
INEQUALITIES FOR THE FINITE HILBERT TRANSFORM OF
A PRODUCT OF TWO FUNCTIONS

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we establish some new inequalities for the �nite
Hilbert transform of a product of two complex valued functions. Applications
for some particular functions of interest are provided as well.

1. Introduction

Allover this paper, we consider the �nite Hilbert transform on the open interval
(a; b) de�ned by

(Tf) (a; b; t) :=
1

�
PV

Z b

a

f (�)

� � td� := lim
"!0+

"Z t�"

a

+

Z b

t+"

#
f (�)

� (� � t)d�

for t 2 (a; b) and for various classes of functions f for which the above Cauchy
Principal Value integral exists, see [15, Section 3.2] or [19, Lemma II.1.1].
For several recent papers devoted to inequalities for the �nite Hilbert transform

(Tf), see [2]-[11], [16]-[18] and [20]-[21].
We say that the function g : (a; b) ! C is L-r-Hölder continuous, or, of L-r-

Hölder type, where L > 0; r 2 (0; 1] if

jf (t)� f (s)j � L jt� sjr for any t; s 2 (a; b) :

If r = 1; we call it Lipschitzian on (a; b) :
The following result holds.

Theorem 1 (Dragomir, 2003, [10]). Assume that f is of L1-r1-Hölder type and g
is of L2-r2-Hölder type on (a; b) ; where L1; L2 > 0; r1; r2 2 (0; 1]: Then we have
the inequality:

(1.1)

����T (fg) (a; b; t)� f (t)T (g) (a; b; t)
� g (t)T (f) (a; b; t) +

1

�
f (t) g (t) ln

�
b� t
t� a

�����
� L1L2
� (r1 + r2)

h
(b� t)r1+r2 + (t� a)r1+r2

i
� 2L1L2 (b� a)r1+r2

� (r1 + r2)

for any t 2 (a; b) :
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In particular,

(1.2)

����T (fg)�a; b; a+ b2
�
� f

�
a+ b

2

�
T (g)

�
a; b;

a+ b

2

�
� g

�
a+ b

2

�
T (f)

�
a; b;

a+ b

2

����� � L1L2 (b� a)r1+r2

�2r1+r2�1 (r1 + r2)
:

The following corollary also holds.

Corollary 1. If f and g are Lipschitzian with the constants K1 and K2; then we
have the inequality

(1.3)

����T (fg) (a; b; t)� f (t)T (g) (a; b; t)
�g (t)T (f) (a; b; t) + 1

�
f (t) g (t) ln

�
b� t
t� a

�����
� K1K2

�

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
� K1K2

2�
(b� a)2

for any t 2 (a; b) :
In particular, for t = a+b

2 ; we have

(1.4)

����T (fg)�a; b; a+ b2
�
� f

�
a+ b

2

�
T (g)

�
a; b;

a+ b

2

�
�g
�
a+ b

2

�
T (f)

�
a; b;

a+ b

2

����� � K1K2

4�
(b� a)2 :

Motivated by the above results, in this paper we establish some new inequali-
ties for the �nite Hilbert transform of a product of two complex valued functions.
Applications for some particular functions of interest are provided as well.

2. Main Results

For a function f : (a; b)! C we de�ne the divided di¤erence

[f ; t; s] :=
f (t)� f (s)

t� s for t; s 2 (a; b) ; t 6= s:

Now, for 
; � 2 C and (a; b) an interval of real numbers, de�ne the sets of
complex-valued functions

(2.1) �U(a;b);d (
;�) :=
n
f : (a; b)! C jRe

h
(�� [f ; t; s])

�
[f ; t; s]� 


�i
� 0;

for all t; s 2 (a; b) ; t 6= s
o

and

(2.2) ��(a;b);d (
;�) :=

�
f : (a; b)! Cj

����[f ; t; s]� 
 + �

2

���� � 1

2
j�� 
j

for all t; s 2 (a; b) ; t 6= s
o
:

The following representation result may be stated.
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Proposition 1. For any 
; � 2 C, 
 6= �; we have that �U(a;b);d (
;�) and ��(a;b);d (
;�)
are nonempty, convex and closed sets and

