+ 1) � � � t

n

������

�

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

j� � tj
4n2

n�1X
i=0

ku0k[xi;xi+1];1

j� � tj
1
q

2n1+
1
q (q + 1)

1
q

n�1X
i=0

ku0k[xi;xi+1];p

1

2n

n�1X
i=0

ku0k[xi;xi+1];1 :

However,

n�1X
i=0

ku0k[xi;xi+1];1 � n ku0k[t;� ];1 ;

n�1X
i=0

ku0k[xi;xi+1];p =
n�1X
i=0

����Z xi+1

xi

ju0 (s)jp ds
���� 1p

� n
1
q

" 
n�1X
i=0

����Z xi+1

xi

ju0 (s)jp ds
���� 1p
!p# 1

p

= n
1
q

����Z �

t

ju0 (s)jp ds
���� 1p = n 1

q ku0k[t;� ];p
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and

n�1X
i=0

ku0k[xi;xi+1];1 �
�����
n�1X
i=0

Z xi+1

xi

ju0 (s)j ds
����� =

����Z �

t

ju0 (s)j ds
���� = ku0k[t;� ];1

and the lemma is proved. �

The following theorem in approximating the Hilbert transform of a di¤erentiable
function whose derivative is absolutely continuous holds.

Theorem 11 (Dragomir et al., 2003, [6]). Let f : [a; b] ! R be a di¤erentiable
function such that its derivative f 0 is absolutely continuous on [a; b]. If

Tn (f ; t) =
f (b)� f (a) + f 0 (t) (b� a)

2n�
(3.22)

+
b� a
n�

n�1X
i=1

�
f ; t� t� a

n
� i; t+ b� t

n
� i
�
;

then we have the estimate

����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� Tn (f ; t)

����

(3.23)

�

8>>>>>>><>>>>>>>:

1
4�n

h
1
4 (b� a)

2
+
�
t� a+b

2

�2i kf 00k[a;b];1 if f 00 2 L1 [a; b] ;

q

2�n(q+1)
1+ 1

q

h
(t� a)1+

1
q + (b� t)1+

1
q

i
kf 00k[a;b];p if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1
2�n

�
1
2 (b� a) +

��t� a+b
2

��� kf 00k[a;b];1

�

8>>>>>><>>>>>>:

1
8�n (b� a)

2 kf 00k[a;b];1 if f 00 2 L1 [a; b] ;

q

2�n(q+1)
1+ 1

q
(b� a)1+

1
q kf 00k[a;b];p if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1
2�n (b� a) kf

00k[a;b];1

for all t 2 (a; b), where [f ; c; d] denotes the divided di¤erence

[f ; c; d] :=
f (c)� f (d)

c� d :
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Proof. Applying Lemma 2 for the function f 0, we may write that�����f (�)� f (t)� � t � 1

2n

"
f 0 (t) +

n�1X
i=1

f 0
�
t+ i � � � t

n

�
(3.24)

+
n�2X
i=0

f 0
�
t+ (i+ 1) � � � t

n

�
+ f 0 (�)

#�����

�

8>>>>>>>>>><>>>>>>>>>>:

(� � t)
4n

kf 00k[t;� ];1 if f 00 2 L1 [a; b] ;

j� � tj
1
q

2 (q + 1)
1
q n

kf 00k[t;� ];p if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

2n
kf 00k[t;� ];1 :

However,

n�1X
i=1

f 0
�
t+ i � � � t

n

�
=

n�2X
i=0

f 0
�
t+ (i+ 1) � � � t

n

�
and then, by (3.24), we may write:�����f (�)� f (t)� � t �

"
f 0 (t) + f 0 (�)

2n
+
1

n

n�1X
i=1

f 0
�
t+ i � � � t

n

�#�����(3.25)

�

8>>>>>>>>>><>>>>>>>>>>:

j� � tj
4n

kf 00k[t;� ];1

j� � tj
1
q

2 (q + 1)
1
q n

kf 00k[t;� ];p

1

2n
kf 00k[t;� ];1

for any t; � 2 [a; b], t 6= � .
Consequently, we have����� 1�PV

Z b

a

f (�)� f (t)
� � t d� � 1

�
PV

Z b

a

�
f 0 (t) + f 0 (�)

2n
(3.26)

+
1

n

n�1X
i=1

f 0
�
t+ i � � � t

n

�#
d�

�����
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�

8>>>>>>>>>>><>>>>>>>>>>>:

1

4�n
PV

Z b

a

j� � tj kf 00k[t;� ];1 d�;

1

2� (q + 1)
1
q n
PV

Z b

a

j� � tj
1
q kf 00k[t;� ];p d� ;

1

2�n
PV

Z b

a

kf 00k[t;� ];1 d� :

Since

PV

Z b

a

"
f 0 (t) + f 0 (�)

2n
+
1

n

n�1X
i=1

f 0
�
t+ i � � � t

n

�#
d�

= lim
"!0+

 Z t�"

a

+

Z b

t+"

! 
f 0 (t) + f 0 (�)

2n
+
1

n

n�1X
i=1

f 0
�
t+ i � � � t

n

�!
d�

=
f 0 (t) (b� a) + f (b)� f (a)

2n

+
1

n

n�1X
i=1

"
lim
"!0+

 Z t�"

a

+

Z b

t+"

!�
f 0
�
t+ i � � � t

n

��
d�

#

=
f 0 (t) (b� a) + f (b)� f (a)

2n

+
1

n

n�1X
i=1

"
lim
"!0+

"
n

i
� f
�
t+ i � � � t

n

�����t�"
a

+
n

i
� f
�
t+ i � � � t

n

�����b
t+"

##

=
f 0 (t) (b� a) + f (b)� f (a)

2n
+
1

n

n�1X
i=1

n

i

�
f

�
t+ i � b� t

n

�
� f

�
t+ i � a� t

n

��

=
f 0 (t) (b� a) + f (b)� f (a)

2n
+
b� a
n

n�1X
i=1

�
f ; t+ i � b� t

n
; t+ i � a� t

n

�
;

and

PV

Z b

a

j� � tj kf 00k[t;� ];1 d� � kf
00k[a;b];1 PV

Z b

a

j� � tj d�

= kf 00k[a;b];1
(t� a)2 + (b� t)2

2

= kf 00k[a;b];1

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
;
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PV

Z b

a

j� � tj
1
q kf 00k[t;� ];p d� � kf

00k[a;b];p PV
Z b

a

j� � tj
1
q d�

= kf 00k[a;b];p

"
(t� a)1+

1
q + (b� t)1+

1
q

1 + 1
q

#

=
q kf 00k[a;b];p
q + 1

h
(t� a)1+

1
q + (b� t)1+

1
q

i
and

PV

Z b

a

kf 00k[t;� ];1 d� = PV
"Z t

a

kf 00k[�;t];1 d� +
Z b

�

kf 00k[t;� ];1 d�
#

� kf 00k[a;t];1 (t� a) + kf
00k[t;b];1 (b� t)

� max (t� a; b� t)
h
kf 00k[a;t];1 + kf

00k[t;b];1
i

=

�
1

2
(b� a) +

����t� a+ b2
����� kf 00k[a;b];1

then, by (3.26) we get����� 1�PV
Z b

a

f (�)� f (t)
� � t d� � f

0 (t) (b� a) + f (b)� f (a)
2n�

(3.27)

� b� a
n�

n�1X
i=1

�
f ; t� t� a

n
� i; t+ b� t

n
� i
������

�

8>>>>>>>>>><>>>>>>>>>>:

kf 00k[a;b];1
4�n

h
1
4 (b� a)

2
+
�
t� a+b

2

�2i
if f 00 2 L1 [a; b] ;

q kf 00k[a;b];p
2� (q + 1)

1+ 1
q n

h
(t� a)1+

1
q + (b� t)1+

1
q

i
if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

kf 00k[a;b];1
2�n

�
1
2 (b� a) +

��t� a+b
2

��� :
On the other hand, as for the function f0 : (a; b)! R, f0 (t) = 1, we have

(Tf0) (a; b; t) =
1

�
ln

�
b� t
t� a

�
; t 2 (a; b)

then obviously

(Tf) (a; b; t) =
1

�
PV

Z b

a

f (�)� f (t) + f (t)
� � t d�

=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� +

f (t)

�
PV

Z b

a

d�

� � t ;

from where we get the equality:

(3.28) (Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� :

Finally, using (3.27) and (3.28), we deduce (3.23). �
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Before we proceed with another estimate of the remainder in approximating the
Hilbert Transform for functions whose second derivatives are absolutely continuous,
we need the following lemma (see for example [14, p. 39]).

Lemma 3. Let u : [a; b] ! R be a function such that its derivative is absolutely
continuous on [a; b]. Then one has the inequalities�����

Z b

a

u (s) ds� u (a) + u (b)
2

(b� a)
�����(3.29)

�

8>>>>>>>>>><>>>>>>>>>>:

(b� a)3

12
ku00k[a;b];1 if u00 2 L1 [a; b] ;

(b� a)2+
1
q

2
[B (q + 1; q + 1)]

1
q ku00k[a;b];p if u00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

(b� a)2

8
ku00k[a;b];1 :

where B (�; �) is the Beta function

B (�; �) :=

Z 1

0

t��1 (1� t)��1 dt; �; � > 0:

A simple proof of the fact can be done by the use of the following identity:

(3.30)
Z b

a

u (s) ds� u (a) + u (b)
2

(b� a) = �1
2

Z b

a

(b� s) (s� a)u00 (s) ds;

and we omit the details.
The following lemma also holds.

Lemma 4. Let u : [a; b]! R be a di¤erentiable function such that u0 : [a; b]! R is
absolutely continuous on [a; b]. Then for any t; � 2 [a; b], t 6= � and n 2 N, n � 1,
we have the inequality:����� 1

� � t

Z �

t

u (s) ds� 1

2n

n�1X
i=0

�
u

�
t+ i � � � t

n

�
+ u

�
t+ (i+ 1) � � � t

n

�������(3.31)

�

8>>>>>>>>><>>>>>>>>>:

j� � tj2

12n2
ku00k[t;� ];1 if u00 2 L1 [a; b] ;

j� � tj1+
1
q

2n2
[B (q + 1; q + 1)]

1
q ku00k[t;� ];p if u00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

j� � tj
8n2

ku00k[t;� ];1 ;

where B (�; �) is the Beta function.

Proof. Consider the equidistant division of [t; � ] (or [� ; t])

En : xi = t+ i �
� � t
n
; i = 0; n:
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If we apply the inequality (3.29), we may state that�����
Z xi+1

xi

u (s) ds�
u
�
t+ i � ��tn

�
+ u

�
t+ (i+ 1) � ��tn

�
2

� � � t
n

�����

�

8>>>>>>>>>><>>>>>>>>>>:

j� � tj3

12n3
ku00k[xi;xi+1];1 if u00 2 L1 [a; b] ;

j� � tj2+
1
q

2n2+
1
q

[B (q + 1; q + 1)]
1
q ku00k[xi;xi+1];p if u00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

j� � tj2

8n2
ku00k[xi;xi+1];1 :

Dividing by j� � tj > 0 and using a similar argument to the one in Lemma 2, we
conclude that the desired inequality (3.31) holds. �

The following theorem in approximating the Hilbert transform of a twice di¤er-
entiable function whose second derivative f 00 is absolutely continuous also holds.

Theorem 12 (Dragomir et al., 2003, [6]). Let f : [a; b]! R be a twice di¤erentiable
function such that the second derivative f 00 is absolutely continuous on [a; b]. Then����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� Tn (f ; t)

����(3.32)

�

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

1

12n2�

"
(b� a)2

12
+

�
t� a+ b

2

�2#
(b� a) kf 000k[a;b];1

if f 000 2 L1 [a; b] ;

q [B (q + 1; q + 1)]
1
q

2 (2q + 1)n2�

h
(t� a)2+

1
q + (b� t)2+

1
q

i
kf 000k[a;b];p

if f 000 2 Lp [a; b] ; p > 1; 1
p +

1
q = 1;

1

8�n2

"
(b� a)2

4
+

�
t� a+ b

2

�2#
kf 000k[a;b];1

�

8>>>>>>>>>><>>>>>>>>>>:

(b� a)3

36�n2
kf 000k[a;b];1 if f 000 2 L1 [a; b] ;

q [B (q + 1; q + 1)]
1
q (b� a)2+

1
q

2� (2q + 1)n2
kf 000k[a;b];p if f 000 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

kf 000k[a;b];1
16�n2

(b� a)

for all t 2 (a; b), where Tn (f ; t) is de�ned by (3.21).
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Proof. Applying Lemma 4 for the function f 00; we may write that (see also Theorem
11)

�����f (�)� f (t)� � t �
"
f 0 (t) + f 0 (�)

2n
+
1

n

n�2X
i=0

f 0
�
t+ i � � � t

n

�#�����(3.33)

�

8>>>>>>>>><>>>>>>>>>:

j� � tj2

12n2
kf 000k[t;� ];1 if f 000 2 L1 [a; b] ;

j� � tj1+
1
q

2n2
[B (q + 1; q + 1)]

1
q kf 000k[t;� ];p if f 000 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

j� � tj
8n2

kf 000k[t;� ];1 :

for all t; � 2 [a; b], t 6= � .
Consequently, we may write:

����� 1�PV
Z b

a

f (�)� f (t)
� � t d� � 1

�
PV

Z b

a

�
f 0 (t) + f 0 (�)

2n
(3.34)

+
1

n

n�1X
i=1

f 0
�
t+ i � � � t

n

�#
d�

�����

�

8>>>>>>>>>>><>>>>>>>>>>>:

1

12n2�
PV

Z b

a

j� � tj2 kf 000k[t;� ];1 d�;

[B (q + 1; q + 1)]
1
q

2n2
PV

Z b

a

j� � tj1+
1
q kf 000k[t;� ];p d� ;

1

8n2
PV

Z b

a

j� � tj kf 000k[t;� ];1 d� :

Since

PV

Z b

a

j� � tj2 kf 000k[t;� ];1 d�

� kf 000k[a;b];1 PV
Z b

a

j� � tj2 d� = kf 000k[a;b];1

"
(t� a)3 + (b� t)3

3

#

= kf 000k[a;b];1

"
(b� a)2

12
+

�
t� a+ b

2

�2#
(b� a) ;
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PV

Z b

a

j� � tj1+
1
q kf 000k[t;� ];p d� � kf

000k[a;b];p PV
Z b

a

j� � tj1+
1
q d�

= kf 000k[a;b];p
(b� t)2+

1
q + (t� a)2+

1
q

2 + 1
q

=
q kf 000k[a;b];p
2q + 1

h
(b� t)2+

1
q + (t� a)2+

1
q

i
and

PV

Z b

a

j� � tj kf 000k[t;� ];1 d�

� kf 000k[a;b];1 PV
Z b

a

j� � tj d� = (t� a)2 + (b� t)2

2
kf 000k[a;b];1

=

"
(b� a)2

4
+

�
t� a+ b

2

�2#
kf 000k[a;b];1 :

Then by (3.34), we deduce the �rst part of (3.32). �

4. Inequalities of Midpoint Type

4.1. Midpoint Type Inequalities. The following result holds.

Theorem 13 (Dragomir et al., 2002, [5]). Assume that the function f : [a; b]! R
is such that f 0 : [a; b] ! R is absolutely continuous on [a; b]. Then we have the
inequality:����T (f) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� 2

�

�
f

�
b+ t

2

�
� f

�
t+ a

2

������(4.1)

�

8>>>>>>>><>>>>>>>>:

kf 00k1
4�

h�
t� a+b

2

�2
+ (b�a)2

4

i
if f 00 2 L1 [a; b] ;

qkf 00k
p

2�(q+1)
1+ 1

q

h
(t� a)1+

1
q + (b� t)1+

1
q

i
if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

kf 00k
1

2� (b� a) ;

�

8>>>>>>>>><>>>>>>>>>:

kf 00k1
8�

(b� a)2 if f 00 2 L1 [a; b] ;

q kf 00kp
� (q + 1)

1+ 1
q

(b� a)1+
1
q if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

2�
kf 00k1 (b� a) ;

for any t 2 (a; b). The k�kp, p 2 [1;1] denote the usual norms, i.e.,

kgk1 := essup
t2[a;b]

jg (t)j if g 2 L1 [a; b]
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and

kgkp :=
 Z b

a

jg (t)jp dt
! 1

p

if g 2 Lp [a; b] ; p � 1:

