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JENSEN’S TYPE INEQUALITIES FOR THE FINITE HILBERT
TRANSFORM OF CONVEX FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we obtain some new inequalities for the finite Hilbert
transform of convex functions by the use of Jensen’s integral inequality. Ap-
plications for exponential function are provided as well.

1. INTRODUCTION

Allover this paper, we consider the finite Hilbert transform on the open interval
(a,b) defined by

) f( , b
(Tf) (a,b;t) := PV ’ dT = Elir(r)l+ [/ /HE

for t € (a,b) and for various classes of functions f for which the above Cauchy
Principal Value integral exists, see [13, Section 3.2] or [17, Lemma II.1.1].

For several recent papers devoted to inequalities for the finite Hilbert transform
(Tf), see [2]-[10], [14]-[16] and [18]-[19].

Now, if we assume that the mapping f : (a,b) — R is convex on (a,b), then it
is locally Lipschitzian on (a,b) and then the finite Hilbert transform of f exists in
every point t € (a, b).

The following result concerning upper and lower bounds for the finite Hilbert
transform of a convex function holds.

m(r—1)

Theorem 1 (Dragomir et al., 2001 [1]). Let f : (a,b) — R be a convex function on
(a,b) andt € (a,b). Then we have

(1) Hrom(E) 0= r@re@o-0)
< (Tf) (a.bi1)
<Irom (=) re-r0 e ¢-a).

where ¢ (t) € [fL (1), fi (t)], t € (a,b).
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Corollary 1. Let f : (a,b) — R be a differentiable convex function on (a,b) and
t € (a,b). Then we have

12 Lrom({L) 0@+ e-0)
< (T1) (@, bi1)
<tlrom(Zh)+ro-r0+roe-a).
We observe that if we take t = %2, then we get from (1.2) that
(13) i (550) - r@e g (50) -0
<) (anF")
<

Hro-r(50) + 5 () 0-a).

More recently, we have established the following result as well:

Theorem 2 (Dragomir, 2018 [12]). Let f : (a,b) — R be a convex function on
(a,b) with finite lateral derivatives f! (a) and f— (b). Then fort € (a,b) we have

(1.4) %(b—a)fﬁr(a)éi(b*a)w
< (Tf) (a, b;t) — @m (f:f)
<Lo-aOTO Ly 0y
In particular,
(1.5) i(b—“)ﬁ(a)fi(b_@w
<(Ty) (a,b; a;b>
< i(b—@w < %(b a) f— (b)

In this paper, by the use of Jensen’s celebrated inequality, we obtain some new
inequalities for the finite Hilbert transform of convex functions. Applications for
exponential function are provided as well.

2. MAIN RESULTS
‘We have:

Theorem 3. Let f: (a,b) — R be a convex function on (a,b) and x : (a,b) = R
a locally absolutely continuos function on (a,b) with ' (s) € (a,b) for almost every
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s € (a,b). Then we have

(2.1) f(bla {W<Tx)(a,b;t)—m(t)lnG_fL)D
< ﬁ [WT (/afoa;’(s)ds> (a,b;t) — (/atfox’(s)ds> In <i’_2>} ,

for any t € (a,b).
In particular,

(2.2) f(b_”a (Tz) (mb;a;b)) < T (/afox'(s)ds> <a,b;“2+b>.

Proof. Using Jensen’s integral inequality for the convex function f we have

(2.3) f<”«“(7>—x(t)) :f( t x’(s)ds> ol () ds

T—1 T—1 T—1

for any 7, t € (a,b) with 7 # ¢.
Let t € (a,b) and t —a > € > 0, then by integrating (2.3) over 7 € [a,t — €] we
get

s [ [ (EEE)

Using Jensen’s integral inequality for the convex function f we get

(o [ ) < L [ ()

By using (2.4) and (2.5) we get

(26) (t—c—a)f <1 /GH ””(T)_f”(t)m)

t—e—a T—1
t—e T !
</ (ft fox(s)ds)dT
“Ja T—1
for t € (a,b) and t —a > e > 0.