(2.3) �U(a;b);d (
;�) = ��(a;b);d (
;�) :

Proof. We observe that for any z 2 C we have the equivalence����z � 
 + �

2

���� � 1

2
j�� 
j

if and only if

Re [(�� z) (�z � �
)] � 0:

This follows by the equality

1

4
j�� 
j2 �

����z � 
 + �

2

����2 = Re [(�� z) (�z � �
)]
that holds for any z 2 C.
The equality (2.3) is thus a simple consequence of this fact. �

On making use of the complex numbers �eld properties we can also state that:

Corollary 2. For any 
; � 2 C, 
 6= �;we have that

(2.4) �U(a;b);d (
;�) = ff : (a; b)! C j (Re�� Re [f ; t; s]) (Re [f ; t; s]� Re 
)
+ (Im�� Im [f ; t; s]) (Im [f ; t; s]� Im 
) � 0 for all t; s 2 (a; b) ; t 6= sg :

Now, if we assume that Re (�) � Re (
) and Im (�) � Im (
) ; then we can de�ne
the following set of functions as well:

(2.5) �S(a;b);d (
;�) := ff : (a; b)! C j Re (�) � Re [f ; t; s] � Re (
)
and Im (�) � Im [f ; t; s] � Im (
) for all t; s 2 (a; b) ; t 6= sg :

One can easily observe that �S(a;b) (
;�) is closed, convex and

(2.6) ; 6= �S(a;b);d (
;�) � �U(a;b);d (
;�) :

The following result holds:

Theorem 2. Assume that f : (a; b) ! C belongs to ��(a;b);d (
;�) for some 
;
� 2 C, 
 6= � and g : (a; b) ! C is of H-r-Hölder type, where H > 0; r 2 (0; 1]:
Then we have the inequality

(2.7)

����T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)
+
f (t) g (t)

�
ln

�
b� t
t� a

�
� 1

�


 + �

2

 Z b

a

g (�) d� � g (t) (b� a)
!�����

� 1

2 (r + 1)�
j�� 
jH

h
(b� t)r+1 + (t� a)r+1

i
for all t 2 (a; b) :
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In particular, for r = 1 and Lipschitzian constant L, we get

(2.8)

����T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)
+
f (t) g (t)

�
ln

�
b� t
t� a

�
� 1

�


 + �

2

 Z b

a

g (�) d� � g (t) (b� a)
!�����

� 1

2�
j�� 
jL

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
for all t 2 (a; b) :
Proof. Since f 2 ��(a;b);d (
;�) it follows that����f (t)� f (s)� 
 + �

2
(t� s)

���� � 1

2
j�� 
j jt� sj

for any t; s 2 (a; b) :
By the continuity of the modulus property, we have

jf (t)� f (s)j �
����
 + �2

���� jt� sj � ����f (t)� f (s)� 
 + �

2
(t� s)

���� � 1

2
j�� 
j jt� sj ;

for any t; s 2 (a; b) ; which implies that

jf (t)� f (s)j � 1

2
(j
 + �j+ j�� 
j) jt� sj

for any t; s 2 (a; b) ; showing that f is also Lipschitzian on (a; b) :
Since g is also ofH-r-Hölder type, hence it follows that T (fg) (a; b; t) ; T (g) (a; b; t)

and T (f) (a; b; t) exist for all t 2 (a; b), see [15, Section 3.2] or [19, Lemma II.1.1].
Now, for any t; � 2 (a; b) ; we may write that
(f (�)� f (t)) (g (�)� g (t)) = f (�) g (�) + f (t) g (t)� f (t) g (�)� f (�) g (t)

giving

f (�) g (�)

� � t = f (t) � g (�)
� � t + g (t) �

f (�)

� � t �
f (t) g (t)

� � t

+
(f (�)� f (t)) (g (�)� g (t))

� � t
for any t; � 2 (a; b) ; t 6= � :
Consequently,

T (fg) (a; b; t)(2.9)

=
1

�
PV

Z b

a

f (�) g (�)

� � t d�

=
1

�
f (t)PV

Z b

a

g (�)

