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WEIGHTED INEQUALITIES OF TRAPEZOID TYPE FOR
ABSOLUTELY CONTINUOUS FUNCTIONS AND
APPLICATIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some upper bounds for the quantity

b
(g(w)—g(a))f(a)+(g(b)—g(w))f(b)—/ F®) g ()t

under the assumptions that g : [a,b] — [g(a),g(b)] is a continuous strictly
increasing function that is differentiable on (a,b) and f : [a,b] — C is an
absolutely continuous function on [a,b]. When g is an integral, namely g (z) =
J7w(s)ds, where w : [a,b] — (0, 00) is continuous on [a, b], then some weighted
inequalities that generalize the Trapezoid inequality are provided. Applica-
tions for continuous probability density functions supported on finite and in-
finite intervals with two examples are also given.

1. INTRODUCTION
The following trapezoid type inequality holds [4].
Theorem 1. Let f : [a,b] — C be an L-Lipschitzian mapping on [a,b]. Then we

have the inequality

b
(L.1) / f#)di =[x —a) f(a) + (b— =) f(b)]

< [i(b—a)2+<x—a;—b>2

for all x € [a,b]. The constant § is the best in (1.1).

L

If we choose z = %2, then we have [9]

b
/ f(t)dt—w(b—a)

which is the “trapezoid inequality”. Note that the trapezoid inequality (1.2) is,
in a sense, the best possible inequality we can obtain from (1.1). In addition, the
constant i is the best possible one, providing the sharpest bound in the class.

(b - (1)2 L7

1
(1.2) <1

Corollary 1. Assume that f : [a,b] — C is absolutely continuous with [’ €
Lo [a,b], namely f' is essentially bounded, and put ||f'[|,, = essupyec(qp [f' (t)] <
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00. Then we have the inequality

b
(1.3) / F ) dt—[(z—a) f () + (b—2) f (B)]

i(ba)2+<xa+b>

for all x € [a,b]. The constant % is best in (1.3).
In particular, we have

/f g OO

The following trapezoid type integral inequality for mappings of bounded varia-
tion holds [8], [12] and [3]:

<

1£1l

1 2 ,
(1.4) <7 0=a) 1f s

Theorem 2. Let f: [a,b] — R be a mapping of bounded variation.
We then have the inequality:

(1.5) t)dt —[(x —a) f(a) + (b— ) f (b)]

b
holding for all x € [a,b], where \/ (f) denotes the total variation of f on the interval

[a,b] .
The constant % 18 the best possible one.

If we choose z = %Ft, then we get [11]:

/f pa LOTI0)

which is the ”trapezoid” inequality. Note that the trapezoid inequality (1.6) is in
a sense the best possible inequality we can get from (1.5). Also, the constant % is
the best possible.

If w : [a,b] — R is continuous and positive on the interval [a, b] , then the function
W :[a,b] = [0,00), W (z) := ["w(s)ds is strictly increasing and differentiable on
(a,b). We have W' (z) = w (z) for any = € (a,b).

In 2004 Tseng et al. [24] proved a weighted trapezoid inequality, which essentially
can be written as

b

| <5b-a)\ ()

a

(1.6)

(1.7)

for any x € [a,b].
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For related result concerning the Trapezoid inequality, see [1]-[2], [5]-[7] and
9)-[23].

Motivated by the above results, in this paper we establish some upper bounds
for the quantity

b
(9 () —g(a)) f(a) + (g (b) =g (x)) f () —/ ft)g

under the assumptions that g : [a,b] — [g(a),g (D)] is a continuous strictly in-
creasing function that is differentiable on (a,b) and f : [a,b] — C is an absolutely
continuous function on [a,b]. When g is an integral, namely g (z) = wa (s)ds,
where w : [a,b] — (0,00) is continuous on [a,b], then some weighted inequalities
that generalize the Trapezoid inequality are provided. Applications for continuous
probability density functions supported on finite and infinite intervals with two
examples are also given.