Proof. As for the mapping f0 : (a; b)! R, f0 (t) = 1, t 2 (a; b), we have

T (f0) (a; b; t) =
1

�
ln

�
b� t
t� a

�
; t 2 (a; b) ;

then, obviously

(Tf) (a; b; t) =
1

�
PV

Z b

a

f (�)� f (t) + f (t)
� � t d�

=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� +

f (t)

�
PV

Z b

a

d�

� � t ;

from where we get the identity

(4.2) (Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� :

If we use the known identity, which can easily be proved using the integration by
parts formula,

(4.3)
Z �

�

g (u) du = g

�
�+ �

2

�
(� � �) +

Z �

�

K (u) g0 (u) du;

where

K (u) :=

8>><>>:
u� � if u 2

h
�; �+�2

i
u� � if u 2

�
�+�
2 ; �

i
and g is absolutely continuous on [a; b], we may write

PV

Z b

a

f (�)� f (t)
� � t d� = PV

Z b

a

R �
t
f 0 (u) du

� � t d�

= PV

Z b

a

"
f 0
�
�+t
2

�
(� � t) +

R �
t
K (u) f 00 (u) du

� � t

#
d�

= PV

Z b

a

f 0
�
� + t

2

�
d� + PV

Z b

a

�
1

� � t

Z �

t

K (u) f 00 (u) du

�
d�

= 2

�
f

�
b+ t

2

�
� f

�
a+ t

2

��
+ PV

Z b

a

�
1

� � t

Z �

t

K (u) f 00 (u) du

�
d� :

Consequently, by (4.2), we obtain the identity

(Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
� 2

�

�
f

�
b+ t

2

�
� f

�
t+ a

2

��
(4.4)

=
1

�
PV

Z b

a

�
1

� � t

Z �

t

K (u) f 00 (u) du

�
d� ;

where

K (u) =

8<: u� t if u 2
�
t; �+t2

�
u� � if u 2

�
�+t
2 ; �

� :
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Using the properties of modulus, we get, by (4.4), that����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� 2

�

�
f

�
b+ t

2

�
� f

�
t+ a

2

������(4.5)

� 1

�
PV

Z b

a

���� 1

� � t

Z �

t

K (u) f 00 (u) du

���� d� =: D (a; b; t) :
Now, it is obvious that����Z �

t

K (u) f 00 (u) du

���� � sup
u2[a;b]

jf 00 (u)j
����Z �

t

K (u) du

����
= kf 00k1

�����
Z �+t

2

t

(u� t) du+
Z �

�+t
2

(t� u) du
�����

= kf 00k1
(t� �)2

4
:

Then

D (a; b; t) � 1

4�
kf 00k1 PV

Z b

a

jt� � j d�

=
kf 00k1
4�

� (t� a)
2
+ (b� t)2

2

=
kf 00k1
4�

"�
t� a+ b

2

�2
+
(b� a)2

4

#
:

Using Hölder�s integral equality, we have����Z �

t

K (u) f 00 (u) du

���� � ����Z �

t

jf 00 (u)jp du
���� 1p ����Z �

t

jK (u)jq du
���� 1q

� kf 00kp
����Z �

t

jK (u)jq du
���� 1q

= kf 00kp

�����
Z �+t

2

t

(u� t)q du+
Z �

�+t
2

(t� u)q du
�����
1
q

= kf 00kp

"
j� � tjq+1

2q (q + 1)

# 1
q

=
kf 00kp jt� � j

1+ 1
q

2 (q + 1)
1
q

for all t; � 2 (a; b).
Then

D (a; b; t) � 1

�
kf 00kp PV

Z b

a

jt� � j
1
q

2 (q + 1)
1
q

d�

=
q kf 00kp

h
(t� a)1+

1
q + (b� t)1+

1
q

i
2� (q + 1)

1+ 1
q

proving the second part of the �rst inequality in (4.1).
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Finally, we observe that����Z �

t

K (u) f 00 (u) du

���� � sup
u2[t;� ]

jK (u)j
����Z �

t

jf 00 (u)j du
���� = kf 00k1

2�
jt� � j

and then

D (a; b; t) � 1

2�
kf 00k1 PV

Z b

a

d� =
1

2�
kf 00k1 (b� a) ;

proving the last part of the second inequality in (4.1).
The last part of (4.1) is obvious. �
The best inequality we can get from (4.1) is embodied in the following corollary.

Corollary 10. With the assumptions in Theorem 13, we have����(Tf)�a; b; a+ b2
�
� 2

�

�
f

�
a+ 3b

4

�
� f

�
3a+ b

4

������(4.6)

�

8>>>>><>>>>>:

1

16�
kf 00k1 (b� a)

2 if f 00 2 L1 [a; b] ;

q

21+
1
q � (q + 1)

1+ 1
q

kf 00kp (b� a)
1+ 1

q if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

Remark 6. It is also obvious that if b�a! 0, then both the inequalities (4.1) and
(4.6) provide accurate approximations.

4.2. Other Midpoint Type Inequalities. The following result holds.

Theorem 14 (Dragomir et al., 2002, [5]). Assume that the function f : [a; b]! R
is such that f 00 : [a; b] ! R is absolutely continuous on [a; b]. Then we have the
inequalities:����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� 2

�

�
f

�
b+ t

2

�
� f

�
t+ a

2

������(4.7)

�

8>>>>>>>>><>>>>>>>>>:

kf 000k1
24� (b� a)

h
(b�a)2
12 +

�
t� a+b

2

�2i
if f 000 2 L1 [a; b] ;

qkf 000k
p

8�(2q+1)
1+ 1

q

h
(b� t)2+

1
q + (t� a)2+

1
q

i
if f 000 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

kf 000k
1

8�

h
(b�a)2
4 +

�
t� a+b

2

�2i
;

�

8>>>>>>>><>>>>>>>>:

kf 000k1(b�a)3
72� if f 000 2 L1 [a; b] ;

qkf 000k
p
(b�a)2+

1
q

8�(2q+1)
1+ 1

q
if f 000 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

kf 000k
1
(b�a)2

16� :
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Proof. If we use the identity (4.2) and the following identity, which can be proved
by applying the integration by parts formula twice,Z �

�

g (u) du = g

�
�+ �

2

�
(� � �) + 1

2

Z �

�

L (u) g00 (u) du;

where

L (u) :=

8>><>>:
(u� �)2 if u 2

h
�; �+�2

i
(u� �)2 if u 2

�
�+�
2 ; �

i
and g is such that g0 is absolutely continuous on [�; �], then we get

(Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
=
1

�
PV

Z b

a

"
f 0
�
�+t
2

�
(� � t) 12

R �
t
L (u) f 000 (u) du

� � t

#
d�

=
2

�

�
f

�
b+ t

2

�
� f

�
t+ a

2

��
+
1

2�
PV

Z b

a

�
1

� � t

Z �

t

L (u) f 000 (u) du

�
d� :

Consequently, we have the identity:

(Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
� 2

�

�
f

�
b+ t

2

�
� f

�
t+ a

2

��
(4.8)

=
1

2�
PV

Z b

a

�
1

� � t

Z �

t

L (u) f 000 (u) du

�
d� ;

where

L (u) =

8<: (u� t)2 if u 2
�
t; �+t2

�
(u� �)2 if u 2

�
�+t
2 ; �

� :

Using the modulus properties, we may write, by (4.8), that����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� 2

�

�
f

�
b+ t

2

�
� f

�
t+ a

2

������(4.9)

� 1

2�
PV

Z b

a

���� 1

� � t

Z �

t

jL (u)j jf 000 (u)j du
���� d� =: E (a; b; t) :

Now, observe that����Z �

t

jL (u)j jf 000 (u)j du
���� � kf 000k1

�����
Z �+t

2

t

(u� t)2 du+
Z �

�+t
2

(t� u)2 du
�����

=
kf 000k1
12

jt� � j3

and then

E (a; b; t) � kf 000k1
24�

Z b

a

(t� �)2 d� = kf 000k1
24�

� (b� t)
3
+ (t� a)3

3

=
kf 000k1
24�

"
(b� a)2

12
+

�
t� a+ b

2

�2#
(b� a) ;

giving the �rst part of the �rst inequality in (4.7).
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Using Hölder�s inequality, we may write that����Z �

t

jL (u)j jf 000 (u)j du
���� � kf 000kp

�����
Z �+t

2

t

ju� tj2q du+
Z �

�+t
2

jt� uj2q du
�����
1
q

= kf 000kp

"
2 �
�� t��
2

��2q+1
2q + 1

# 1
q

=
1

4 (2q + 1)
1
q

kf 000kp jt� � j
2+ 1

q

and then

E (a; b; t) �
kf 000kp

8� (2q + 1)
1
q

PV

Z b

a

jt� � j1+
1
q d�

=
kf 000kp

8� (2q + 1)
1
q

� (b� t)
2+ 1

q + (t� a)2+
1
q

2q+1
q

=
q kf 000kp

8� (2q + 1)
1
q

h
(b� t)2+

1
q + (t� a)2+

1
q

i
;

which proves the second part of the �rst inequality in (4.7).
Finally,����Z �

t

jL (u)j jf 000 (u)j du
���� � sup

u2[t;� ]
jL (u)j kf 000k1 =

jt� � j
4

kf 000k1 ;

giving

E (a; b; t) � kf 000k1
8�

PV

Z b

a

jt� � j d� = kf 000k1
8�

� (b� t)
2
+ (t� a)2

2

=
kf 000k1
8�

"
(b� a)2

4
+

�
t� a+ b

2

�2#
;

which proves the last part of the �rst inequality in (4.7). �

The best inequality we may obtain from (4.7) is embodied in the following corol-
lary.

Corollary 11. With the assumptions of Theorem 14, we have����(Tf)�a; b; a+ b2
�
� 2

�

�
f

�
a+ 3b

4

�
� f

�
3a+ b

4

������(4.10)

�

8>>>>>>>>>>><>>>>>>>>>>>:

kf 000k1 (b� a)
3

288�
if f 000 2 L1 [a; b] ;

q kf 000kp (b� a)
2+ 1

q

16 � 2
1
q � (2q + 1)

1
q

if f 000 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

kf 000k1 (b� a)
2

32�
:
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4.3. Compounding Midpoint Type Inequalities. Before we point out the
quadrature formula for the �nite Hilbert transform, we need the following two
technical lemmas:

Lemma 5. Let u : [a; b]! R be an absolutely continuous function on [a; b]. Then
we have the midpoint inequalities:�����

Z b

a

u (s) ds� u
�
a+ b

2

�
(b� a)

�����(4.11)

�

8>>>>>>>>>><>>>>>>>>>>:

(b� a)2

4
ku0k[a;b];1 if u0 2 L1 [a; b] ;

(b� a)1+
1
q

2 (q + 1)
1
q

ku0k[a;b];p if u0 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

(b� a)
2

ku0k[a;b];1 :

A simple proof of this fact can be done by using the identity (see for example
[14, p. 34]): Z b

a

u (s) ds� u
�
a+ b

2

�
(b� a)(4.12)

= �
Z a+b

2

a

(s� a) f 0 (s) ds+
Z b

a+b
2

(s� b) f 0 (s) ds:

We omit the details.
The following lemma also holds.

Lemma 6. Let u : [a; b]! R be an absolutely continuous function on [a; b]. Then
for any t; � 2 [a; b], t 6= � and n 2 N, n � 1, we have the inequality:����� 1

� � t

Z �

t

u (s) ds� 1

n

n�1X
i=0

u

�
t+

�
i+

1

2

�
� � t
n

������(4.13)

�

8>>>>>>>>>><>>>>>>>>>>:

j� � tj
4n

ku0k[t;� ];1 if u0 2 L1 [a; b] ;

j� � tj
1
q

2 (q + 1)
1
q n

ku0k[t;� ];p if u0 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

2n
ku0k[t;� ];1 ;

where

ku0k[t;� ];1 := essup
t2[t;� ]
(t2[�;t])

ju0 (t)j
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and

ku0k[t;� ];p :=
����Z �

t

ju0 (s)jp ds
���� 1p

for p � 1.

Proof. Consider the equidistant division of [t; � ] (if t < �) or [� ; t] (if � < t) given
by

En : xi = t+ i �
� � t
n
; i = 0; n:

If we apply the inequality (4.11) on the interval [xi; xi+1], we may write that����Z xi+1

xi

u (s) ds� � � t
n

� u
�
t+

�
i+

1

2

�
� � t
n

�����

�

8>>>>>>>>>><>>>>>>>>>>:

(� � t)2

4n2
ku0k[xi;xi+1];1 if u0 2 L1 [a; b] ;

j� � tj1+
1
q

2n1+
1
q (q + 1)

1
q

ku0k[xi;xi+1];p if u0 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

j� � tj
2n

ku0k[xi;xi+1];1 ;

from where we get���� 1

� � t

Z xi+1

xi

u (s) ds� 1

n
� u
�
t+

�
i+

1

2

�
� � t
n

�����

�

8>>>>>>>>>><>>>>>>>>>>:

j� � tj
4n2

ku0k[xi;xi+1];1 ;

j� � tj
1
q

2n1+
1
q (q + 1)

1
q

ku0k[xi;xi+1];p ;

1

2n
ku0k[xi;xi+1];1 ;

for all i = 0; n� 1.
Summing over i from 0 to n� 1 and using the generalized triangle inequality, we

may write ����� 1

� � t

Z �

t

u (s) ds� 1

n

n�1X
i=0

u

�
t+

�
i+

1

2

�
� � t
n

������
�

n�1X
i=0

���� 1

� � t

Z xi+1

xi

u (s) ds� 1

n
� u
�
t+

�
i+

1

2

�
� � t
n

�����
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�

8>>>>>>>>>>><>>>>>>>>>>>:

j� � tj
4n2

n�1P
i=0

ku0k[xi;xi+1];1 ;

j� � tj
1
q

2n1+
1
q (q + 1)

1
q

n�1P
i=0

ku0k[xi;xi+1];p ;

1

2n

n�1P
i=0

ku0k[xi;xi+1];1 :

However,

n�1X
i=0

ku0k[xi;xi+1];1 � n ku0k[t;� ];1 ;

n�1X
i=0

ku0k[xi;xi+1];p �
n�1X
i=0

����Z xi+1

xi

ju0 (s)jp ds
���� 1p

� n
1
q

" 
n�1X
i=0

����Z xi+1

xi

ju0 (s)jp ds
���� 1p
!p# 1

p

= n
1
q

����Z �

t

ju0 (s)jp ds
���� 1p = n 1

q ku0k[t;� ];p

and

n�1X
i=0

ku0k[xi;xi+1];1 =
n�1X
i=0

����Z xi+1

xi

ju0 (s)j ds
���� = ����Z �

t

ju0 (s)j ds
���� = ku0k[t;� ];1

and the lemma is proved. �

The following theorem in approximating the Hilbert transform of a di¤erentiable
function whose derivative f 0 is absolutely continuous holds.