� � td� + g (t)
1

�
PV

Z b

a

f (�)

� � td�

� 1

�
f (t) g (t)PV

Z b

a

d�

� � t +
1

�
PV

Z b

a

(f (�)� f (t)) (g (�)� g (t))
� � t d�

= f (t)T (g) (a; b; t) + g (t)T (f) (a; b; t)

� f (t) g (t)

�
ln

�
b� t
t� a

�
+
1

�
PV

Z b

a

(f (�)� f (t)) (g (�)� g (t))
� � t d�
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for any t 2 (a; b) :
For any � 2 C we then have

1

�
PV

Z b

a

�
f (�)� f (t)

� � t � �
�
(g (�)� g (t)) d�(2.10)

=
1

�
PV

Z b

a

�
f (�)� f (t)

� � t

�
(g (�)� g (t)) d�

� 1

�
�PV

Z b

a

(g (�)� g (t)) d�

=
1

�
PV

Z b

a

�
f (�)� f (t)

� � t

�
(g (�)� g (t)) d�

� 1

�
�

 Z b

a

g (�) d� � g (t) (b� a)
!

for any t 2 (a; b) :
From (2.9) and (2.10) we get the following equality of interest

T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)(2.11)

+
f (t) g (t)

�
ln

�
b� t
t� a

�
� 1

�
�

 Z b

a

g (�) d� � g (t) (b� a)
!

=
1

�
PV

Z b

a

�
f (�)� f (t)

� � t � �
�
(g (�)� g (t)) d�

for any t 2 (a; b) and � 2 C.
The following property of the Cauchy-Principal Value follows by the properties

of integral, modulus and limit,

(2.12)

�����PV
Z b

a

A (t; s) ds

����� � PV

Z b

a

jA (t; s)j ds;

assuming that the PV s involved exist for all t 2 (a; b).
By making use of the identity (2.11) for � = 
+�

2 and taking into account that
f 2 ��(a;b);d (
;�) we have����T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)

+
f (t) g (t)

�
ln

�
b� t
t� a

�
� 1

�


 + �

2

 Z b

a

g (�) d� � g (t) (b� a)
!�����

=
1

�

�����PV
Z b

a

�
f (�)� f (t)

� � t � 
 + �

2

�
(g (�)� g (t)) d�

�����
� 1

�
PV

Z b

a

�����f (�)� f (t)� � t � 
 + �

2

�
(g (�)� g (t))

���� d�
� 1

2�
j�� 
j

Z b

a

jg (�)� g (t)j d� � 1

2�
j�� 
jH

Z b

a

j� � tjr d�

=
1

2 (r + 1)�
j�� 
jH

h
(b� t)r+1 + (t� a)r+1

i
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for any t 2 (a; b) ; which proves (2.7). �

Corollary 3. Let f : [a; b]! R andm <M such that f�me,Me�f are monotonic
nondecreasing, and g : (a; b) ! C is of H-r-Hölder type, where H > 0; r 2 (0; 1]:
Then

(2.13)

����T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)
+
f (t) g (t)

�
ln

�
b� t
t� a

�
� 1

�

m+M

2

 Z b

a

g (�) d� � g (t) (b� a)
!�����

� 1

2 (r + 1)�
(M �m)L

h
(b� t)r+1 + (t� a)r+1

i
for any t 2 (a; b) and for r = 1 and H = L

(2.14)

����T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)
+
f (t) g (t)

�
ln

�
b� t
t� a

�
� 1

�

m+M

2

 Z b

a

g (�) d� � g (t) (b� a)
!�����

� 1

2�
(M �m)L

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
for any t 2 (a; b) :

Remark 1. The best inequalities we can get from (2.7) and (2.8) are obtained for
t = a+b

2 and are as follows

(2.15)

����T (fg)�a; b; a+ b2
�
� f (t)T (g)

�
a; b;

a+ b

2

�
� g (t)T (f)

�
a; b;

a+ b

2

�
� 1
�


 + �

2

 Z b

a

g (�) d� � g
�
a+ b

2

�
(b� a)

!�����
� 1

2r+1 (r + 1)�
j�� 
jH (b� a)r+1

(2.16)