2. THE MAIN RESULTS
We need the following result:

Lemma 1. Let h : [¢,d] — C be an absolutely continuous function on [c,d] whose
derivative h' € Lo [c,d]. Then

(z=ch(c)+(d—2)h(d) 1 C/dh(t)dt

(2.1)

d—c d—
1 , z—c\’ , d—z\"
gzhhm%w(mw)+nhmMM(wﬂ) (@0
s otd \ 2
Wl |5+ (F2) | @05
. . 17, (28 \28]F
<L ] () (2) ] o,

where a > 1, i‘l’%:l;

c+d
z2— 5%
d—c

I e+ W] [3 2] @0

for all z € [c,d], where |||,  denotes the usual sup-norm on Lo [m,n], i.e.,
we recall that

19000 = 5508 l9 ()] < o

€[m,n]

Proof. Let z € (¢,d) . Using the integration by parts formula we have,

(2.2) /z(t—z)h’()dt—i—/ (= 2) I (8) dt

=(z—c¢) /h t)ydt+ (d — 2) /h

=(z—c)h(c)+(d —z)h(d)f/ R (t) dt.

c
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Taking the modulus and using the triangle inequality we have

d
(zfc)h(c)+(dfz)h(d)f/ h(t)dt

<

d
/ (t—2)h (t)dt

/:(tz)h'(t)dt‘+

z d
S/ (zft)|h'(t)|dt+/ (t—2) | (t)|dt

<5 [mw]

rstoo (2= 7 I N g0 (4= 2)°]

for all z € [¢,d], and the first inequality in (2.1) is proved.
Now, let us observe that

||h/||[c,z],oo (Z - C>2 + ||h/| [2,d],00 (d - 2)2

< max {12y 0 10 o0 } | (2= % + (d = 2)7]

1 2 C+d 2
=nmxﬂmwm%mﬁmw@@m}[2w—c>+2(z— )
+

= (= &) max {10l 2y s 1 N }

c 2
L, ;ﬂ

= ([d =) Wl o0 | 5 +

2 (o)
and the first part of the second inequality in (2.1) is proved.

For the second inequality, we employ the elementary inequality for real numbers
which can be derived from Holder’s discrete inequality

(2.3) Ogms—l—ntg(ma—kna)éx(sz—l—tﬂ)E,

provided that m, s, n,t > 0, a > 1 and é + % =1.
Using (2.3), we obtain

||h‘/ |[c,z],oo (Z - C)2 + ||h/||[z,d],oo (d - 2)2

. (||h’\ [agz]’oo N HhI”([);,d],oo)% [(z — 0% 4 (d— z)zﬁ} 5

and the second part of the second inequality in (2.1) is also obtained.
Finally, we observe that

2 2
||hIH[c,z],oo (Z - C) + ||hl||[z,d},oo (d - Z)
2 2
<max {(2 =), (d = )} [IF]02700 + 171 ]

d—c c+d|]?
o ot | N R T

2
and the last part of the second inequality in (2.1) is proved. O

The following corollary is also natural.
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Corollary 2. Under the above assumptions, we have the trapezoid inequality

h(c) + h(d) 1 /d
2.4 - h(t) dt
(24) 2 d—c |/, ®)
1 I /
< 5 (@= ) [I1 [0 ] o0 + 11l ] o
1d= )Wl g),00
< o o G
S\ o @) [V gy e+ I g ]
where a > 1, é—l—%:l.
‘We have:

Theorem 3. Let g : [a,b] — [g(a),g(b)] be a continuous strictly increasing func-
tion that is differentiable on (a,b). If f : [a,b] — C is absolutely continuous on [a, b]

and g—: is essentially bounded, namely ﬁ—: € Lo [a,b], then we have
(9(z) —g(a)) f(a)+(g(b) —g(z)) f(b) 1 ’ /
25 4 —g(a) S—a@ J, 105 O
| 9@ -g@\* | g(0) —g(x)\ e
<3 U d (So=sa) *| . (S=sia) ] (9(0) =g (@)

!
%

L [ gw)— e \ 2
[a,b],00 R OO (g9(b) —g(a));
s

g’ ‘ [a:,b]7oo:|
28 2815
o(x)—g(a) o()—g(x) B
X[(g(b)g(a)) +(g(b),g(a)> } (9(b) —g(a)),
+

where a > 1,

r

g/

la,z],00

IN

HI 2,
2 9 la,z],00 9 [m,Qb],oo
2)— 2@ +9(b)
X [; + | g)(b)—g(Qa)* } (9(b) = g(a))

for all x € [a,b].

Proof. Assume that [¢,d] C [a,b].If f : [¢,d] — C is absolutely continuous on [c,d] ,
then fog™t :[g(c),g(d)] — C is absolutely continuous on [g (c), g (d)] and using
the chain rule and the derivative of inverse functions we have

(2.6) (fog™) ()= (fog™)(2)(¢7) (2) = W

for almost every (a.e.) z € [g(c),g (d)].
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If x € [¢,d], then by taking z = g (z), we get

Therefore, since f}—,l € L [c, d], hence (f o gfl)/ € Lolg(c),g(d)].