Theorem 15 (Dragomir et al., 2004, [7]). Let f : [a; b] ! R be a di¤erentiable
function such that its derivative f 0 is absolutely continuous on [a; b]. If

(4.14) Mn (f ; t) =
1

n�
(b� a)

n�1X
i=0

�
f ; t+

�
i+

1

2

�
b� t
n
; t�

�
i+

1

2

�
t� a
n

�

then we have the estimate:

(4.15)

����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
�Mn (f ; t)

����
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�

8>>>>>>>>>>><>>>>>>>>>>>:

1

4�n

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
kf 00k[a;b];1 if f 00 2 L1 [a; b] ;

q

2�n (q + 1)
1
q

h
(t� a)1+

1
q + (b� t)1+

1
q

i
kf 00k[a;b];p if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

2�n

�
1

2
(b� a) +

����t� a+ b2
����� kf 00k[a;b];1 ;

�

8>>>>>>>><>>>>>>>>:

1

8�n
(b� a)2 kf 00k[a;b];1 if f 00 2 L1 [a; b] ;

q

2�n (q + 1)
1
q

(b� a)1+
1
q kf 00k[a;b];p if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

2�n
(b� a) kf 00k[a;b];1 ;

for all t 2 (a; b), where [f ; c; d] denotes the divided di¤erence

[f ; c; d] :=
f (c)� f (d)

c� d :

Proof. Applying Lemma 6 for the function f 0, we may write that

�����f (�)� f (t)� � t � 1

n

n�1X
i=0

f 0
�
t+

�
i+

1

2

�
(� � t)
n

������

�

8>>>>>>>>>><>>>>>>>>>>:

j� � tj
4n

kf 00k[t; � ];1

j� � tj
1
q

2 (q + 1)
1
q n

kf 00k[t; � ];p

1

2n
kf 00k[t; � ];1 ;

for any t; � 2 [a; b], t 6= � .
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Consequently, we have

����� 1�PV
Z b

a

f (�)� f (t)
� � t d� � 1

n�

n�1X
i=0

PV

Z b

a

f 0
�
t+

�
i+

1

2

�
� � t
n

�
d�

�����(4.16)

�

8>>>>>>>>>>><>>>>>>>>>>>:

1

4�n
PV

Z b

a

j� � tj kf 00k[t; � ];1 d� if f 00 2 L1 [a; b] ;

1

2� (q + 1)
1
q n
PV

Z b

a

j� � tj
1
q kf 00k[t; � ];p d� if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

2�n
PV

Z b

a

kf 00k[t; � ];1 d�:

Since

PV

Z b

a

f 0
�
t+

�
i+

1

2

�
� � t
n

�
d�

= lim
"!0+

 Z t�"

a

+

Z b

t+"

!�
f 0
�
t+

�
i+

1

2

�
� � t
n

��
d�

= lim
"!0+

"
n

i+ 1
2

f

�
t+

�
i+

1

2

�
� � t
n

�����t�"
a

+
n

i+ 1
2

f

�
t+

�
i+

1

2

�
� � t
n

�����b
t+"

#

=
n

i+ 1
2

�
f (t)� f

�
t+

�
i+

1

2

�
a� t
n

�
+ f

�
t+

�
i+

1

2

�
b� t
n

�
� f (t)

�
=

n

i+ 1
2

�
f

�
t+

�
i+

1

2

�
b� t
n

�
� f

�
t+

�
i+

1

2

�
a� t
n

��
= (b� a)

�
f ; t+

�
i+

1

2

�
b� t
n
; t�

�
i+

1

2

�
t� a
n

�

and

PV

Z b

a

j� � tj kf 00k[t;� ];1 d� � kf
00k[a;b];1 PV

Z b

a

j� � tj d�

= kf 00k[a;b];1

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
;

PV

Z b

a

j� � tj
1
q kf 00k[t; � ];p d� � kf

00k[a;b];p PV
Z b

a

j� � tj
1
q d�

=
q kf 00k[a;b];p
q + 1

h
(t� a)1+

1
q + (b� t)1+

1
q

i
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and

PV

Z b

a

kf 00k[t; � ];1 d� = PV
"Z t

a

kf 00k[�;t];1 d� +
Z b

t

kf 00k[t; � ];1 d�
#

� (t� a) kf 00k[a;t];1 + (b� t) kf
00k[t; b];1

� max (t� a; b� t)
h
kf 00k[a;t];1 + kf

00k[t;b];1
i

=

�
1

2
(b� a) +

����t� a+ b2
����� kf 00k[a;b];1

then by (4.16) we obtain:

(4.17)

����� 1�PV
Z b

a

f (�)� f (t)
� � t d� �Mn (f ; t)

�����

�

8>>>>>>>>>>><>>>>>>>>>>>:

1

4�n

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
kf 00k[a;b];1 if f 00 2 L1 [a; b] ;

q

2�n (q + 1)
1
q

h
(t� a)1+

1
q + (b� t)1+

1
q

i
kf 00k[a;b];p if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

2�n

�
1

2
(b� a) +

����t� a+ b2
����� kf 00k[a;b];1 :

On the other hand, as for the function f0 : (a; b)! R, f0 (t) = 1, we have

(Tf0) (a; b; t) =
1

�
ln

�
b� t
t� a

�
; t 2 (a; b) ;

then obviously

(Tf) (a; b; t) =
1

�
PV

Z b

a

f (�)� f (t) + f (t)
� � t d�

=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� +

f (t)

�
PV

Z b

a

d�

� � t

from where we get the equality:

(4.18) (Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� :

Finally, using (4.17) and (4.18), we deduce (4.15). �

Before we go further and point out another estimate of the remainder in approxi-
mating the Hilbert Transform for functions whose second derivatives are absolutely
continuous, we need the following lemma.
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Lemma 7. Let u : [a; b] ! R be a function such that its derivative is absolutely
continuous on [a; b]. Then one has the inequalities�����

Z b

a

u (s) ds� u
�
a+ b

2

�
(b� a)

�����(4.19)

�

8>>>>>>>>>>><>>>>>>>>>>>:

(b� a)3

24
ku00k[a;b];1 if u00 2 L1 [a; b] ;

jb� aj2+
1
q

8 (2q + 1)
1
q

ku00k[a;b];p if u00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

(b� a)2

8
ku00k[a;b];1 :

A simple proof of this inequality may be done by using the identity:

Z b

a

u (s) ds� u
�
a+ b

2

�
(b� a)(4.20)

=
1

2

Z a+b
2

a

(s� a)2 f 00 (s) ds+ 1
2

Z b

a+b
2

(b� s)2 f 00 (s) ds:

We omit the details.
The following lemma also holds.

Lemma 8. Let u : [a; b]! R be a di¤erentiable function such that u0 : [a; b]! R is
absolutely continuous on [a; b]. Then for any t; � 2 [a; b], t 2 � and n 2 N, n � 1,
we have the inequality:����� 1

� � t

Z �

t

u (s) ds� 1

n

n�1X
i=0

u

�
t+

�
i+

1

2

�
� � � t
n

������(4.21)

�

8>>>>>>>>>><>>>>>>>>>>:

(� � t)2

24n2
ku00k[t;� ];1 if u00 2 L1 [a; b] ;

j� � tj1+
1
q

8 (2q + 1)
1
q n2

ku00k[t;� ];p if u00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

j� � tj
8n2

ku00k[t;� ];1 :

Proof. Consider the equidistant division of [t; � ] (or [� ; t])

En : xi = t+ i �
� � t
n
; i = 0; n:
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If we apply the inequality (4.19), we may state that

����Z xi+1

xi

u (s) ds� � � t
n

� u
�
t+

�
i+

1

2

�
� � t
n

�����

�

8>>>>>>>>>>><>>>>>>>>>>>:

(� � t)3

24n3
ku00k[xi;xi+1];1 if u00 2 L1 [a; b] ;

j� � tj2+
1
q

8 (2q + 1)
1
q n2+

1
q

ku00k[xi;xi+1];p if u00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

j� � tj2

8n2
ku00k[xi;xi+1];1 :

Dividing by j� � tj > 0 and using a similar argument to the one in Lemma 6, we
conclude that the desired inequality (4.21) holds. �

The following theorem also holds.

Theorem 16 (Dragomir et al., 2004, [7]). Let f : [a; b]! R be a twice di¤erentiable
function such that the second derivative f 00 is absolutely continuous on [a; b]. Then

(4.22)

����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
�Mn (f ; t)

����

�

8>>>>>>>>>>>><>>>>>>>>>>>>:

1

24�n2

"
(b� a)2

12
+

�
t� a+ b

2

�2#
(b� a) kf 000k[a;b];1 if f 000 2 L1 [a; b] ;

1

8 (2q + 1)
1
q �n2

h
(t� a)2+

1
q + (b� t)2+

1
q

i
kf 000k[a;b];p if f 000 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

8�n2

"
(b� a)2

4
+

�
t� a+ b

2

�2#
kf 000k[a;b];1 ;

�

8>>>>>>>>><>>>>>>>>>:

1

72�n2
(b� a)3 kf 000k[a;b];1 if f 000 2 L1 [a; b] ;

1

8 (2q + 1)
1
q �n2

(b� a)2+
1
q kf 000k[a;b];p if f 000 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

kf 000k[a;b];1
16�n2

(b� a)2 :
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Proof. Applying Lemma 8 for the function f 00, we may write that (see also Theorem
15) �����f (�)� f (t)� � t � 1

n

n�1X
i=0

f 0
�
t+

�
i+

1

2

�
� � t
n

������(4.23)

�

8>>>>>>>>>><>>>>>>>>>>:

(� � t)2

24n2
kf 000k[t; � ];1 if f 000 2 L1 [a; b] ;

j� � tj1+
1
q

8 (2q + 1)
1
q n2

kf 000k[t; � ];p if f 000 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

j� � tj
8n2

kf 000k[t; � ];1 ;

for all t; � 2 [a; b], t 6= � .
Consequently, by (4.23), we may write that����� 1�PV

Z b

a

f (�)� f (t)
� � t d� � 1

�n

n�1X
i=0

PV

Z b

a

f 0
�
t+

�
i+

1

2

�
� � t
n

�
d�

�����(4.24)

�

8>>>>>>>>>>><>>>>>>>>>>>:

1

24�n2
PV

Z b

a

j� � tj2 kf 000k[t; � ];1 d�

1

8� (2q + 1)
1
q n2

PV

Z b

a

j� � tj1+
1
q kf 000k[t; � ];p d�

1

8�n2
PV

Z b

a

j� � tj kf 000k[t; � ];1 d� :

Since

PV

Z b

a

j� � tj2 kf 000k[t; � ];1 d� � kf
000k[a;b];1 PV

Z b

a

j� � tj2 d�

= kf 000k[a;b];1

"
(t� a)3 + (b� t)3

3

#

= kf 000k[a;b];1

"
(b� a)2

12
+

�
t� a+ b

2

�2#
(b� a) ;

PV

Z b

a

j� � tj1+
1
q kf 000k[t; � ];p d� � kf

000k[a;b];p PV
Z b

a

j� � tj1+
1
q d�

=
q kf 000k[a;b];p
2q + 1

h
(t� a)2+

1
q + (b� t)2+

1
q

i
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and

PV

Z b

a

j� � tj kf 000k[t; � ];1 d� � kf
000k[a;b];1 PV

Z b

a

j� � tj d�

= kf 000k[a;b];1
(t� a)2 + (b� t)2

2

= kf 000k[a;b];1

"
(b� a)2

4
+

�
t� a+ b

2

�2#
;

then, as in Theorem 15, by (4.24) we deduce the �rst part of (4.22). The second
part is obvious. �

5. Estimates for Derivatives of Bounded Variation

5.1. Some Integral Inequalities. We start with the following lemma proved in
[8] dealing with an Ostrowski type inequality for functions of bounded variation.

Lemma 9. Let u : [a; b] ! R be a function of bounded variation on [a; b]. Then,
for all x 2 [a; b], we have the inequality:

(5.1)

�����u (x) (b� a)�
Z b

a

u (t) dt

����� �
�
1

2
(b� a) +

����x� a+ b2
����� b_

a

(u) ;

where
Wb
a (u) denotes the total variation of u on [a; b].

The constant 12 is the possible one.

Proof. For the sake of completeness and since this result will be essentially used in
what follows, we give here a short proof.
Using the integration by parts formula for the Riemann-Stieltjes integral we haveZ x

a

(t� a) du (t) = u (x) (x� a)�
Z x

a

u (t) dt

and Z b

x

(t� b) du (t) = u (x) (b� x)�
Z b

x

u (t) dt:

If we add the above two equalities, we get

(5.2) u (x) (b� a)�
Z b

a

u (t) dt =

Z x

a

(t� a) du (t) +
Z b

x

(t� b) du (t)

for any x 2 [a; b].
If p : [c; d]! R is continuous on [c; d] and v : [c; d]! R is of bounded variation

on [c; d], then:

(5.3)

�����
Z d

c

p (x) dv (x)

����� � sup
x2[c;d]

jp (x)j
d_
c

(u) :
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Using (5.2) and (5.3), we deduce�����u (x) (b� a)�
Z b

a

u (t) dt

����� �
����Z x

a

(t� a) du (t)
����+
�����
Z b

x

(t� b) du (t)
�����

� (x� a)
x_
a

(u) + (b� x)
b_
x

(u)

� max fx� a; b� xg
"
x_
a

(u) +
b_
x

(u)

#

=

�
1

2
(b� a) +

����x� a+ b2
����� b_

a

(u)

and the inequality (5.1) is proved.
Now, assume that the inequality (5.2) holds with a constant c > 0, i.e.,

(5.4)

�����u (x) (b� a)�
Z b

a

u (t) dt

����� �
�
c (b� a) +

����x� a+ b2
����� b_

a

(u)

for all x 2 [a; b].
Consider the function u0 : [a; b]! R given by

u0 (x) =

8<: 0 if x 2 [a; b]
��

a+b
2

	
1 if x = a+b

2 :

Then u0 is of bounded variation on [a; b] and
b_
a

(u0) = 2;

Z b

a

u0 (t) dt = 0:

If we apply (5.4) for u0 and choose x = a+b
2 , then we get 2c � 1 which implies that

c � 1
2 showing that

1
2 is the best possible constant in (5.1). �

The best inequality we can get from (5.1) is the following midpoint inequality.

Corollary 12. With the assumptions in Lemma 9, we have

(5.5)

�����u
�
a+ b

2

�
(b� a)�

Z b

a

u (t) dt

����� � 1

2
(b� a)

b_
a

(u) :

The constant 12 is best possible.

Using the above Ostrowski type inequality we may point out the following result
in estimating the �nite Hilbert transform.

Theorem 17 (Dragomir, 2002, [9]). Let f : [a; b] ! R be a function such that
its derivative f 0 : [a; b] ! R is of bounded variation on [a; b]. Then we have the
inequality:����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� b� a

�
[f ;�t+ (1� �) b; �t+ (1� �) a]

����(5.6)

� 1

�

�
1

2
+

������ 12
����� �12 (b� a) +

����t� a+ b2
����� b_

a

(f 0) ;
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for any t 2 (a; b) and � 2 [0; 1), where [f ;�; �] is the divided di¤erence, i.e.,

[f ;�; �] :=
f (�)� f (�)

�� � :

Proof. Since f 0 is bounded on [a; b], it follows that f is Lipschitzian on [a; b] and
thus the �nite Hilbert transform exists everywhere in (a; b).
As for the function f0 : (a; b)! R, f0 (t) = 1, t 2 (a; b), we have

(Tf0) (a; b; t) =
1

�
ln

�
b� t
t� a

�
; t 2 (a; b) ;

then obviously

(5.7) (Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� :

Now, if we choose in (5.1), u = f 0, x = �c+ (1� �) d, � 2 [0; 1], then we get

jf (d)� f (c)� (d� c) f 0 (�c+ (1� �) d)j

�
�
1

2
jd� cj+

�����c+ (1� �) d� c+ d2
�����
�����
d_
c

(f 0)

�����
where c; d 2 (a; b), which is equivalent to

(5.8)

����f (d)� f (c)d� c � f 0 (�c+ (1� �) d)
���� � �12 +

������ 12
�����
�����
d_
c

(f 0)

�����
for any c; d 2 (a; b), c 6= d.
Using (5.8), we may write����� 1�PV

Z b

a

f (�)� f (t)
� � t d� � 1

�
PV

Z b

a

f 0 (�t+ (1� �) �) d�
�����(5.9)

� 1

�

�
1

2
+

������ 12
�����PV Z b

a

�����
t_
�

(f 0)

����� dt
=
1

�

�
1

2
+

������ 12
�����
"Z t

a

 
t_
�

(f 0)

!
dt+

Z b

t

 
�_
t

(f 0)

!
dt

#

� 1

�

�
1

2
+

������ 12
�����
"
(t� a)

t_
a

(f 0) + (b� t)
b_
t

(f 0)

#

� 1

�

�
1

2
+

������ 12
����� �12 (b� a) +

����t� a+ b2
����� b_

a

(f 0) :
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Since (for � 6= 1)

1

�
PV

Z b

a

f 0 (�t+ (1� �) �) d�

=
1

�
lim
"!0+

"Z t�"

a

+

Z b

t+"

#
(f 0 (�t+ (1� �) �) d�)

=
1

�
lim
"!0+

"
1

1� �f (�t+ (1� �) �)
����t�"
a

+
1

1� �f (�t+ (1� �) �)
����b
t+"

#

=
1

�
� f (t)� f (�t+ (1� �) a) + f (�t+ (1� �) b)� f (t)

1� �

=
b� a
�

[f ;�t+ (1� �) b; �t+ (1� �) a] :

Using (5.9) and (5.7), we deduce the desired result (5.6). �

It is obvious that the best inequality we can get from (5.6) is the one for � = 1
2 .