����T (fg)�a; b; a+ b2
�
� f (t)T (g)

�
a; b;

a+ b

2

�
� g (t)T (f)

�
a; b;

a+ b

2

�
� 1
�


 + �

2

 Z b

a

g (�) d� � g
�
a+ b

2

�
(b� a)

!����� � 1

8�
j�� 
jL (b� a)2 :

Remark 2. If the function f is di¤erentiable on (a; b) the condition that f �me,
Me�f are monotonic nondecreasing is equivalent with the following more practical
condition

(2.17) m � f 0 (t) �M for all t 2 (a; b) :

Now, for ';� 2 C and [a; b] an interval of real numbers, de�ne the sets of
complex-valued functions

�U[a;b] (';�) :=
n
g : [a; b]! CjRe

h
(�� g (t))

�
g (t)� '

�i
� 0 for each t 2 [a; b]

o
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and

��[a;b] (';�) :=

�
g : [a; b]! Cj

����g (t)� '+�

2

���� � 1

2
j�� 'j for each t 2 [a; b]

�
:

The following representation result may be stated.

Proposition 2. For any ';� 2 C, ' 6= �; we have that �U[a;b] (';�) and ��[a;b] (';�)
are nonempty, convex and closed sets and

(2.18) �U[a;b] (';�) = ��[a;b] (';�) :

The proof is as in Proposition 1.

Corollary 4. For any ';� 2 C, ' 6= �;we have that
�U[a;b] (';�) = fg : [a; b]! C j (Re�� Re g (t)) (Re g (t)� Re')(2.19)

+(Im�� Im g (t)) (Im g (t)� Im') � 0 for each t 2 [a; b]g :

Now, if we assume that Re (�) � Re (') and Im (�) � Im (') ; then we can
de�ne the following set of functions as well:

�S[a;b] (';�) := fg : [a; b]! C j Re (�) � Re g (t) � Re (')(2.20)

and Im (�) � Im g (t) � Im (') for each t 2 [a; b]g :
One can easily observe that �S[a;b] (';�) is closed, convex and

(2.21) ; 6= �S[a;b] (';�) � �U[a;b] (';�) :

We use the following Grüss type inequality for complex valued functions:

Lemma 1 (Dragomir, 1999 [6]). Assume that f; g : [a; b] ! C are integrable
and there exist '; �;  ; 	 2 C, ' 6= �;  6= 	 such that f 2 ��[a;b] (';�) and
g 2 ��[a;b] ( ;	) ; then

(2.22)

����� 1

b� a

Z b

a

f (x) g (x) dx� 1

b� a

Z b

a

f (x) dx
1

b� a

Z b

a

g (x) dx

�����
� 1

4
j�� 'j j	�  j :

The constant 14 is best possible in (2.22).

Theorem 3. Assume that the functions f; g : (a; b) ! C are di¤erentiable on
(a; b) and the derivatives f 0; g0 satisfy the conditions that f 0 2 ��(a;b) (';�) and
g0 2 ��(a;b) ( ;	) for some complex constants ';�;  ;	with ' 6= �;  6= 	: Then����T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)(2.23)

+
f (t) g (t)

�
ln

�
b� t
t� a

�
� 1
�

"Z b

t

(b� �) f 0 (�) g0 (�) d� �
Z t

a

(� � a) f 0 (�) g0 (�) d�
#�����

� 1

4�
j�� 'j j	�  j

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
for all t 2 (a; b) :
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In particular, we have����T (fg)�a; b; a+ b2
�
� f

�
a+ b

2

�
T (g)

�
a; b;

a+ b

2

�
(2.24)

� g
�
a+ b

2

�
T (f)

�
a; b;

a+ b

2

�
� 1
�

"Z b

a+b
2

(b� �) f 0 (�) g0 (�) d� �
Z a+b

2

a

(� � a) f 0 (�) g0 (�) d�
#�����

� 1

16�
j�� 'j j	�  j (b� a)2 :

Proof. Observe that

(2.25)
1

�
PV

Z b

a

�
(f (�)� f (t)) (g (�)� g (t))