Let ¢ € (a,b) and b — ¢ > ¢ > 0, then by integrating (2.3) over 7 € [t + ¢, b] we
obtain

(2.7) /tj f (W) dr < /ti (W) dr.

Using Jensen’s integral inequality for the convex function f we get

o s [ 222 [ ()

On utilising (2.7) and (2.8) we deduce

’ - b " foa'(s)ds
(2.9) (b—t—e)f<b_1_€/t+ m(Tj_t(’f))dTg/H (ff_t“d) ir

fort € (a,b) and b—¢ > e > 0.
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If we add the inequalities (2.6) and (2.9) we get

(2.10) (t—s—a)f( ! /at_amm_x(t)m)

t—e—a T—1

b —x
+(b—t—g)f<b_1_€/t+ x(Tj_t(t)>dT

tme (|7 foal(s)ds (] foa(s)ds
§/a (Tt )dT+/t+s (Tt )dT

for t € (a,b) and min {b —t,t —a} > e > 0.
By the convexity of f we also have

1 =8 x (1) — a (t) box(r)—x(t)
Z(b_a_%)f(b—a—%[/a Tt dT*/HET_tD

for t € (a,b) and min {b —¢,t —a} > > 0.
Therefore, by (2.10) and (2.11) we get

a(r)—z b x(r) -z
(2.12) (b—a—25)f<ba12€ V (T)t(t)dw/m(it(t)])

tme ([T foa!(s)ds b [T foa(s)ds
() (e,

_/t‘s (f;fox'(s)dsfatfox'(s)ds> 0

T—1

te T—1

for t € (a,b) and min {b —t,t —a} > > 0.
Taking the limit over € — 0+ in (2.12) we get

(2.13) f <b_1apv </b Wm))

<1pv/b<f;fox’(s)dsf;fo:c'(s)ds>dT,

“b—-a T—t

for ¢t € (a,b), which is an inequality of interest in itself.
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As for the mapping , 1 (¢t) =1, t € (a,b), we have

1 b1
(T1) (a,b;t) = =PV dr
us o T—1
1 e |
= — lim / dT+/ dr
me—=0+ |/, T—1 t4e T—1
1 b
= ;Ehrg [1H|T — |5+ In(7 — t)\H_J
1
:;Elir&[lne—ln(t—a)—l—ln(b—t)—lna]
1 b—t
zln( >, t € (a,b).
T t—a

Then, obviously, for g : (a,b) — R we have

(Tg) (a,b;t) = ipv/bg(T) —Tg£t>t+g(t)d7
o [ S L

from where we get the equality
_ b _
1) @k - (=) = tpv 2000,
™ - a

for all ¢ € (a,b).
Using the equality (2.14) we have

MR E——

and
b T fon! Y L
PV/ (faf ' (s)ds— [ f x(s)ds)dT
T—1
< </fom >) (a,b;t) /fo:c dsln<b 2)
and by (2.13) we get the desired result (2.1). O

We also have the reverse inequality:

Theorem 4. Let f : [a,b] — R be a convex function on [a,b] and x : [a,b] — R an
absolutely continuos function on [a,b] with 2’ (s) € [a,b] for almost every s € (a,b).
Then we have

219) o [ ([ row (9as) tin) - </f0x i) (L
- )]

gb_a[b—b_a(w( z) (a,bit) — 2 (1)1 (

LSO [bla (W(T@ (a,b;t) =@ () In (ta)) - ]

b—a
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for any t € (a,b).
In particular,

(2.16) bfaT </afox' (s) ds) <a,b;“2+b>

Proof. By the convexity of f we have

(2.17) f(a'(s))

b—a

b—1a'(s) ' (s)—a
T ) T g

f<<bx'<s>>a+<x'<s>a>b>

for almost every s € [a, b].

Let ¢, 7 € [a,b] with t # 7. Taking the integral mean
and isotonic functional, in the inequality (2.17), we get

(2.18) % /; (@' (s)) ds
1 T

<= [ 50 2 w6

T . . .
L which is a linear
T—t Jt ?