Thus, we may state the following corollary.

Corollary 13. With the assumptions of Theorem 17, we have����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� b� a

�

�
f ;
t+ b

2
;
a+ t

2

�����(5.10)

� 1

2�

�
1

2
(b� a) +

����t� a+ b2
����� b_

a

(f 0) :

The above Theorem 17 may be used to point out some interesting inequalities for
the functions for which the �nite Hilbert transforms (Tf) (a; b; t) can be expressed
in terms of special functions.
For instance, we have:

1) Assume that f : [a; b] � (0;1)! R, f (x) = 1
x . Then

(Tf) (a; b; t) =
1

�t
ln

�
(b� t) a
(t� a) b

�
; t 2 (a; b) ;

b� a
�

� [f ;�t+ (1� �) b; �t+ (1� �) a]

= � 1
�
� b� a
[�t+ (1� �) b] [�t+ (1� �) a] ;

b_
a

(f 0) =

Z b

a

jf 00 (t)j dt = b2 � a2
a2b2

:

Using the inequality (5.6) we may write that���� 1�t ln
�
(b� t) a
(t� a) b

�
� 1

�t
ln

�
b� t
t� a

�
+

b� a
� [�t+ (1� �) b] [�t+ (1� �) a]

����
� 1

�

�
1

2
+

������ 12
����� �12 (b� a) +

����t� a+ b2
����� � b2 � a2a2b2
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which is equivalent to:���� b� a
[�t+ (1� �) b] [�t+ (1� �) a] �

1

t
ln

�
b

a

�����(5.11)

�
�
1

2
+

������ 12
����� �12 (b� a) +

����t� a+ b2
����� � b2 � a2a2b2

:

If we use the notations

L (a; b) : =
b� a

ln b� ln a (the logarithmic mean)

A� (x; y) : = �x+ (1� �) y (the weighted arithmetic mean)

G (a; b) : =
p
ab (the geometric mean)

A (a; b) : =
a+ b

2
(the arithmetic mean)

then by (5.11) we deduce���� 1

A� (t; b)A� (t; a)
� 1

tL (a; b)

����
�
�
1

2
+

������ 12
����� �12 (b� a) + jt�A (a; b)j

�
2A (a; b)

G4 (a; b)
;

giving the following proposition:

Proposition 1. With the above assumption, we have

jtL (a; b)�A� (t; b)A� (t; a)j

(5.12)

� 2A (a; b)

G4 (a; b)

�
1

2
+

������ 12
����� �12 (b� a) +

����t� a+ b2
����� tA� (t; b)A� (t; a)L (a; b)

for any t 2 (a; b), � 2 [0; 1):

In particular, for t = A (a; b) and � = 1
2 ; we get����A (a; b)L (a; b)� (A (a; b) + a) (A (a; b) + b)4

����(5.13)

� 1

2
� A

2 (a; b)

G4 (a; b)
� (A (a; b) + a) (A (a; b) + b)

4
L (a; b) :

2) Assume that f : [a; b] � R! R, f (x) = exp (x). Then

(Tf) (a; b; t) =
exp (t)

�
[Ei (b� t)� Ei (a� t)] ;

where

Ei (z) := PV

Z z

�1

exp (t)

t
dt; z 2 R.

Also, we have:

b� a
�

[exp;�t+ (1� �) b; �t+ (1� �) a]

=
1

�
� exp (�t+ (1� �) b)� exp (�t+ (1� �) a)

1� � ;
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b_
a

(f 0) =

Z b

a

jf 00 (t)j dt = exp (b)� exp (a) :

Using the inequality (5.6) we may write:����exp (t) �Ei (b� t)� Ei (a� t)� ln� b� tt� a

��
(5.14)

� exp (�t+ (1� �) b)� exp (�t+ (1� �) a)
1� �

����
�
�
1

2
+

������ 12
����� �12 (b� a) +

����t� a+ b2
����� [exp (b)� exp (a)]

for any t 2 (a; b).
If in (5.14) we make � = 1

2 and t =
a+b
2 , we get����exp�a+ b2

�
Ei

�
b� a
2

�
� 2

�
exp

�
a+ 3b

4

�
� exp

�
3a+ b

4

������
� 1

4
(b� a) [exp (b)� exp (a)] ;

which is equivalent to:����Ei�b� a2
�
� 2

�
exp

�
b� a
4

�
� exp

�
�b� a

4

������
� 1

4
(b� a)

�
exp

�
b� a
2

�
� exp

�
�b� a

2

��
:

If in this inequality we make b�a
2 = z > 0, then we get

(5.15)
���Ei (z)� 2 hexp�z

2

�
� exp

�
�z
2

�i��� � 1

2
z [exp (z)� exp (�z)]

for any z > 0.
Consequently, we may state the following proposition.

Proposition 2. With the above assumptions, we have

(5.16)

����Ei (z)� 4 sinh�12z
����� � z sinh (z)

for any z > 0.

The reader may get other similar inequalities for special functions if appropriate
examples of functions f are chosen.

5.2. A Quadrature Formula for Equidistant Divisions. The following lemma
is of interest in itself.

Lemma 10. Let u : [a; b] ! R be a function of bounded variation on [a; b]. Then
for all n � 1, �i 2 [0; 1) (i = 0; : : : ; n� 1) and t; � 2 [a; b] with t 6= � , we have the
inequality: ����� 1

� � t

Z �

t

u (s) ds� 1

n

n�1X
i=0

u

�
t+ (i+ 1� �i)

� � t
n

������(5.17)

� 1

n

�
1

2
+ max
i=0;n�1

�����i � 12
�����
�����
�_
t

(u)

����� :
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Proof. Consider the equidistant division of [t; � ] (if t < �) or [� ; t] (if � < t) given
by

(5.18) En : xi = t+ i �
� � t
n
; i = 0; n:

Then the points �i = �i
�
t+ i � ��tn

�
+(1� �i)

�
t+ (i+ 1) � ��tn

� �
�i 2 [0; 1] ; i = 0; n� 1

�
are between xi and xi+1. We observe that we may write for simplicity �i =
t+ (i+ 1� �i) ��tn

�
i = 0; n� 1

�
. We also have

�i �
xi + xi+1

2
=
� � t
2n

(1� 2�i) ; �i � xi = (1� �i)
� � t
n

and

xi+1 � �i = �i �
� � t
n

for any i = 0; n� 1.
If we apply the inequality (5.1) on the interval [xi; xi+1] and the intermediate

point �i
�
i = 0; n� 1

�
; then we may write that����� � tn u

�
t+ (i+ 1� �i)

� � t
n

�
�
Z xi+1

xi

u (s) ds

����(5.19)

�
�
1

2
� j� � tj

n
+

����� � t2n
(1� 2�i)

�����
�����
xi+1_
xi

(u)

����� :
Summing, we get�����

Z �

t

u (s) ds� � � t
n

n�1X
i=0

u

�
t+ (i+ 1� �i)

� � t
n

������
� j� � tj

2n

n�1X
i=0

[1 + j1� 2�ij]
�����
xi+1_
xi

(u)

�����
=
j� � tj
n

�
1

2
+ max
i=0;n�1

�����i � 12
�����
�����
�_
t

(u)

����� ;
which is equivalent to (5.17). �

We may now state the following theorem in approximating the �nite Hilbert
transform of a di¤erentiable functions with the derivative of bounded variation on
[a; b].

Theorem 18 (Dragomir, 2002, [9]). Let f : [a; b]! R be a di¤erentiable function
such that its derivative f 0 is of bounded variation on [a; b]. If � = (�i)i=0;n�1,
�i 2 [0; 1)

�
i = 0; n� 1

�
and

(5.20) Sn (f ;�; t) :=
b� a
�n

n�1X
i=0

�
f ; (i+ 1� �i)

b� t
n

+ t; (i+ 1� �i)
a� t
n

+ t

�
;
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then we have the estimate:����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� Sn (f ;�; t)

����(5.21)

� b� a
n�

�
1

2
+ max
i=0;n�1

�����i � 12
����� �12 (b� a) +

����t� a+ b2
����� b_

a

(f 0)

� b� a
n�

b_
a

(f 0) :

Proof. Applying Lemma 10 for the function f 0, we may write that�����f (�)� f (t)� � t � 1

n

n�1X
i=0

f 0
�
t+ (i+ 1� �i)

� � t
n

������(5.22)

� 1

n

�
1

2
+ max
i=0;n�1

�����i � 12
�����
�����
�_
t

(f 0)

�����
for any t; � 2 [a; b], t 6= � .
Consequently, we have����� 1�PV

Z b

a

f (�)� f (t)
� � t d� � 1

�n

n�1X
i=0

PV

Z b

a

f 0
�
t+ (i+ 1� �i)

� � t
n

�
d�

�����(5.23)

� 1

n�

�
1

2
+ max
i=0;n�1

�����i � 12
�����PV Z b

a

�����
�_
t

(f 0)

����� d�
� 1

n�

�
1

2
+ max
i=0;n�1

�����i � 12
����� �12 (b� a) +

����t� a+ b2
����� b_

a

(f 0) :

On the other hand

PV

Z b

a

f 0
�
t+ (i+ 1� �i)

� � t
n

�
d�(5.24)

= lim
"!0+

"Z t�"

a

+

Z b

t+"

#�
f 0
�
t+ (i+ 1� �i)

� � t
n

�
d�

�

= lim
"!0+

"
n

i+ 1� �i
f

�
t+ (i+ 1� �i)

� � t
n

�����t�"
a

+
n

i+ 1� �i
f

�
t+ (i+ 1� �i)

� � t
n

�����b
t+"

#

=
n

i+ 1� �i

�
f

�
t+ (i+ 1� �i)

b� t
n

�
� f

�
t+ (i+ 1� �i)

a� t
n

��
= (b� a)

�
f ; t+ (i+ 1� �i)

b� t
n
; (i+ 1� �i)

a� t
n

+ t

�
:

Since (see for example (5.7)),

(Tf) (a; b; t) =
1

�
PV

Z b

a

f (�)� f (t)
� � t d� +

f (t)

�
ln

�
b� t
t� a

�
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for t 2 (a; b) ; then by (5.23) and (5.24) we deduce the desired estimate (5.21). �

Remark 7. For n = 1, we recapture the inequality (5.6).

Corollary 14. With the assumptions of Theorem 18, we have

(5.25) (Tf) (a; b; t) =
f (t)

�
ln

�
b� t
t� a

�
+ lim
n!1

Sn (f ;�; t)

uniformly by rapport of t 2 (a; b) and � with �i 2 [0; 1) (i 2 N).

Remark 8. If one needs to approximate the �nite Hilbert Transform (Tf) (a; b; t)
in terms of

f (t)

�
ln

�
b� t
t� a

�
+ Sn (f ;�; t)

with the accuracy " > 0 (" small), then the theoretical minimal number n" to be
chosen is:

(5.26) n" :=

"
b� a
"�

b_
a

(f 0)

#
+ 1

where [�] is the integer part of �.

It is obvious that the best inequality we can get in (5.21) is for �i = 1
2

�
i = 0; n� 1

�
obtaining the following corollary.

Corollary 15. Let f be as in Theorem 18. De�ne

(5.27) Mn (f ; t) :=
b� a
�n

n�1X
i=0

�
f ;

�
i+

1

2

�
b� t
n

+ t;

�
i+

1

2

�
a� t
n

+ t

�
:

Then we have the estimate����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
�Mn (f ; t)

����(5.28)

� b� a
2n�

�
1

2
(b� a) +

����t� a+ b2
����� b_

a

(f 0)

for any t 2 (a; b).

5.3. AMore General Quadrature Formula. Wemay state the following lemma.

Lemma 11. Let u : [a; b] ! R be a function of bounded variation on [a; b], 0 =
�0 < �1 < � � � < �n�1 < �n = 1 and �i 2

�
�i; �i+1

�
, i = 0; n� 1: Then for any

t; � 2 [a; b] with t 6= � , we have the inequality:����� 1

� � t

Z �

t

u (s) ds�
n�1X
i=0

�
�i+1 � �i

�
u [(1� �i) t+ �i� ]

�����(5.29)

�
�
1

2
�n (�) + max

i=0;n�1

�����i � �i + �i+12

�����
�����
�_
t

(u)

����� ;
where �n (�) := max

i=0;n�1

�
�i+1 � �i

�
:
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Proof. Consider the division of [t; � ] (if t < �) or [� ; t] (if � < t) given by

(5.30) In : xi := (1� �i) t+ �i�
�
i = 0; n

�
:

Then the points �i := (1� �i) t+ �i�
�
i = 0; n� 1

�
are between xi and xi+1. We

have

xi+1 � xi =
�
�i+1 � �i

�
(� � t)

�
i = 0; n� 1

�
and

�i �
xi + xi+1

2
=

�
�i �

�i + �i+1
2

�
(� � t)

�
i = 0; n� 1

�
:

Applying the inequality (5.1) on [xi; xi+1] with the intermediate points �i
�
i = 0; n� 1

�
,

we get ����Z xi+1

xi

u (s) ds�
�
�i+1 � �i

�
(� � t)u [(1� �i) t+ �i� ]

����
�
�
1

2

�
�i+1 � �i

�
j� � tj+ j� � tj

�����i � �i + �i+12

�����
�����
xi+1_
xi

(u)

�����
for any i = 0; n� 1. Summing over i, using the generalized triangle inequality and
dividing by jt� � j > 0; we obtain����� 1

� � t

Z b

a

u (s) ds�
n�1X
i=0

�
�i+1 � �i

�
u [(1� �i) t+ �i� ]

�����
�

n�1X
i=0

�
1

2

�
�i+1 � �i

�
+

�����i � �i + �i+12

�����
�����
xi+1_
xi

(u)

�����
�
�
1

2
�n (�) + max

i=0;n�1

�����i � �i + �i+12

�����
�����
�_
t

(u)

�����
and the inequality (5.29) is proved. �

The following theorem holds.