� � t �
Z �

t

f 0 (s) g0 (s) ds

�
d�

=
1

�
PV

Z b

a

(f (�)� f (t)) (g (�)� g (t))
� � t d�

� 1

�
PV

Z b

a

�Z �

t

f 0 (s) g0 (s) ds

�
d�

for all t 2 (a; b) :
From (2.9) we have

1

�
PV

Z b

a

(f (�)� f (t)) (g (�)� g (t))
� � t d�

= T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)

+
f (t) g (t)

�
ln

�
b� t
t� a

�
and by using the integration by parts, we get

1

�
PV

Z b

a

�Z �

t

f 0 (s) g0 (s) ds

�
d�

=
1

�

Z b

a

�Z �

t

f 0 (s) g0 (s) ds

�
d�

=
1

�

"�Z �

t

f 0 (s) g0 (s) ds

�
�

����b
a

�
Z b

a

�f 0 (�) g0 (�) d�

#

=
1

�

" Z b

t

f 0 (s) g0 (s) ds

!
b�

�Z a

t

f 0 (s) g0 (s) ds

�
a�

Z b

a

�f 0 (�) g0 (�) d�

#

=
1

�

"Z b

t

f 0 (s) g0 (s) ds+ a

Z t

a

f 0 (s) g0 (s) ds

�
Z t

a

�f 0 (�) g0 (�) d� �
Z b

t

�f 0 (�) g0 (�) d�

#

=
1

�

"Z b

t

(b� �) f 0 (�) g0 (�) d� �
Z t

a

(� � a) f 0 (�) g0 (�) d�
#
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for all t 2 (a; b) :
By (2.25) we then have the following identity of interest

1

�
PV

Z b

a

�
(f (�)� f (t)) (g (�)� g (t))

� � t �
Z �

t

f 0 (s) g0 (s) ds

�
d�(2.26)

= T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)

+
f (t) g (t)

�
ln

�
b� t
t� a

�
� 1

�

"Z b

t

(b� �) f 0 (�) g0 (�) d� �
Z t

a

(� � a) f 0 (�) g0 (�) d�
#

for all t 2 (a; b) :
By taking the modulus in (2.26) and using the property (2.12), we have����T (fg) (a; b; t)� f (t)T (g) (a; b; t)� g (t)T (f) (a; b; t)(2.27)

+
f (t) g (t)

�
ln

�
b� t
t� a

�
� 1
�

"Z b

t

(b� �) f 0 (�) g0 (�) d� �
Z t

a

(� � a) f 0 (�) g0 (�) d�
#�����

� 1

�
PV

Z b

a

���� (f (�)� f (t)) (g (�)� g (t))� � t �
Z �

t

f 0 (s) g0 (s) ds

���� d�
for all t 2 (a; b) :
Using the inequality (2.22) for the derivatives f 0 and g0 we get���� (f (�)� f (t)) (g (�)� g (t))� � t �

Z �

t

f 0 (s) g0 (s) ds

����
=

�����
R �
t
f 0 (s) ds

R �
t
g0 (s) ds

� � t �
Z �

t

f 0 (s) g0 (s) ds

����� � 1

4
j�� 'j j	�  j j� � tj

for all t; � 2 (a; b) with t 6= � :
Therefore

1

�
PV

Z b

a

���� (f (�)� f (t)) (g (�)� g (t))� � t �
Z �

t

f 0 (s) g0 (s) ds

���� d�(2.28)

� 1

�
PV

Z b

a

1

4
j�� 'j j	�  j j� � tj d�

=
1

4�
j�� 'j j	�  jPV

Z b

a

j� � tj d�

=
1

4�
j�� 'j j	�  j

Z b

a

j� � tj d�

=
1

4�
j�� 'j j	�  j (b� t)

2
+ (t� a)2

2

=
1

4�
j�� 'j j	�  j

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
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for all t 2 (a; b) :
On making use of (2.27) and (2.28) we get the desired result (2.23). �

3. An Example

Consider the identity function ` (t) = t; t 2 R and (a; b) a �nite interval. Then

T (`) (a; b; t) =
1

�
PV

Z b

a

�

� � td� =
1

�
PV

Z b

a

� � t+ t
� � t d�(3.1)