1

Now, if we use the inequality (2.1) for the function h = f o g~* on the interval

[g(a),g(b)], then we get for any z € [g(a), g (b)] that

(2.7) fog t(t)dt

(2—g(a) fla) +(g(b) —2) f(b) 1 /9<b>
g(b) —g(a) g (0) = 9(a) Jyw

| 9(@) flog”! WIUEEIY
=2 l 9°97 lliga).).o0 <9 g(a) > 9097 g0 <9(b) _g(a)> 1
x (g (b) —g(a))

f/og—l
g/og—l

. 2 (0)— g (@)

1 z—glalrad) RS

[9(a),q(0)],00 | 4 9(b)=g(a) 9 g ;
1

=
[z.9(b Loo]

;()
g b) - g(@).

Q=

|
1 e
2“ [9(a),2],00 ‘
«[Grtan)” + ()]

1
where o > 1, E"',B 1;

I'og
g'og

f'og
g/og—l

IN

1 ||| gt Loa

2 {19097 Mg (a) 2100 9709l [z,9(0)],00
L |t (77

|zt e || 00~ g(@).

Taking z = g (x), = € [a,b], in (2.7) we then get

(9 () —g(a) f (@) + (9(b) — g (x)) f ()
= ' g(0) = g/(a)
1 g(b) .
S TOErTo BREATACL
L g(@) —g@\*  |If 9O =9@\| 0 oa
=2 [ 9 llo.a100 (g(b)—g(a)) ! 9" w.b),00 <9(b)—g(a)> ](g(b) 9(a)
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IN

where a > 1, i—i—%zl;

;“ % [a,x],oo+ % [I’zb]’OJ
SERE o= | RACE)
since
‘f’og‘1 _ ‘ f
909 g g@ree 19 a0
and
’ flog™ _ HJ”
gog [g(m)’g(b)l’oo_ 9' Iz b],00

2
L’ 1 g(a:)— g(a)+g(b) _ .
9 [l a,6),00 [4 + ( g(b)—g(2a) (9(b) —g(a));
1 |:‘ Ll, @ ‘ Ll, o :l o
2 g la,z],00 g [z,b],00

1
23 28717
g(@)—g(a) g(b)—g(z) B
x[(g@g(a)) +(g<b>fg<a>) } (g(0) —g(a)),

Observe also that, by the change of variable t = g~ (u), u € [g(a), g (b)], we

have u = g (t) that gives du = ¢’ (t) dt and

g(b) b
(2.9) / L e [ g @a

Finally, by making use of (2.8) we deduce the desired result (2.5).

Remark 1. If we take x = GTH’ in 2.5, then we get

atb) _ g (q a — g (et
(2.10) (g( 2 ) g( ));((b))jg(.?cf)b) g( 2 ))f(b)
1 b .
IOETICN A
L|£ a(=) 9@\, |f a(b) — g (24"
=3 U g [%a?b}m( g(b) —g(a) ) +' g [a;b,b},w< g(b) —
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f/

(ol \®
’? fa.b],00 4+<g<b>—g<a>) (9(b) —g(a));

3 [ S

. l( e ) (9“’)5 e )zﬁr(gw)—gw

where o > 1, —&-% 1;

1
f °

g’

IN

L il
2 I:‘ g’ [a,%ﬂ],oo + g [a;rb,b],oo:|
R G 2
X [2+ o =5@) } (g (b) —g(a))

for all x € [a,b].

If ¢g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers
a,bel as

(2.11) M, (a,b) == g~ (W) .

If I =R and g (t) = t is the identity function, then M, (a,b) = A(a,b) := £,
the arithmetic mean. If I = (0,00) and g (¢t) = Int, then M, (a,b) = G (a,b) := Vab,
the geometric mean. If I = (0,00) and ¢ (t) = then Mg (a,b) = H (a,b) :=

%, the harmonic mean. If I = (0,00) and g (¢ ) t?, p # 0, then M, (a,b) =

M, (a,b) := (#)1/177 the power mean with exponent p. Finally, if I = R and
g (t) = expt, then

(2.12) M, (a,b) = LME (a,b) == In (‘W) ,

the LogMeanExp function.
Corollary 3. With the assumptions of Theorem 3 we have

f @)+ £ () 1 oo
: - d
21 el ALK
1 ! /
fsl v +|L ]@(b)—g(a»
[a,M(a,b)] 9" [M, (a,b),b],00
1|z ()
4], e —a@):
B [ S s B B
2 U 9" {la, M, (a,0)],00 ‘9/ [M_q(a,b),b],oo:| (9(5) = g(a),