Theorem 19 (Dragomir, 2002, [9]). Let f : [a; b]! R be a di¤erentiable function
such that its derivative f 0 is of bounded variation on [a; b]. If 0 = �0 < �1 < � � � <
�n�1 < �n = 1 and �i 2

�
�i; �i+1

�
,
�
i = 0; n� 1

�
; then

(5.31) (Tf) (a; b; t) =
f (t)

�
ln

�
b� t
t� a

�
+
1

�
Qn (�;�; t) +Wn (�;�; t)

for any t 2 (a; b), where

Qn (�;�; t)(5.32)

:= �1f
0 (t) (b� a) + (b� a)

n�2X
i=1

��
�i+1 � �i

�
� [f ; (1� �i) t+ �ib; (1� �i) t+ �ia]

�
+
�
1� �n�1

�
[f (b)� f (a)]
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if �0 = 0; �n�1 = 1;

Qn (�;�; t) := �1f
0 (t) (b� a) + (b� a)

n�1X
i=1

�
�i+1 � �i

�
(5.33)

� [f ; (1� �i) t+ �ib; (1� �i) t+ �ia]

if �0 = 0; �n�1 < 1;

(5.34) Qn (�;�; t) := (b� a)
n�2X
i=1

�
�i+1 � �i

�
� [f ; (1� �i) t+ �ib; (1� �i) t+ �ia] +

�
1� �n�1

�
[f (b)� f (a)]

if �0 > 0; �n�1 = 1 and

(5.35) Qn (�;�; t) := (b� a)
n�1X
i=1

�
�i+1 � �i

�
[f ; (1� �i) t+ �ib; (1� �i) t+ �ia]

if �0 > 0; �n�1 < 1:
In all cases, the remainder satis�es the estimate:

jWn (�;�; t)j �
1

�

�
1

2
�n (�) + max

i=0;n�1

�����i � �i + �i+12

�����(5.36)

�
�
1

2
(b� a) +

����t� a+ b2
����� b_

a

(f 0)

� 1

�
�n (�)

�
1

2
(b� a) +

����t� a+ b2
�����
�����
b_
a

(f 0)

�����
� 1

�
�n (�) (b� a)

b_
a

(f 0) :

Proof. If we apply Lemma 11 for the function f 0, we may write that�����f (�)� f (t)� � t �
n�1X
i=0

�
�i+1 � �i

�
f 0 [(1� �i) t+ �i� ]

�����
�
�
1

2
�n (�) + max

i=0;n�1

�����i � �i + �i+12

�����
�����
�_
t

(f 0)

�����
for any t; � 2 [a; b] ; t 6= � .
Taking the PV in both sides, we may write that����� 1�PV

Z b

a

f (�)� f (t)
� � t d�(5.37)

� 1
�
PV

Z b

a

 
n�1X
i=0

�
�i+1 � �i

�
f 0 [(1� �i) t+ �i� ]

!
d�

�����
� 1

�

�
1

2
�n (�) + max

i=0;n�1

�����i � �i + �i+12

�����PV Z b

a

�����
�_
t

(f 0)

����� d� :
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If �0 = 0; �n�1 = 1; then

PV

Z b

a

 
n�1X
i=0

�
�i+1 � �i

�
f 0 [(1� �i) t+ �i� ]

!
d�

= PV

Z b

a

�1f
0 (t) d� +

n�2X
i=1

�
�i+1 � �i

�
PV

Z b

a

f 0 [(1� �i) t+ �i� ] d�

+
�
1� �n�1

�
PV

Z b

a

f 0 (�) d�

= �1f
0 (t) (b� a) + (b� a)

n�2X
i=1

�
�i+1 � �i

�
[f ; (1� �i) t+ �ib; (1� �i) t+ �ia]

+
�
1� �n�1

�
[f (b)� f (a)] :

If �0 = 0; �n�1 < 1; then

PV

Z b

a

 
n�1X
i=0

�
�i+1 � �i

�
f 0 [(1� �i) t+ �i� ]

!
d�

= �1f
0 (t) (b� a) + (b� a)

n�1X
i=1

�
�i+1 � �i

�
[f ; (1� �i) t+ �ib; (1� �i) t+ �ia] :

If �0 > 0; �n�1 = 1; then

PV

Z b

a

 
n�1X
i=0

�
�i+1 � �i

�
f 0 [(1� �i) t+ �i� ]

!
d�

= (b� a)
n�2X
i=1

�
�i+1 � �i

�
[f ; (1� �i) t+ �ib; (1� �i) t+ �ia] +

�
1� �n�1

�
[f (b)� f (a)] :

and, �nally, if �0 > 0; �n�1 < 1; then

PV

Z b

a

 
n�1X
i=0

�
�i+1 � �i

�
f 0 [(1� �i) t+ �i� ]

!
d�

= (b� a)
n�1X
i=1

�
�i+1 � �i

�
[f ; (1� �i) t+ �ib; (1� �i) t+ �ia] :

Since

PV

Z b

a

�����
�_
t

(f 0)

����� d� �
�
1

2
(b� a) +

����t� a+ b2
����� b_

a

(f 0)

and

(Tf) (a; b; t) =
1

�
PV

Z b

a

f (�)� f (t)
� � t d� +

f (t)

�
ln

�
b� t
t� a

�
;

then by (5.37) we deduce (5.31). �

6. Estimates for Absolutely Continuous Derivatives

6.1. Ostrowski type inequalities. For the sake of completeness, we state and
prove the following lemma providing some Ostrowski type inequalities for absolutely
continuous functions (see [15], [16] and [17]).
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Lemma 12. Let u : [a; b]! R be an absolutely continuous function on [a; b] : Then
we have:

(6.1)

�����u (x) (b� a)�
Z b

a

u (t) dt

�����

�

8>>>>>>>>>><>>>>>>>>>>:

"
1

4
(b� a)2 +

�
x� a+ b

2

�2#
ku0k[a;b];1 if u0 2 L1 [a; b] ;

1

(q+1)
1
q

h
(x� a)1+

1
q + (b� x)1+

1
q

i
ku0k[a;b];p if u0 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;�

1

2
(b� a) +

����x� a+ b2
����� ku0k[a;b];1 ; if u0 2 L [a; b]

where k�kr (r 2 [1;1]) are the usual Lebesgue norms, i.e., for c < d

khk[c;d];1 := ess sup
t2[c;d]

jh (t)j

and

khk[c;d];r :=
 Z d

c

jh (t)jr dt
! 1

r

; r � 1:

Proof. Using the integration by parts formula, we haveZ x

a

(t� a)u0 (t) dt = u (x) (x� a)�
Z x

a

u (t) dt

and Z b

x

(t� b)u0 (t) dt = u (x) (b� x)�
Z b

x

u (t) dt:

If we add the above two equalities, we get

(6.2) u (x) (b� a)�
Z b

a

u (t) dt =

Z x

a

(t� a)u0 (t) dt+
Z b

x

(t� b)u0 (t) dt

for any x 2 [a; b].
Taking the modulus, we have�����u (x) (b� a)�

Z b

a

u (t) dt

����� �
Z x

a

(t� a) ju0 (t)j dt+
Z b

x

(t� b) ju0 (t)j dt

=:M (x) :

Now, it is obvious that

M (x) � ku0k[a;x];1
Z x

a

(t� a) dt+ ku0k[x;b];1
Z b

x

(b� t) dt

= ku0k[a;x];1 � (x� a)
2

2
+ ku0k[x;b];1 � (b� x)

2

2
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� ku0k[a;b];1

"
(x� a)2 + (b� x)2

2

#

= ku0k[a;b];1

"
1

4
(b� a)2 +

�
x� a+ b

2

�2#
;

proving the �rst part of (6.1).
Using Hölder�s integral inequality, we may write:

M (x) � ku0k[a;x];p
�Z x

a

(t� a)q dt
� 1

q

+ ku0k[x;b];p

 Z b

x

(b� t)q dt
! 1

q

= ku0k[a;x];p �
"
(x� a)q+1

q + 1

# 1
q

+ ku0k[x;b];p �
"
(b� x)q+1

q + 1

# 1
q

� ku0k[a;b];p
1

(q + 1)
1
q

h
(x� a)1+

1
q + (b� x)1+

1
q

i
;

proving the second part of (6.1).
Finally, we observe that

M (x) � (x� a) ku0k[a;x];1 + (b� x) ku
0k[x;b];1

� max fx� a; b� xg
h
ku0k[a;x];1 + ku

0k[x;b];1
i

=

�
1

2
(b� a) +

����x� a+ b2
����� ku0k[a;b];1

and the lemma is proved. �

The best inequalities we can get from (6.1) are embodied in the following corol-
lary.

Corollary 16. With the assumptions of Lemma 12, we have�����u
�
a+ b

2

�
(b� a)�

Z b

a

u (t) dt

�����(6.3)

�

8>>>>>>>><>>>>>>>>:

1

4
(b� a)2 ku0k[a;b];1 if u0 2 L1 [a; b] ;

1

2(q+1)
1
q
(b� a)1+

1
q ku0k[a;b];p if u0 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

2
(b� a) ku0k[a;b];1 : if u0 2 L [a; b]

The following theorem providing an estimate for the �nite Hilbert transform,
holds.

Theorem 20 (Dragomir, 2002, [10]). Let f : [a; b] ! R be a function so that
its derivative f 0 : [a; b] ! R is absolutely continuous on [a; b]. Then we have the
inequalities

(6.4)

����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� b� a

�
[f ;�t+ (1� �) b; �t+ (1� �) a]

����
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�

8>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>:

1

�

"
1

4
+

�
�� 1

2

�2#

�
"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
kf 00k[a;b];1 if f 00 2 L1 [a; b] ;

1

�

q

(q + 1)
1+ 1

q

h
�1+

1
q + (1� �)1+

1
q

i
�
h
(t� a)1+

1
q + (b� t)1+

1
q

i
kf 00k[a;b];p if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

�

�
1

2
+

������ 12
����� �12 (b� a) +

����t� a+ b2
����� kf 00k[a;b];1 ; if f 00 2 L [a; b]

for any t 2 (a; b) and � 2 [0; 1); where [f ;�; �] is the divided di¤erence, i.e.,

[f ;�; �] =
f (�)� f (�)

�� � :

Proof. Since f 0 is bounded on [a; b] ; it follows that f is Lipschitzian on [a; b] and
thus the �nite Hilbert transform exists everywhere in (a; b). As for the function
f0 : (a; b)! R, f0 (t) = 1; t 2 (a; b) ; we have

(Tf0) (a; b; t) =
1

�
ln

�
b� t
t� a

�
; t 2 (a; b) ;

then, obviously,

(Tf) (a; b; t) =
1

�
PV

Z b

a

f (�)� f (t) + f (t)
� � t d�

=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� +

f (t)

�
PV

Z b

a

d�

� � t ;

from where we get the identity

(6.5) (Tf) (a; b; t)� f (t)
�

ln

�
b� t
t� a

�
=
1

�
PV

Z b

a

f (�)� f (t)
� � t d� :

Now, if we choose in (6.1), u = f 0, x = �c + (1� �) d, � 2 [0; 1], c; d 2 [a; b] then
we get

jf (d)� f (c)� (d� c) f 0 (�c+ (1� �) d)j

�

8>>>>>>>>>>>><>>>>>>>>>>>>:

(d� c)2
"
1

4
+

�
�� 1

2

�2#
kf 00k[c;d];1 if f 00 2 L1 [a; b] ;

jd� cj1+
1
q

(q + 1)
1
q

h
�1+

1
q + (1� �)1+

1
q

i ���kf 00k[c;d];p��� if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;
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�
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2
+

������ 12
����� ���kf 00k[c;d];1��� ;
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which is equivalent to:����f (d)� f (c)d� c � f 0 (�c+ (1� �) d)
����(6.6)
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1
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2
+

������ 12
����� ���kf 00k[c;d];1��� :

Using (6.6), we may write����� 1�PV
Z b

a

f (�)� f (t)
� � t d� � 1

�
PV

Z b

a

f 0 (�t+ (1� �) �) d�
�����(6.7)
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1
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h
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1
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1
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1
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�
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2
+
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1
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h
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1
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1
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1
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1
q

i
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�
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2
+

������ 12
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����� kf 00k[a;b];1 :
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Since (note that � 6= 1)

1

�
PV

Z b

a

f 0 (�t+ (1� �) �) d�

=
1

�
lim
"!0+

"Z t�"

a

+

Z b

t+"

#
(f 0 (�t+ (1� �) �) d�)

=
1

�
lim
"!0+

"
1

1� �f (�t+ (1� �) �)
����t�"
a

+
1

1� �f (�t+ (1� �) �)
����b
t+"

#

=
1

�

f (t)� f (�t+ (1� �) a) + f (�t+ (1� �) a)� f (t)
1� �

=
b� a
�

[f ;�t+ (1� �) b; �t+ (1� �) a] ;

then by (6.5) and (6.7) we deduce the desired inequality (6.4). �

The best inequality one may obtain from (6.4) is embodied in the following
corollary.

Corollary 17. With the assumptions of Theorem 20, one has the inequality

(6.8)

����(Tf) (a; b; t)� f (t)� ln

�
b� t
t� a

�
� b� a

�

�
f ;
t+ b

2
;
a+ t

2

�����

�

8>>>>>>>>>>><>>>>>>>>>>>:

1

4�

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
kf 00k[a;b];1 if f 00 2 L1 [a; b] ;

1

�

q

2
p
q (q + 1)

1+ 1
q

h
(t� a)1+

1
q + (b� t)1+

1
q

i
kf 00k[a;b];p if f 00 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

1

2�

�
1

2
(b� a) +

����t� a+ b2
����� kf 00k[a;b];1 ; if f 00 2 L [a; b] ;

for any t 2 (a; b) :

6.2. A Quadrature Formula. The following lemma is of interest in itself.

Lemma 13. Let u : [a; b]! R be an absolutely continuous function on [a; b]. Then
for all n � 1, �i 2 [0; 1) (i = 0; : : : ; n� 1) and t; � 2 [a; b] with t 6= � ; we have the
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inequality ����� 1

� � t

Z �

t

u (s) ds� 1

n

n�1X
i=0

u

�
t+ (i+ 1� �i)

� � t
n

������(6.9)

�
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jt� � j
n

"
1

4
+
1

n

n�1P
i=0

�
�i �

1

2

�2#
ku0k[t;� ];1 ;

jt� � j
1
q

(q + 1)
1
q n

�
1

n

n�1P
i=0

�
�
1+ 1

q

i + (1� �i)1+
1
q

�q� 1q
ku0k[t;� ];p

p > 1; 1
p +

1
q = 1;

1

n

�
1

2
+ max

�����i � 12
����� ku0k[t;� ];1 ;

�
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jt� � j
2n

ku0k[t;� ];1 ;

jt� � j
1
q

(q + 1)
1
q n

ku0k[t;� ];p p > 1; 1
p +

1
q = 1;

1

n
ku0k[t;� ];1 ;

where

ku0k[t;� ];p :=
����Z �

t

ju0 (s)jp ds
���� 1p ; p � 1

and

ku0k[t;� ];1 := ess sup
s2[t;� ]
(s2[�;t])

ju0 (s)j :

Proof. Consider the equidistant division of [t; � ] (if t < �) or [� ; t] (if � < t) given
by

(6.10) En : xi = t+ i �
� � t
n
; i = 0; n:

Then the points �i := �i
�
t+ i � ��tn

�
+(1� �i)

�
t+ (i+ 1) � ��tn

� �
�i 2 [0; 1); i = 0; n� 1

�
are between xi and xi+1. We observe that we may write for simplicity �i =
t+ (i+ 1� �i) ��tn

�
i = 0; n� 1

�
: We also have

�i �
xi + xi+1

2
=
� � t
n

�
1

2
� �i

�
; �i � xi = (1� �i)

� � t
n

and

xi+1 � �i = �i �
� � t
n

for any i = 0; n� 1:
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If we apply the inequality (6.1) on the interval [xi; xi+1] and the intermediate
points �i

�
i = 0; n� 1

�
; then we may write that

(6.11)

����� � tn u

�
t+ (i+ 1� �i)

� � t
n

�
�
Z xi+1

xi

u (s) ds

����

�
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"
1

4
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4n2
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#
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1
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1
q

"
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1
q
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1
q

�
1+ 1

q

i +
jt� � j1+

1
q

n1+
1
q

(1� �i)1+
1
q

#
ku0k[xi;xi+1];p if u0 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;�

1

2

j� � tj
n

+
j� � tj
n

����12 � �i
����� ku0k[t;� ];1 ;

Summing (6.3), we get:�����
Z �

t

u (s) ds� � � t
n

n�1X
i=0

u

�
t+ (i+ 1� �i)

� � t
n

������(6.12)
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4
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1

2

�2#
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jt� � j1+
1
q

(q + 1)
1
q n1+

1
q

n�1P
i=0

�
�
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q

i + (1� �i)1+
1
q

�
ku0k[xi;xi+1];p

p > 1; 1
p +

1
q = 1;

jt� � j
n

n�1P
i=0

�
1

2
+

�����i � 12
����� ku0k[xi;xi+1];1 :

However,
n�1X
i=0

"
1

4
+

�
�i �

1

2

�2#
ku0k[xi;xi+1];1(6.13)
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4
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�2#
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q
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1
q
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ku0k[xi;xi+1];p(6.14)
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q
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�q! 1
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�q# 1
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and

(6.15)
n�1X
i=0

�
1

2
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�����i � 12
����� ku0k[xi;xi+1];1
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�
�
1

2
+ max

�����i � 12
����� n�1X

i=0

ku0k[xi;xi+1];1 =
�
1

2
+ max

�����i � 12
����� ku0k[t;� ];1 :

Now, using (6.12)-(6.15), we deduce the �rst part of (6.9).
The second part is obvious. �

We may now state the following theorem in approximating the �nite Hilbert
transform of a di¤erentiable function whose derivative is absolutely continuous.