=
1

�

Z b

a

d� +
t

�
PV

Z b

a

d�

� � t

=
1

�
(b� a) + t

�
ln

�
b� t
t� a

�
for t 2 (a; b) :
We observe that ` is Lipschitzian with the constant L = 1:
Assume that f : (a; b) ! C belongs to ��(a;b);d (
;�) for some 
; � 2 C, 
 6= �;

then by the inequality (2.8) for g = ` we have����T (`f) (a; b; t)� f (t)T (`) (a; b; t)� tT (f) (a; b; t)
+
tf (t)

�
ln

�
b� t
t� a

�
� 1

�


 + �

2

 Z b

a

�d� � t (b� a)
!�����

� 1

2�
j�� 
j

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
;

namely����T (`f) (a; b; t)� f (t) � 1� (b� a) + t

�
ln

�
b� t
t� a

��
� tT (f) (a; b; t)

+
tf (t)

�
ln

�
b� t
t� a

�
� 1

�


 + �

2

�
b2 � a2
2

� t (b� a)
�����

� 1

2�
j�� 
j

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
;

which is equivalent to

(3.2)

����T (`f) (a; b; t)� 1

�
f (t) (b� a)� tT (f) (a; b; t)

� 1
�


 + �

2
(b� a)

�
a+ b

2
� t
�����

� 1

2�
j�� 
j

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
;

for t 2 (a; b) :
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In particular, we have

(3.3)

����T (`f)�a; b; a+ b2
�
� 1

�
f

�
a+ b

2

�
(b� a)

�a+ b
2

T (f)

�
a; b;

a+ b

2

����� � 1

8�
j�� 
j (b� a)2 :

If we consider the function f (t) = et, t 2 (a; b) a real interval, then

(3.4) (Tf) (a; b; t) =
exp (t)

�
[Ei (b� t)� Ei (a� t)] ;

where Ei is de�ned by

Ei (x) := PV

Z x

�1

exp (s)

s
ds; x 2 R:

Indeed, we have

Ei (b� t)� Ei (a� t) = PV

Z b�t

a�t

exp (s)

s
ds = PV

Z b

a

exp (� � t)
� � t ds

= exp (�t)� (T exp) (a; b; t)
and the equality (3.4) is proved.
We have that f 0 (t) = et, t 2 (a; b) ; which shows that m � exp (a) � f 0 (t) �

exp (b) =M for t 2 (a; b) : Then by (3.2) for � =M = exp (b) and 
 = m = exp (a)
we get

(3.5)

����T (` exp) (a; b; t)� 1

�
et (b� a)� t exp (t)

�
[Ei (b� t)� Ei (a� t)]

� 1
�

exp (a) + exp (b)

2
(b� a)

�
a+ b

2
� t
�����

� 1

2�
[exp (b)� exp (a)]

"
1

4
(b� a)2 +

�
t� a+ b

2

�2#
;

for t 2 (a; b) :
In particular,

(3.6)

����T (` exp)�a; b; a+ b2
�
� 1

�
e
a+b
2 (b� a)

�
a+b
2 exp

�
a+b
2

�
�

�
Ei

�
b� a
2

�
� Ei

�
�b� a

2

�������
� 1

8�
[exp (b)� exp (a)] (b� a)2 :

References

[1] N. M. Dragomir, S. S. Dragomir and P. M. Farrell, Some inequalities for the �nite Hilbert
transform. Inequality Theory and Applications. Vol. I, 113�122, Nova Sci. Publ., Huntington,
NY, 2001.

[2] N. M. Dragomir, S. S. Dragomir and P. M. Farrell, Approximating the �nite Hilbert transform
via trapezoid type inequalities. Comput. Math. Appl. 43 (2002), no. 10-11, 1359�1369.

[3] N. M. Dragomir, S. S. Dragomir, P. M. Farrell and G. W. Baxter, On some new estimates of
the �nite Hilbert transform. Libertas Math. 22 (2002), 65�75.