L (T AT _

:b T_tbij(S)de(a)+T_t tbx_(z)ds a )
p_ 2n)-z() sn)-a(t) _,

e @10

_ [f(a) z(r)—x@)] | f() [2(r)—=(t)

_b—a{b_ T—1 ]+b—a{ T—1 —a]

for any t, 7 € [a,b] with ¢ # 7.

Let t € (a,b) and t —a > € > 0, then by integrating (2.18) over 7 € [a,t — €] we
get

(2.19) /ta (f; (f:i/)t(s) ds) dr

S/aH(z{Eac)z [bx(:)-:;c(t)} +;‘£b()l [m(T)—x(t) aDdT

T—1

Oy [T 220,

L 10 UH L:f(t)dT - aT(t_—te - a)} :
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Let t € (a,b) and b —t > ¢ > 0, then by integrating (2.18) over 7 € [t +¢,b] we
obtain

(2.20) /ti (f; (fii/)t(s) ds) dr
< [ (7 b= P o)
_ gf“i [b(b—t—a)—/b x(Tj__f(t)dT‘|

t+e
b —x
[‘)fszt [/ 733(T) t(t)dT—a(b—t—E)].

t+e T =

For t € (a,b) and min {b —t,t — a} > ¢ > 0, we have by adding the inequalities
(2.19) and (2.20) that

pay [ (U [ (LT 0,

10 [y - o [Terzaw,

—a T—1

-0 [ 20250
(b)Ume 04 ot e—a)

T—1

+/b QC(T)_x(t)dT—a(b—t—E)].

IN
o

e T—1

If we take € — 0+ in (2.21), then we obtain

Pv/b (f[ (fjw’)t(s)ds) N

f(a) —z(t)
gb , b(t—a)+0b(b—1) PV/ Tth]
Pv/bx — dT—a(t—a)—a(b—t)l
_ f(a) Pa(r) -z ()
= |b(b—a) Pv/a — dT‘|
b (1) —x
Jrlffbi PV/a (7)__t(t)d7a(ba)],
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which produces the following inequality of interest

ft (foa')(s)ds
(2.22) PV/( — )dTSf(a)[b— — PV/ T_t T]

+f(b)[ 1 pv/bx(T)—fE(t)dTa],

b—a T—1

for any ¢ € (a,b).
Now, since

M R ——r

PV/b (fgfox’(s)dj:tfafox’(s)ds> 0

=7r(T</afox'(s)ds>)(a,b;t)—/atfox’(s)dsln<f:;),
hence by (2.22) we get
77<T (Lfox’(s)ds))(a,b;t)—/(Itfom’(s)dsln(f:Ci)
< fla ){b—b1 <7T(TSL‘) (a,b:t) — () In (f‘é))]
) [b_la <7r (Tz) (a,b:1) — 2 () In (f:;)) —a} ,

which proves (2.15). O

and

3. EXAMPLES

If we consider the function expt = e, t € (a,b) a real interval, then

(3.1) (esp) (a.:0) = 2O 5,0 1) (0 1),

where F; is defined by

E; (z) :PV/ exi(s)d , zeR
Indeed, we have
bt exp exp T — t
E,(b—t)—FE;(a—t)= PV/ PV/ ;
F—
ety (Texp) (0,550

and the equality (3.1) is proved.
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Let f : (a,b) — R be a convex function on (a,b). Then we have by (2.1) and

If we take f : R — R, f (z) = exp (az), o # 0, then for an absolutely continuous
function x : [a, ]CR—>]RW hv from (2.1) and (2.15) that

o (725 [0 @t -2 0m (3=7)])
b_a [WT (/e b (' (S))d)( bt) — </atexp(ax’(s))ds> In (f:;)}
< ZXEZ {b bia (w(Ta:) (a,b;t) —x (t)In (f:;))]

48 . — (7 (T2) (a,; —
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