Theorem 21 (Dragomir, 2002, [10]). Let f : [a; b]! R be a di¤erentiable function
so that its derivative f 0 is absolutely continuous on [a; b]. If � = (�i)i=0;n�1 ;

�i 2 [0; 1)
�
i = 0; n� 1

�
and

(6.16) Sn (f ;�; t) :=
b� a
n�

n�1X
i=0

�
f ; t+ (i+ 1� �i)

b� t
n
; t� (i+ 1� �i)

t� a
n

�
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(6.17) (Tf) (a; b; t) =
f (t)

�
ln

�
b� t
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�
+ Sn (f ;�; t) +Rn (f ;�; t)

and the remainder Rn (f ;�; t) satis�es the estimate:
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Proof. Applying Lemma 13 for the function f 0, we may write that�����f (t)� f (�)� � t � 1

n

n�1X
i=0

f 0
�
t+ (i+ 1� �i)
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n

������(6.19)
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Taking the PV, we may write

(6.20)
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However,
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PV

Z b

a

kf 00k[t;� ];1 d� = PV
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a
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t
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and using the inequality (6.20) we obtain the desired estimate (6.18). �

The following particular case which may be easily numerically implemented
holds.

Corollary 18. let f be as in Theorem 21. De�ne

SM;n (f ; t) :=
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n�

n�1X
i=0

�
f ; t+

�
i+

1

2

�
b� t
n
; t�

�
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1

2

�
t� a
n

�
:

Then we have the representation:

(Tf) (a; b; t) =
f (t)

�
ln

�
b� t
t� a

�
+ SM;n (f ; t) +RM;n (f ; t)

and the remainder RM;n (f ; t) satis�es the estimate

(6.21) jRM;n (f ; t)j
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����t� a+ b2
����� kf 00k[a;b];1 ;

for any t 2 (a; b) :

7. Inequalities for Convex Derivatives

7.1. An Inequality on the Interval (a; b). The following result holds.

Theorem 22 (Dragomir, 2002, [11]). Assume that the di¤erentiable function f :
(a; b)! R is such that f 0 is convex on (a; b). Then the Hilbert transform (Tf) (a; b; �)
exists in every point t 2 (a; b) and:
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�

�
f

�
t+ b

2

�
� f

�
t+ a

2

��
+
f (t)

�
ln

�
b� t
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(7.1)

� (Tf) (a; b; t)

� 1

2�
[f (b)� f (a) + (b� a) f 0 (t)] + f (t)

�
ln

�
b� t
t� a

�
for any t 2 (a; b).
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Proof. The existence of the Hilbert transform in each point t 2 (a; b) follows by the
fact that f is locally Lipschitzian on (a; b).
Since f 0 is convex, we have, by the Hermite-Hadamard inequality, that

(7.2) f 0
�
t+ �
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� 1

� � t
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Applying the PV in t, i.e., lim
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a

+
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�
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then by (7.4), we may state that:
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[f (b)� f (a) + (b� a) f 0 (t)]

for all t 2 (a; b).
As for the function f0 (t) = 1, t 2 (a; b), we have

(Tf) (a; b; t) =
1

�
ln

�
b� t
t� a

�
; t 2 (a; b) ;
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then obviously

(Tf0) (a; b; t) =
1

�
PV

Z b

a

f (�)� f (t) + f (t)
� � t d�(7.6)

=
1

�
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a

f (�)� f (t)
� � t d� +

f (t)

�
ln

�
b� t
t� a

�
for any t 2 (a; b).
Finally, by (7.5) and (7.6), we may obtain (7.14). �

The inequality (7.1) in Theorem 22 may be used to obtain di¤erent analytic
inequalities for functions f : [a; b] ! R whose derivatives are convex on (a; b) and
the Hilbert Transform (Tf) (a; b; �) is known.
For example, the following proposition holds.

Proposition 3 (Dragomir, 2002, [11]). For any a; b 2 R, a < b and t 2 (a; b), we
have the inequality:
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�
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�
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2

�
eb�t � ea�t + (b� a)

�
;

where Ei is de�ned in (7.8).

Proof. If we consider the function f (t) = et, t 2 (a; b), then f 0 is convex on (a; b),

(Tf) (a; b; t) =
et

�
[Ei (b� t)� Ei (a� t)] ;

where Ei is de�ned by

Ei (z) := PV

Z z

�1

et

t
dt; z 2 R,(7.8)

2

�

�
f

�
t+ b

2

�
� f

�
t+ a

2

��
+
f (t)

�
ln

�
b� t
t� a

�
=
2

�

h
e
t+b
2 � e

t+a
2

i
+
et

�
ln

�
b� t
t� a

�
and

1

2�
[f (b)� f (a) + (b� a) f 0 (t)] + f (t)

�
ln

�
b� t
t� a

�
=
1

2�

�
eb � ea + (b� a) et

�
+
et

�
ln

�
b� t
t� a

�
:

Using (7.1) and dividing by et, we deduce (7.7). �

The following inequality also holds.

Proposition 4 (Dragomir, 2002, [11]). For any x > 0, we have the inequality

(7.9) 2 sinh

�
1

2
x

�
� Ei (x) �

1

2
sinh (x) +

1

2
x:
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Proof. If in (7.7) we put t = a+b
2 , then we deduce:

2
�
e
b�a
4 � e�

b�a
4

�
� Ei

�
b� a
2

�
� Ei

�
�b� a

2

�
� 1

2

h
e
b�a
2 � e�

b�a
2 + b� a

i
:

If we denote x := b�a
2 , then we get

(7.10) 2
�
e
1
2x � e� 1

2x
�
� Ei (x)� Ei (�x) �

1

2

�
ex � e�x + 2x

�
:

However,

�Ei (�x) = Ei (x) ;

2
�
e
1
2x � e� 1

2x
�
= 4 sinh

�
1

2
x

�
and

1

2

�
ex � e�x + 2x

�
= sinh (x) + x

and then, by (7.10), we deduce (7.9). �

If we choose another function, for instance, f : (a; b) � (0;1)! R, f (t) = � 1
t ,

then obviously f 0 is convex on (a; b), and we may state the following result as well.

Proposition 5 (Dragomir, 2002, [11]). For any 0 < a < b and t 2 (a; b), we have
the inequality:

(7.11)
2tG2

G2 + t2
� L � t2 + 2At+G2

4t
; for any t 2 (a; b) ,

where A = a+b
2 , G =

p
ab and L = b�a

ln b�ln a (the logarithmic mean).

Proof. For the function f : (a; b)! R, f (t) = � 1
t , we have

(Tf) (a; b; t) =
1

�t

�
ln

�
b

a

�
� ln

�
b� t
t� a

��
;

2

�

�
f

�
t+ b

2

�
� f

�
t+ a

2

��
+
f (t)

�
ln

�
b� t
t� a

�
=
4

�
� b� a
(t+ a) (t+ b)

� 1

�t
ln

�
b� t
t� a

�
;

and
1

2�
[f (b)� f (a) + (b� a) f 0 (t)] + f (t)

�
ln

�
b� t
t� a

�
=
b� a
2�

�
1

ab
+
1

t2

�
� 1

�t
ln

�
b� t
t� a

�
:

Now, if we use (7.1), we may write:

4

�
� b� a
(t+ a) (t+ b)

� 1

�t
ln

�
b� t
t� a

�
� 1

�t
ln

�
b

a

�
� 1

�t
ln

�
b� t
t� a

�
� b� a

2�

�
t2 + ab

abt2

�
� 1

�t
ln

�
b� t
t� a

�
;
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which is equivalent to:

4t

(t+ a) (t+ b)
� ln b� ln a

b� a � t2 + ab

2tab
:

Using the fact that L := b�a
ln b�ln a , we deduce (7.11). �

Corollary 19. We have the inequality

(7.12) G � L � G+A

2
:

Remark 9. The �rst inequality is a well known result as the following sequence of
inequalities hold

G � L � I � A:
The second inequality is equivalent with:

(7.13) L (a; b) �
h
A
�p
a;
p
b
�i2

;

which is interesting in itself.

7.2. An Inequality on an Equidistant Division of (a; b). The following lemma
is interesting in itself.

Lemma 14. Let g : [a; b]! R be a convex function. Then for n � 1 and t; � 2 [a; b],
t 6= � , we have the inequality:

1

n

n�1X
i=0

g

�
t+

�
i+

1

2

�
� t� �
n

�
(7.14)

� 1

� � t

Z �

t

g (u) du

� 1

2n

n�1X
i=0

�
g

�
t+ i � � � t

n

�
+ g

�
t+ (i+ 1) � � � t

n

��
:

Proof. Consider the equidistant partitioning of [t; � ] (if t < �) or [� ; t] (if � < t)
given by

(7.15) En : xi = t+ i �
� � t
n
; i = 0; n:

Then, applying the Hermite-Hadamard inequality, we may write that:

g

�
xi + xi+1

2

�
� 1

xi+1 � xi

Z xi+1

xi

g (u) du � g (xi) + g (xi+1)

2

i.e.,

g

�
t+

�
i+

1

2

�
� t� �
n

�
� n

� � t

Z xi+1

xi

g (u) du

� 1

2

�
g

�
t+ i � � � t

n

�
+ g

�
t+ (i+ 1) � � � t

n

��
:

Dividing by n and summing over i from 0 to n�1, we deduce the desired inequality
(7.14). �

The following generalization of Theorem 22 holds.
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Theorem 23 (Dragomir, 2002, [11]). Assume that f : (a; b) ! R ful�lls the hy-
pothesis of Theorem 22. Then for all n � 1, we have the double inequality:

b� a
n�

n�1X
i=0

�
f ; t�

�
i+

1

2

�
� t� a
n
; t+

�
i+

1

2

�
� b� t
n

�
+
f (t)

�
ln

�
b� t
t� a

�
(7.16)

� (Tf) (a; b; t)

� f (b)� f (a) + f 0 (t) (b� a)
2n�

+
b� a
n�

n�1X
i=1

�
f ; t� i � t� a

n
; t+ i � b� t

n

�
+
f (t)

�
ln

�
b� t
t� a

�

for any t 2 (a; b), where [f ; c; d] denotes the divided di¤erence f(c)�f(d)
c�d .

Proof. If we write the inequality (7.14) for f 0, then we have

(7.17)
1

n

n�1X
i=0

f 0
�
t+

�
i+

1

2

�
� � � t
n

�
� f (�)� f (t)

� � t

� 1

2n

n�1X
i=0

�
f 0
�
t+ i � � � t

n

�
+ f 0

�
t+ (i+ 1) � � � t

n

��

=
1

2n

"
f 0 (t) +

n�1X
i=1

f 0
�
t+ i � � � t

n

�
+

n�2X
i=0

f 0
�
t+ (i+ 1) � � � t

n

�
+ f 0 (�)

#

=
1

2n

"
f 0 (t) + f 0 (�) + 2

n�1X
i=1

f 0
�
t+ i � � � t

n

�#
;

since it is obvious that

n�1X
i=1

f 0
�
t+ i � � � t

n

�
=

n�2X
i=0

f 0
�
t+ (i+ 1) � � � t

n

�
:

Applying the PV over t, i.e., lim
"!0+

�R t�"
a

+
R b
t+"

�
to the inequality (7.17), we deduce

1

n

n�1X
i=1

PV

Z b

a

f 0
�
t+

�
i+

1

2

�
� � � t
n

�
d�(7.18)

� PV
Z b

a

f (�)� f (t)
� � t d�

� 1

2n
PV

Z b

a

"
f 0 (t) + f 0 (�) + 2

n�1X
i=1

f 0
�
t+ i � � � t

n

�#
d�:
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Now, as

PV

Z b

a

f 0
�
t+

�
i+

1

2

�
� � � t
n

�
d�

= lim
"!0+

 Z t�"

a

+

Z b

t+"

!�
f 0
�
t+

�
i+

1

2

�
� � � t
n

�
d�

�
= lim

"!0+

n

i+ 1
2

�
f

�
t�
�
i+

1

2

�
� "
n

�
� f

�
t+

�
i+

1

2

�
� a� t
n

�
+f

�
t+

�
i+

1

2

�
� b� t
n

�
� f

�
t+

�
i+

1

2

�
� "
n

��
=

n

i+ 1
2

�
f

�
t+

�
i+

1

2

�
� b� t
n

�
� f

�
t+

�
i+

1

2

�
� a� t
n

��
= (b� a)

�
f ; t�

�
i+

1

2

�
� t� a
n
; t+

�
i+

1

2

�
� b� t
n

�
;

and

PV

Z b

a

"
f 0 (t) + f 0 (�) + 2

n�1X
i=1

f 0
�
t+ i � � � t

n

�#
d�

= lim
"!0+

 Z t�"

a

+

Z b

t+"

!"
f 0 (t) + f 0 (�) + 2

n�1X
i=1

f 0
�
t+ i � � � t

n

�#
d�

= lim
"!0+

[f 0 (t) (t� "� a) + f 0 (t) (b� t� ") + f (t� ")� f (a) + f (b)� f (t+ ")

+ 2

n�1X
i=1

n

i

�
f

�
t� i"

n

�
� f

�
t+ i � a� t

n

�
+ f

�
t+ i � b� t

n

�
� f

�
t+

i"

n

��#

= f (b)� f (a) + f 0 (t) (b� a) + 2 (b� a)
n�1X
i=1

�
f ; t� i � t� a

n
; t+ i � b� t

n

�
;

then by (7.18) we deduce

b� a
n

n�1X
i=0

�
f ; t�

�
i+

1

2

�
� t� a
n
; t+

�
i+

1

2

�
� b� t
n

�
(7.19)

� PV
Z b

a

f (�)� f (t)
� � t d�

� f (b)� f (a) + f 0 (t) (b� a)
2n

+
b� a
n

n�1X
i=1

�
f ; t� i � t� a

n
; t+ i � b� t

n

�
:

Using the identity (7.6) and the inequality (7.19), we obtain the desired result
(7.16). �

7.3. The Case of Non-equidistant Partitioning. The following lemma holds
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Lemma 15. Let g : [a; b] ! R be a convex function on [a; b] and t; � 2 [a; b] with
t 6= � : If 0 = �0 < �1 < � � � < �n�1 < �n = 1; then we have the inequality:

n�1X
i=0

(�i+1 � �i) g
��
1� �i + �i+1

2

�
t+

�i + �i+1
2

� �
�

(7.20)

� 1

� � t

Z �

t

g (u) du

� 1

2

n�1X
i=0

(�i+1 � �i) fg [(1� �i) t+ �i� ] + g [(1� �i+1) t+ �i+1� ]g :

Proof. Consider the partitioning of [t; � ] (if t < �) or [� ; t] (if � < t) given by

In : xi = (1� �i) t+ �i� ;
�
i = 0; n

�
:

Then, obviously,

xi + xi+1
2

=

�
1� �i + �i+1

2

�
t+

�i + �i+1
2

� � ;
�
i = 0; n� 1

�
and

xi+1 � xi = (� � t) (�i+1 � �i) ;
�
i = 0; n� 1

�
:

Applying the Hermite-Hadamard inequality on [xi; xi+1]
�
i = 0; n� 1

�
, we may

write that

g

��
1� �i + �i+1

2

�
t+

�i + �i+1
2

� �
�

� 1

(� � t) (�i+1 � �i)

Z xi+1

xi

g (u) du

� 1

2
fg [(1� �i) t+ �i� ] + g [(1� �i+1) t+ �i+1� ]g

for any i = 0; n� 1.
If we multiply with �i+1��i > 0 and sum over i from 0 to n� 1, we deduce the

desired inequality (7.20). �
The following theorem holds.