12 S. S. DRAGOMIR

[4] N. M. Dragomir, S. S. Dragomir and P. M. Farrell and G. W. Baxter, A quadrature rule
for the �nite Hilbert transform via trapezoid type inequalities. J. Appl. Math. Comput. 13
(2003),no. 1-2, 67�84.

[5] N. M. Dragomir, S. S. Dragomir and P. M. Farrell P. M.; Baxter, G. W. A quadrature
rule for the �nite Hilbert transform via midpoint type inequalities. Fixed point theory and
applications. Vol. 5, 11�22, Nova Sci. Publ., Hauppauge, NY, 2004.

[6] S. S. Dragomir, A generalization of Grüss�s inequality in inner product spaces and applica-
tions. J. Math. Anal. Appl. 237 (1999), no. 1, 74�82.

[7] S. S. Dragomir, Inequalities for the Hilbert transform of functions whose derivatives are
convex. J. Korean Math. Soc. 39 (2002), no. 5, 709�729.

[8] S. S. Dragomir, Approximating the �nite Hilbert transform via an Ostrowski type inequality
for functions of bounded variation. J. Inequal. Pure Appl. Math. 3 (2002), no. 4, Article 51,
19 pp

[9] S. S. Dragomir, Approximating the �nite Hilbert transform via Ostrowski type inequalities
for absolutely continuous functions. Bull. Korean Math. Soc. 39 (2002), no. 4, 543�559.

[10] S. S. Dragomir, Some inequalities for the �nite Hilbert transform of a product. Commun.
Korean Math. Soc. 18 (2003), no. 1, 39�57.

[11] S. S. Dragomir, Sharp error bounds of a quadrature rule with one multiple node for the �nite
Hilbert transform in some classes of continuous di¤erentiable functions. Taiwanese J. Math.
9 (2005), no. 1, 95�109.

[12] S. S. Dragomir, Inequalities and approximations for the Finite Hilbert transform: a sur-
vey of recent results, Preprint RGMIA Res. Rep. Coll. 21 (2018), Art. 30, 90 pp. [Online
http://rgmia.org/papers/v21/v21a30.pdf].

[13] S. S. Dragomir, Inequalities for the �nite Hilbert transform of convex functions, Preprint
RGMIA Res. Rep. Coll. 21 (2018), Art. .

[14] S. S. Dragomir, Inequalities for the �nite Hilbert transform of functions with bounded divided
di¤erences, Preprint RGMIA Res. Rep. Coll. 21 (2018), Art. .

[15] F. D. Gakhov, Boundary Value Problems (English translation), Pergamon Press, Oxford,
1966.

[16] W. Liu and X. Gao, Approximating the �nite Hilbert transform via a companion of Os-
trowski�s inequality for function of bounded variation and applications. Appl. Math. Comput.
247 (2014), 373�385.

[17] W. Liu, X. Gao and Y. Wen, Approximating the �nite Hilberttransform via some companions
of Ostrowski�s inequalities. Bull. Malays. Math. Sci. Soc. 39 (2016),no. 4, 1499�1513.

[18] W. Liu and N. Lu, Approximating the �nite Hilbert transform via Simpson type inequalities
and applications. Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys. 77 (2015),no.
3, 107�122.

[19] S. G. Mikhlin and S. Prössdorf, Singular Integral Operators (English translation), Springer
Verlag, Berlin, 1986.

[20] S. Wang, X. Gao and N. Lu, A quadrature formula in approximating the �nite Hilbert
transform via perturbed trapezoid type inequalities. J. Comput. Anal. Appl. 22 (2017),no.
2, 239�246.

[21] S. Wang, N. Lu and X. Gao, A quadrature rule for the �nite Hilberttransform via Simpson
type inequalities and applications. J. Comput. Anal. Appl. 22 (2017), no. 2, 229�238.

1Mathematics, College of Engineering & Science, Victoria University, PO Box 14428,
Melbourne City, MC 8001, Australia.

E-mail address : sever.dragomir@vu.edu.au
URL: http://rgmia.org/dragomir

2DST-NRF Centre of Excellence in the Mathematical, and Statistical Sciences,
School of Computer Science, & Applied Mathematics, University of the Witwater-
srand,, Private Bag 3, Johannesburg 2050, South Africa