Theorem 24 (Dragomir, 2002, [11]). Assume that f : (a; b)! R ful�lls the hypoth-
esis of Theorem 22. Then for all n � 1, and 0 = �0 < �1 < � � � < �n�1 < �n = 1,
we have the inequality

(7.21)
f (t)

�
ln

�
b� t
t� a

�
+
b� a
�

n�1X
i=0

(�i+1 � �i)

�
�
f ;

�
1� �i + �i+1

2

�
t+

�i + �i+1
2

� b;
�
1� �i + �i+1

2

�
t+

�i + �i+1
2

� a
�

� (Tf) (a; b; t)

� 1

2�
f�1 (b� a) f 0 (t) + (1� �n�1) [f (b)� f (a)]g

+
b� a
2�

n�1X
i=0

(�i+1 � �i) [f ; (1� �i) t+ �ib; (1� �i) t+ �ia] +
f (t)

�
ln

�
b� t
t� a

�
for any t 2 (a; b).
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Proof. If we write the inequality (7.20) for f 0, then we have

n�1X
i=0

(�i+1 � �i) f 0
��
1� �i + �i+1

2

�
t+

�i + �i+1
2

� �
�

(7.22)

� f (�)� f (t)
� � t

� 1

2

n�1X
i=0

(�i+1 � �i) ff 0 [(1� �i) t+ �i� ] + f 0 [(1� �i+1) t+ �i+1� ]g

=
1

2

"
�1f

0 (t) +
n�1X
i=1

(�i+1 � �i) f 0 [(1� �i) t+ �i� ]

+
n�2X
i=0

(�i+1 � �i) f 0 [(1� �i+1) t+ �i+1� ] + (1� �n�1) f 0 (�)
#

=
1

2

"
�1f

0 (t) +
n�1X
i=1

(�i+1 � �i) f 0 [(1� �i) t+ �i� ]

+
n�1X
i=1

(�i � �i�1) f 0 [(1� �i) t+ �i� ] + (1� �n�1) f 0 (�)
#

=
1

2

"
�1f

0 (t) +

n�1X
i=1

(�i+1 � �i) f 0 [(1� �i) t+ �i� ] + (1� �n�1) f 0 (�)
#
:

Applying the PV over t, i.e., lim
"!0+

�R t�"
a

+
R b
t+"

�
to the inequality (7.22), we deduce

n�1X
i=0

(�i+1 � �i)PV
Z b

a

f 0
��
1� �i + �i+1

2

�
t+

�i + �i+1
2

� �
�
d�(7.23)

� PV
Z b

a

f (�)� f (t)
� � t d�

� 1

2

"
�1 (b� a) f 0 (t) +

n�1X
i=1

(�i+1 � �i)PV
Z b

a

f 0 [(1� �i) t+ �i� ] d�

+ (1� �n�1) (f (b)� f (a))
�
:

Since

PV

Z b

a

f 0
��
1� �i + �i+1

2

�
t+

�i + �i+1
2

� �
�
d�

=
2

�i + �i+1

�
f

��
1� �i + �i+1

2

�
t+

�i + �i+1
2

� b
�

� f
��
1� �i + �i+1

2

�
t+

�i + �i+1
2

� a
��

= (b� a)
�
f ;

�
1� �i + �i+1

2

�
t+

�i + �i+1
2

� b;
�
1� �i + �i+1

2

�
t+

�i + �i+1
2

� a
�
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and

PV

Z b

a

f 0 [(1� �i) t+ �i� ] d� = (b� a) [f ; (1� �i) t+ �ib; (1� �i) t+ �ia] ;

then by (7.23) we deduce the desired inequality (7.21). �

Remark 10. It is obvious that for �i = i
n

�
i = 0; n

�
; we recapture the inequality

(7.16).

The following corollary also holds.

Corollary 20. Assume that f : (a; b) ! R ful�lls the hypothesis of Theorem 22.
Then for n � 1 we have:

(7.24)
f (t)

�
ln

�
b� t
t� a

�
+
b� a
�

�
1

2n�1

�
f ;

�
1� 1

2n

�
t+

1

2n
b;

�
1� 1

2n

�
t+

1

2n
a

��
+
b� a
�

n�1X
i=1

1

2n�1

�
f ;

�
1� 3

2n�i

�
t+

3

2n�i
b;

�
1� 3

2n�i

�
t+

3

2n�i
a

�
� (Tf) (a; b; t)

� 1

2�

�
(b� a) f 0 (t)

2n�1
+
1

2
[f (b)� f (a)]

�
+
b� a
2�

�
1

2n�2
� 1
��
f ;

�
1� 1

2n�1

�
t+

1

2n�1
b;

�
1� 1

2n�1

�
t+

1

2n�1
a

�
+ 3 � b� a

2�

n�1X
i=2

1

2n�i+1

�
f ;

�
1� 1

2n�i

�
t+

1

2n�i
b;

�
1� 1

2n�i

�
t+

1

2n�i
a

�
+
f (t)

�
ln

�
b� t
t� a

�
;

for any t 2 (a; b).

The proof follows by Theorem 24 applied for �0 = 0, �i = 2i

2n , i = 1; n. We omit
the details.

8. Inequalities for Products

8.1. Some Basic Inequalities. The following lemma holds.

Lemma 16 (Dragomir, 2003, [12]). If f and g are locally Hölder continuous on
[a; b] ; then fg is also locally Hölder continuous on [a; b] and:

T (fg) (a; b; t)(8.1)

= f (t)T (g) (a; b; t) + g (t)T (f) (a; b; t)

� 1

�
f (t) g (t) ln

�
b� t
t� a

�
+
1

�
PV

Z b

a

(f (�)� f (t)) (g (�)� g (t))
� � t d�

for any t 2 (a; b) :
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Proof. Assume that for a subinterval [c; d] � [a; b] ; we have

(8.2) jf (s)� f (u)j � L1 js� ujr1 for any s; u 2 [c; d] ;

(8.3) jg (s)� g (u)j � L2 js� ujr2 for any s; u 2 [c; d] :

Then

jf (s) g (s)� f (u) g (u)j = jf (s) g (s)� f (s) g (u) + f (s) g (u)� f (u) g (u)j
� jf (s)j jg (s)� g (u)j+ jg (u)j jf (s)� f (u)j
�M1L1 js� ujr1 +M2L2 js� ujr2

� js� ujr
h
M1L1 js� ujr1�r +M2L2 js� ujr2�r

i
� js� ujr

h
M1L1 jd� cjr1�r +M2L2 jd� cjr2�r

i
=M js� ujr

where

M1 := sup
s2[c;d]

jf (s)j ; M2 := sup
u2[c;d]

jg (u)j ; r = min (r1; r2) ;

and

M =M1L1 jd� cjr1�r +M2L2 jd� cjr2�r ;
proving that fg is locally Hölder continuous on [a; b] :
Now, for any t; � 2 [a; b] ; we may write that

(f (�)� f (t)) (g (�)� g (t)) = f (�) g (�) + f (t) g (t)� f (t) g (�)� f (�) g (t)

giving

f (�) g (�)

� � t = f (t) � g (�)
� � t + g (t) �

f (�)

� � t �
f (t) g (t)

� � t

+
(f (�)� f (t)) (g (�)� g (t))

� � t
for any t; � 2 [a; b] ; t 6= � :
Consequently,
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=
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=
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a
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�
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a

(f (�)� f (t)) (g (�)� g (t))
� � t d�

= f (t)T (g) (a; b; t) + g (t)T (f) (a; b; t)

� f (t) g (t)
�
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�
b� t
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�
+
1

�
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Z b

a

(f (�)� f (t)) (g (�)� g (t))
� � t d�

for any t 2 (a; b) ; and the identity (8.1) is proved. �
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Theorem 25 (Dragomir, 2003, [12]). Assume that f is of L1 � r1�Hölder type
and g is of L2 � r2�Hölder type on [a; b] ; where L1; L2 > 0; r1; r2 2 (0; 1]: Then
we have the inequality:����T (fg) (a; b; t)� f (t)T (g) (a; b; t)(8.4)

� g (t)T (f) (a; b; t) + 1

�
f (t) g (t) ln

�
b� t
t� a

�����
� L1L2
� (r1 + r2)

h
(b� t)r1+r2 + (t� a)r1+r2

i
� 2L1L2 (b� a)r1+r2

� (r1 + r2)

for any t 2 (a; b) :

Proof. Taking the modulus in (8.1), we may write����T (fg) (a; b; t)� f (t)T (g) (a; b; t)
� g (t)T (f) (a; b; t) + 1

�
f (t) g (t) ln

�
b� t
t� a

�����
� 1

�
PV

Z b

a

���� (f (�)� f (t)) (g (�)� g (t))� � t

���� d� � 1

�
PV

Z b

a

L1L2 j� � tjr1+r2�1 d�

=
L1L2
�

"
(b� t)r1+r2 + (t� a)r1+r2

r1 + r2

#
and the �rst part of inequality (8.4) is proved. The second part is obvious. �

The best inequality we can get from (8.4) is embodied in the following corollary.

Corollary 21. With the assumptions in Theorem 25, we have����T (fg)�a; b; a+ b2
�
� f

�
a+ b

2

�
T (g)

�
a; b;

a+ b

2

�
(8.5)

� g
�
a+ b

2

�
T (f)

�
a; b;

a+ b

2

�����
� L1L2 (b� a)r1+r2

� (r1 + r2) 2r1+r2�1
:

The following corollary also holds.

Corollary 22. If f and g are Lipschitzian with the constants K1 and K2; then we
have the inequality����T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t) + 1

�
f (t) g (t) ln

�
b� t
t� a

�����
(8.6) � K1K2

�

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
� K1K2

2�
(b� a)2

for any t 2 (a; b) : In particular, for t = a+b
2 ; we have����T (fg)�a; b; a+ b2

�
� f

�
a+ b

2

�
T (g)

�
a; b;

a+ b

2

�
�g
�
a+ b

2

�
T (f)

�
a; b;

a+ b

2

�����
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(8.7) � K1K2

4�
(b� a)2 :

8.2. Further Estimates. The following theorem also holds.

Theorem 26 (Dragomir, 2003, [12]). Assume that f and g are absolutely contin-
uous on [a; b] : Then we have the inequality:����T (fg) (a; b; t)� f (t)T (g) (a; b; t)(8.8)

� g (t)T (f) (a; b; t) + 1

�
f (t) g (t) ln

�
b� t
t� a

�����

� 1

�
�

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
kf 0k[a;b];1 kg0k[a;b];1

if f 0 2 L1 [a; b] ; g0 2 L1 [a; b] ;

�

� + 1

h
(b� t)1+

1
� + (t� a)1+

1
�

i
kf 0k[a;b];1 kg0k[a;b];


if f 0 2 L1 [a; b] ; g0 2 L
 [a; b] ; 
 > 1; 1

 +

1
� = 1;

(b� a) kf 0k[a;b];1 kg0k[a;b];1 if f 0 2 L1 [a; b] ; g0 2 L1 [a; b] ;

�

� + 1

h
(b� t)1+

1
� + (t� a)1+

1
�

i
kf 0k[a;b];� kg0k[a;b];1

if f 0 2 L� [a; b] ; � > 1; 1
� +

1
� = 1; and g

0 2 L1 [a; b] ;

��

� + �

h
(b� t)

�+�
�+� + (t� a)

�+�
�+�

i
kf 0k[a;b];� kg0k[a;b];


if f 0 2 L� [a; b] ; � > 1; 1
� +

1
� = 1; and g

0 2 L
 [a; b] ; 
 > 1; 1

 +

1
� = 1;

�
h
(b� t)

1
� + (t� a)

1
�

i
kf 0k[a;b];� kg0k[a;b];1

if f 0 2 L� [a; b] ; � > 1; 1
� +

1
� = 1; and g

0 2 L1 [a; b] ;

(b� a) kf 0k[a;b];1 kg0k[a;b];1 if f 0 2 L1 [a; b] ; g0 2 L1 [a; b] ;

�
h
(b� t)1+

1
� + (t� a)1+

1
�

i
kf 0k[a;b];1 kg0k[a;b];


if f 0 2 L1 [a; b] ; g0 2 L
 [a; b] ; 
 > 1; 1

 +

1
� = 1;

Proof. Since f and g are absolutely continuous on [a; b] ; we may write that

f (�)� f (t) =
Z �

t

f 0 (u) du and g (�)� g (t) =
Z �

t

g0 (u) du

which implies:

(8.9) jf (�)� f (t)j �

8>>>>><>>>>>:

kf 0k[�;t];1 j� � tj if f 0 2 L1 [a; b] ;

kf 0k[�;t];� j� � tj
1
� if f 0 2 L� [a; b] ;

� > 1; 1
� +

1
� = 1;

kf 0k[�;t];1
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and

(8.10) jg (�)� g (t)j �

8>>>>><>>>>>:

kg0k[�;t];1 j� � tj if g0 2 L1 [a; b] ;

kg0k[�;t];
 j� � tj
1
� if g0 2 L
 [a; b] ;


 > 1; 1

 +

1
� = 1;

kg0k[�;t];1 :

Using the identity (8.2), we get

����T (fg) (a; b; t)� f (t)T (g) (a; b; t)(8.11)

� g (t)T (f) (a; b; t) + 1

�
f (t) g (t) ln

�
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t� a

� ����
� 1

�
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Z b

a

���� (f (�)� f (t)) (g (�)� g (t))� � t

���� d� =: I:
Then we have, by using (8.9) or (8.10), that

(8.12) I � 1
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a
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1
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a
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a
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1
� d�
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a
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1
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1
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a
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a
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a
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1
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a
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However,

PV

Z b

a

kf 0k[�;t];1 kg
0k[�;t];1 j� � tj d�

� kf 0k[a;b];1 kg
0k[a;b];1
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2

#
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"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
;
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a
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1
� d�
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1
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�

1
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#

=
�
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1
�

i
;
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a

kf 0k[�;t];1 kg
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a
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1
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h
(b� t)

1
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1
�+1

i
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a
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1
�+

1
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1
1
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1
�
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1
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1
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1
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1
�

i
=

��
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h
(b� t)
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�+�
�+�

i
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Z b

a
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a
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a
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 �
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1
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1
�

i
:

For the last inequality we cannot point out a bound as above.
Using (8.11) and (8.12), we deduce the desired inequality (8.8). �

The following lemma also holds.
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Lemma 17 (Dragomir, 2003, [12]). Let f : [a; b]! R be locally Hölder continuous
on [a; b] and g : [a; b] ! R so that g0 is absolutely continuous on [a; b]. Then we
have the identity:

T (fg) (a; b; t)(8.13)

= f (t)T (g) (a; b; t) + g (t)T (f) (a; b; t)� 1
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a
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�
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a
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t
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for any t 2 (a; b) :

Proof. We use the following identity:Z �

�

' (u) du = ' (�) (� � �)�
Z �
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(u� �)'0 (u) du

which holds for any absolutely continuous function ' : [�; �]! R.
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a
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� � t

Z �

t

g0 (u) du

�
d�

=
1

�
PV

Z b

a

[f (�)� f (t)]
�
g0 (t)� 1

� � t

Z �

t
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�
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=
1

�
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a
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a
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1
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f (�) d� � 1
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a
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t

(u� �) g00 (u) du
�
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Using (8.1), we deduce (8.13). �

The following theorem holds.

Theorem 27 (Dragomir, 2003, [12]). Assume that f : [a; b]! R is of H�r�Hölder
type and g : [a; b] ! R is such that g0 is absolutely continuous on [a; b] : Then we
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have the inequality:

����T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)(8.14)

+
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Proof. Using the identity (8.13), we deduce that the left side in (8.14) is upper
bounded by
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j� � tj
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t
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a
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Consequently, we have

J � H
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which proves the inequality (8.14). �

The following lemma also holds.

Lemma 18. Assume that f and g are as in Lemma 17. Then we have the identity:
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=
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proving the identity (8.15). �

The following result also holds.

Theorem 28 (Dragomir, 2003, [12]). With the assumptions in Theorem 27, we
have: ����T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)(8.16)
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Proof. The proof follows in a similar manner to the one in Theorem 27 by the use
of Lemma 18. We omit the details. �

9. Estimates Via Taylor�s Expansion

9.1. Inequalities on the Whole Interval [a; b]. The following result holds.

Theorem 29 (Dragomir, 2005, [13]). Let f : [a; b]! R be such that f (n�1) (n � 1)
is absolutely continuous on [a; b]. Then we have the bounds:
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for any t 2 (a; b).

Proof. Start with Taylor�s formula for a function g : I ! R (I is a compact interval)
with the property that g(n�1) (n � 1) is absolutely continuous on I, then we have

g (x) =
n�1X
k=0

(x� a)k

k!
g(k) (a) +

1

(n� 1)!

Z x

a

(x� t)n�1 g(n) (t) dt;

where a; x 2 �I (�Iis the interior of I). This implies that�����g (x)�
n�1X
k=0

(x� a)k

k!
g(k) (a)

����� � 1

(n� 1)!

����Z x

a

jx� tjn�1
���g(n) (t)��� dt����

=:
1

(n� 1)! �M (x)

for any a; x 2 �I.
Before we estimate M (x) ; let us introduce the following notations

khk[a;x];p :=
����Z x

a

jh (t)jp dt
���� 1p if p � 1

and
khk[a;x];1 := ess sup

t2[a;x]
t2([x;a])

jh (t)j ;

where a; x 2 �I.
It is obvious now that

M (x) � sup
t2[a;x]
(t2[x;a])

���g(n) (t)��� ����Z x

a

jx� tjn�1 dt
���� = 


g(n)


[a;x];1 jx� ajn

n!

for any a; x 2 �I.
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Using Hölder�s integral inequality, we may state that

M (x) �
����Z x

a

���g(n) (t)���p dt���� 1p ����Z x

a

jx� tj(n�1)q dt
���� 1q = 


g(n)


[a;x];p jx� ajn�1+

1
q

[(n� 1) q + 1]
1
q

for any a; x 2 �I.
Also, we observe that

M (x) � jx� ajn�1
����Z x

a

���g(n) (t)��� dt���� = 


g(n)



[a;x];1

jx� ajn�1

for all a; x 2 �I.
In conclusion, we may state the following inequality which will be used in the

sequel �����g (x)�
n�1X
k=0

(x� a)k

k!
g(k) (a)

�����(9.2)

�

8>>>>>>>>>>><>>>>>>>>>>>:

jx� ajn

n!



g(n)


[a;x];1 if g(n) 2 L1(°I);

jx� ajn�1+
1
q

(n� 1)! [(n� 1) q + 1]
1
q



g(n)


[a;x];p

if g(n) 2 Lp(°I);

p > 1; 1
p +

1
q = 1;

jx� ajn�1

(n� 1)!


g(n)



[a;x];1

for any a; x 2°I.
Now, let us note for the function f0 : [a; b]! R, f0 (t) = 1; we have that

(Tf0) (a; b; t) = ln

�
b� t
t� a

�
; t 2 (a; b) ;

and then

(Tf) (a; b; t) = PV

Z b

a

f (�)� f (t) + f (t)
� � t d�

= PV

Z b

a

f (�)� f (t)
� � t d� + f (t) ln

�
b� t
t� a

�
;

giving the equality

(9.3) (Tf) (a; b; t)� f (t) ln
�
b� t
t� a

�
= PV

Z b

a

f (�)� f (t)
� � t d� :
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Writing (9.2) for g = f; x = � ; a = t; we get�����f (�)� f (t)� � t �
n�1X
k=1

(� � t)k�1

k!
f (k) (t)

�����(9.4)

�

8>>>>>>>>>>><>>>>>>>>>>>:

j� � tjn�1

n!



f (n)


[t;� ];1 if f (n) 2 L1 [a; b] ;

j� � tjn�2+
1
q

(n� 1)! [(n� 1) q + 1]
1
q



f (n)


[t;� ];p

if f (n) 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

j� � tjn�2

(n� 1)!


f (n)



[t;� ];1

for any t; � 2 (a; b) ; t 6= � :
If we take the PV in (9.4), then we may write�����PV

Z b

a

f (�)� f (t)
� � t d� �

n�1X
k=1

f (k) (t)

k!
PV

Z b

a

(� � t)k�1 d�
�����(9.5)

� PV
Z b

a

�����f (�)� f (t)� � t �
n�1X
k=1

(� � t)k�1

k!
f (k) (t)

����� d�

�

8>>>>>>>>><>>>>>>>>>:

1

n!
PV

R b
a
j� � tjn�1



f (n)


[t;� ];1 d�

1

(n� 1)! [(n� 1) q + 1]
1
q

PV
R b
a
j� � tjn�2+

1
q


f (n)



[t;� ];p
d�

1

(n� 1)!PV
R b
a
j� � tjn�2



f (n)


[t;� ];1

d�

�

8>>>>>>>>><>>>>>>>>>:

1

n!



f (n)


[a;b];1 PV

R b
a
j� � tjn�1 d�

1

(n� 1)! [(n� 1) q + 1]
1
q



f (n)


[a;b];p

PV
R b
a
j� � tjn�2+

1
q d�

1

(n� 1)!


f (n)



[a;b];1
PV

R b
a
j� � tjn�2 d� :

However,

PV

Z b

a

j� � tjn�1 d� = 1

n
[(b� t)n + (t� a)n] ;

PV

Z b

a

j� � tjn�2+
1
q d� =

q

[(n� 1) q + 1]

h
(b� t)n�1+

1
q + (t� a)n�1+

1
q

i
;
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PV

Z b

a

j� � tjn�2 d� = 1

n� 1

h
(b� t)n�1 + (t� a)n�1

i
and

PV

Z b

a

(� � t)k�1 d� = 1

k

h
(b� t)k + (�1)k+1 (t� a)k

i
and then by (9.5) we deduce the desired result (9.1). �
It is obvious that the best inequality one would deduce from (9.1) is the one for

t = a+b
2 ; getting the following corollary.

Corollary 23. With the assumptions of Theorem 29, we have

(9.6)

�����(Tf)
�
a; b;

a+ b

2

�
�
n�1X
k=1

(b� a)k

2k � k � k!

h
1 + (�1)k+1

i
f (k)

�
a+ b

2

������

�

8>>>>>>>>>>><>>>>>>>>>>>:

(b� a)n

2n�1 � n � n!


f (n)



[a;b];1 ; if f (n) 2 L1 [a; b] ;

q (b� a)n�1+
1
q

2n�2+
1
q (n� 1)! [(n� 1) q + 1]1+

1
q



f (n)


[a;b];p

; if f (n) 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

(b� a)n�1

2n�2 � (n� 1) � (n� 1)!


f (n)



[a;b];1
:

It is important to note that for small intervals, we basically have the following
representation:

Corollary 24. Assume that f 2 C1 [a; b] and 0 < b� a � 1: Then

(Tf) (a; b; t) = f (t) ln

�
b� t
t� a

�
+

1X
k=1

f (k) (t)

k!
�
"
(b� t)k + (�1)k+1 (t� a)k

k

#
and the convergence is uniform on [a; b].

9.2. The Composite Case. The following lemma holds.

Lemma 19. Let g : [a; b]! R be such that g(n�1) (n � 1) is absolutely continuous
on [a; b] : Then for any m 2 N, m � 1; we have the inequality:����� 1

b� a

Z b

a

g (u) du�
m�1X
i=0

nX
k=1

(b� a)k�1

mkk!
� g(k�1)

�
a+ i � b� a

m

������(9.7)

�

8>>>>>>>>>>><>>>>>>>>>>>:

(b� a)n

mn (n+ 1)!



g(n)


[a;b];1 ; if g(n) 2 L1 [a; b] ;

(b� a)n�1+
1
q

mnn! (nq + 1)
1
q



g(n)


[a;b];p

; if g(n) 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

(b� a)n�1

mnn!



g(n)


[a;b];1

:
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Proof. Write Taylor�s formula with the integral remainder for ' (x)=
R x
�
g (u) du and

then choose x = �; to get:�����
Z �

�

g (u) du�
nX
k=1

(� � �)k

k!
g(k�1) (�)

�����(9.8)

�

8>>>>>>>>>>><>>>>>>>>>>>:

j� � �jn+1

(n+ 1)!



g(n)


[�;�];1 ; if g(n) 2 L1 [a; b] ;

j� � �jn+
1
q

n! (nq + 1)
1
q



g(n)


[�;�];p

; if g(n) 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

j� � �jn

n!



g(n)


[�;�];1

for any �; � 2 [a; b] :
Now, if we consider the division

In : xi = a+ i �
b� a
m

; i = 0;m;

and apply (9.8) on the intervals [xi;xi+1]
�
i = 0;m� 1

�
; we can write:�����

Z xi+1

xi;

g (u) du�
nX
k=1

(b� a)k

mkk!
� g(k�1)

�
a+ i � b� a

m

������

�

8>>>>>>>>>>><>>>>>>>>>>>:

(b� a)n+1

mn+1 (n+ 1)!



g(n)


[xi;xi+1];1

;

(b� a)n+
1
q

mn+ 1
q n! (nq + 1)

1
q



g(n)


[xi;xi+1];p

;

(b� a)n

mnn!



g(n)


[xi;xi+1];1

:

Summing over i from 0 to m � 1 and using the generalized triangle inequality, we
deduce (9.8). �

The following main result holds.

Theorem 30 (Dragomir, 2005, [13]). Let f : [a; b]! R be such that f (n) (n � 0)
is absolutely continuous on [a; b]. Then for any m 2 N, m � 1, we have:

(Tf) (a; b; t) = f (t) ln

�
b� t
t� a

�
+An;m (f; t) +Rn;m (f; t) ;
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where

An;m (f; t)(9.9)

=
nX
k=1

f (k) (t)

mkk!
�
"
(b� t)k + (�1)k+1 (t� a)k

k

#
+ (b� a)

m�1X
i=1

nX
k=1

1

mkk!

�
(
k�1X
�=1

(�1)��1 (k � 1) � � � (k � �)
�m
i

���1
�
�
f (k��); t+

i

m
(b� t) ; t� i

m
(t� a)

�
+ (�1)k�1

�m
i

�k�1
(k � 1)!

�
f ; t+

i

m
(b� t) ; t� i

m
(t� a)

��
and the remainder Rn;m (f; t) satis�es the estimate

(9.10) jRn;m (f; t)j

�

8>>>>>>>>>>>><>>>>>>>>>>>>:



f (n+1)


[a;b];1

mn (n+ 1)! � (n+ 1)

h
(b� t)n+1 + (t� a)n+1

i
; if f (n+1) 2 L1 [a; b] ;

q
h
(b� t)n+

1
q + (t� a)n+

1
q

i
mnn! (nq + 1)

1+ 1
q



f (n+1)


[a;b];p

; if f (n+1) 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

f (n+1)



[a;b];1

mnn! � n [(b� t)n + (t� a)n] ;

�

8>>>>>>>>>>><>>>>>>>>>>>:

(b� a)n+1

mn (n+ 1) � (n+ 1)! ;


f (n+1)



[a;b];1 if f (n+1) 2 L1 [a; b] ;

q (b� a)n+
1
q

mnn! (nq + 1)
1+ 1

q



f (n+1)


[a;b];p

; if f (n+1) 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

(b� a)n

mnn! � n


f (n+1)



[a;b];1
;

Proof. We have (see (9.3)) that:

(Tf) (a; b; t)� f (t) ln
�
b� t
t� a

�
= PV

Z b

a

f (�)� f (t)
� � t d� :

If we write the inequality (9.7) for g = f 0; we get

(9.11)

�����f (t)� f (�)� � t �
m�1X
i=0

nX
k=1

(� � t)k�1

mkk!
� f (k)

�
t+ i � � � t

m

������
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�

8>>>>>>>>>>><>>>>>>>>>>>:

j� � tjn

mn (n+ 1)!



f (n+1)


[t;� ];1 ; if f (n+1) 2 L1 [a; b] ;

j� � tjn�1+
1
q

mnn! (nq + 1)
1
q



f (n+1)


[t;� ];p

; if f (n+1) 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;

j� � tjn�1

mnn!



f (n+1)


[t;� ];1

:

If we apply PV to (9.11), we may write that:�����PV
Z b

a

f (t)� f (�)
� � t d�(9.12)

�
m�1X
i=0

nX
k=1

PV

Z b

a

(� � t)k�1

mkk!
� f (k)

�
t+ i � � � t

m

�
d�

�����

�

8>>>>>>>>><>>>>>>>>>:

1

mn (n+ 1)!
PV

R b
a
j� � tjn



f (n+1)


[t;� ];1 d� ;

1

mnn! (nq + 1)
1
q

PV
R b
a
j� � tjn�1+

1
q


f (n+1)



[t;� ];p
d� ;

1

mnn!
PV

R b
a
j� � tjn�1



f (n+1)


[t;� ];1

d� ;

�

8>>>>>>>>><>>>>>>>>>:

1

mn (n+ 1)!



f (n+1)


[a;b];1 PV

R b
a
j� � tjn d� ;

1

mnn! (nq + 1)
1
q



f (n+1)


[a;b];p

PV
R b
a
j� � tjn�1+

1
q d� ;

1

mnn!



f (n+1)


[a;b];1

PV
R b
a
j� � tjn�1 d�;

�

8>>>>>>>>>>>><>>>>>>>>>>>>:

1

mn (n+ 1)!



f (n+1)


[a;b];1

"
(b� t)n+1 + (t� a)n+1

n+ 1

#
;

1

mnn! (nq + 1)
1
q



f (n+1)


[a;b];p

"
(b� t)n+

1
q + (t� a)n+

1
q

n+ 1
q

#
;

1

mnn!



f (n+1)


[a;b];1

�
(b� t)n + (t� a)n

n

�
:
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Now, let us denote

Ii;k := PV

Z b

a

(� � t)k�1 f (k)
�
t+

i

m
(� � t)

�
d� ;

where i = 0; : : : ;m� 1, k = 1; : : : ; n:
For i = 0; we have

I0;k := PV

Z b

a

(� � t)k�1 f (k) (t) d� = f (k) (t) � (b� t)
k
+ (�1)k+1 (t� a)k

k

for any k = 1; : : : ; n:
For k = 1; : : : ; n and i = 1; : : : ;m� 1; we have

Ii;k = lim
"!0+

�Z t�"

a

(� � t)k�1 f (k)
�
t+

i

m
(� � t)

�
d�(9.13)

+

Z b

t+"

(� � t)k�1 f (k)
�
t+

i

m
(� � t)

�
d�

#

= lim
"!0+

�
m

i
f (k�1)

�
t+

i

m
(� � t)

�
(� � t)k�1

���� t�"
a

� m
i

Z t�"

a

(k � 1) (� � t)k�2 f (k�1)
�
t+

i

m
(� � t)

�
d�

+
m

i
f (k�1)

�
t+

i

m
(� � t)

�
(� � t)k�1

����b
t+"

� m

i

Z b

t+"

(k � 1) (� � t)k�2 f (k�1)
�
t+

i

m
(� � t)

�
d�

#

=
m

i

�
f (k�1)

�
t+

i

m
(b� t)

�
� f (k�1)

�
t� i

m
(t� a)

��
� m
i
(k � 1)PV

Z b

a

(� � t)k�2 f (k�1)
�
t+

i

m
(� � t)

�
d�

= (b� a)
�
f (k�1); t+

i

m
(b� t) ; t� i

m
(t� a)

�
� m
i
(k � 1) Ii;k�1

for any k = 2; : : : ; n:
For k = 1; we have

Ii;1 = PV

Z b

a

f (1)
�
t+

i

m
(� � t)

�
d�

=
m

i

�
f

�
t+

i

m
(b� t)

�
� f

�
t� i

m
(t� a)

��
= (b� a)

�
f ; t+

i

m
(b� t) ; t� i

m
(t� a)

�
:
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Using the recursive relation (9.13), we may write

Ii;k(9.14)

= (b� a)
�
f (k�1); t+

i

m
(b� t) ; t� i

m
(t� a)

�
�
�m
i

�
(k � 1) Ii;k�1

= (b� a)
�
f (k�1); t+

i

m
(b� t) ; t� i

m
(t� a)

�
�
�m
i

�
(k � 1)

�
�
(b� a)

�
f (k�2); t+

i

m
(b� t) ; t� i

m
(t� a)

�
�
�m
i

�
(k � 2) Ii;k�2

�

= (b� a)
�
f (k�1); t+

i

m
(b� t) ; t� i

m
(t� a)

�
� (b� a)

�m
i

�
(k � 1)

�
f (k�2); t+

i

m
(b� t) ; t� i

m
(t� a)

�
+
�m
i

�2
(k � 1) (k � 2) Ii;k�2

= � � � � � � � � � � � � =

= (b� a)
k�1X
�=1

(�1)��1 (k � 1) � � � (k � �)
�m
i

���1
�
�
f (k��); t+

i

m
(b� t) ; t� i

m
(t� a)

�
+ (�1)k�1

�m
i

�k�1
(k � 1)!Ii;1

= (b� a)
"
k�1X
�=1

(�1)��1 (k � 1) � � � (k � �)
�m
i

���1
�
�
f (k��); t+

i

m
(b� t) ; t� i

m
(t� a)

�
+ (�1)k�1

�m
i

�k�1
(k � 1)!

�
f ; t+

i

m
(b� t) ; t� i

m
(t� a)

�
:

Replacing Ii;k in (9.12), we deduce the estimate (9.10) with Am;n as de�ned by
(9.9). The theorem is thus proved. �
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