1, 1
where a > 1, E+B_1'

Let f : [a,b] — C be an absolutely continuous function on [a,b]. We can give
the following examples of interest.
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a). If we take g : [a,b] C (0,00) — R, ¢g(¢t) = Int, in (2.5) and assume that
Lf" € L [a,b] where £ (t) :=t, then we get

a)ln (£ n b b
(2.14) ‘f( )1 (alzl(ti)‘(b)l (%) _lnzb) a 10,
! / In (%) ’ , In (2) ? b
< B llef H[a,z],oo Ln (g) +[1ef ||[z b],00 Ln (g) In (a>

145" )00

ln( Z ) 2
b () | mesy
LeFe e F P ]
2 [a7w]7oo [a:,b],oo

[ ()] e

1,1 _ 1.
where a>1,a—|—5—1,

IN

3 (168 Moo + 1€ 0
2
% {54_ 1n(m)} In (£)

In(2)
for any z € [a,b] C (0,00).
In particular, we have

b
(2.15) ‘f(@);f(b)_lnzb) / o

b
{Héfln[a,G(a,b)LOO + ”[f/”[G(“ab)’b]’oo} = (a>

T 1F la,p1,00 0 (2) 5

IN
ool

Q=

< « «
- 235? [Wf’\ [,G(a,b)],00 T ||€f/H[G’(a,b),b],oo] In(z),
where a > 1, é—l—%:l.

b). If we take ¢ : [a,b] C R — (0,00), g (t) = expt, in (2.5) and assume that
Le Lo [a, ], then we get

exp

(expx —expa) f (a) + (expb —expz) f (b)
expb—expa

1 b
- t tdt
epr—expa/a F(#)exp

expz —expa)’ f! expb—expz\’
(pp) + (pp) (expb — expa)
(a,2],00 expb—expa [2,8],00

(2.16)

1l
< Z
-2

£

exp

exp expb—expa
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7 1 exp z— &P a;repr 2 b .
5l |1\ omtmemma ) | (xpb—expa);
1
1 7 @ f/ o o
2 [P ll{a,],00 [z,b],00
expz—expa expb—expz 2817 ( bh— )
S expb—expa exp b—exp a exp expaj,
1 1 _
where o« >1, -+ 5= 1;
1| f’
2 exp la,z],00 p [z,b],00
1 exp p— SPatexpb 2
X [§ + T T ] (expb — expa)

for any x € [a,}].
In particular, we have

2

fa)+f(b) 1 ’
(2.17) ‘ Ry — /a f(t)exptdt

1 ! !
<= / / (expb —expa)
8 [1eXP {0, LM E(@p)00 Pl [LME(a,b),b],00
1| f .
o =1 P (expb—expa);
< a a &
1 i i bh—
2 5 { XP || [, LM E(a,b)],00 p [LME(a,b),b],oo] (expb—expa),

1,1
where o > 1, sts=1

c). If we take g : [a,b] C (0,00) = R, g(¢t) =¢", 7 > 0 in (2.5) and assume that
="' € Lo [a, b] then we get

br —a” br —a”

1 1—r " —a” ? 1—r g/ b" —a’ ? r r
27 ||€ f”[awL br — ar +H£ f”[w,b],oo br — ar (b 7a)

(218) (xr — ar) f (a‘) + (br — xr) f (b) r /b f (t) trfldt
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2
r_a”4b"
s (z F—ar ) ] (b —a");

1
@

s

H [a,b],00

2 (1o + 1T )
1

r T 25 r r Qﬁ B
(=) (=) v -,

where a > 1, éJr%:l;

IN

% |:H€1_7‘f/H[a,x],oo + ”el_rf/H[m,b],oo}

_a"+b" 2
SIRCEre

x{§+ .

br_ar

for all = € [a,b].
In particular, we have

(2.19) ‘f();rf /f t)yt e

1 r r r r
87 ||€1 f H[aM(ab]oo+H€1 f H[M (a,b),b], :| (b @ )
4r Hel 7fl”ab] b"_aT);

Q=

s (1715 ar oo + 18 F s oy oe) - 7 =0
Where a>1, f—I—ﬁ—l

where M, (a,b) = (#)UP, r > 0.
d). If we take g : [a,b] C (0,00) — R, g(t) = —t~", r > 0 in (2.5) and assume
that £7+1f’ € Lo, [a,b], then we get

(fr_aa) f(a) + (bbr—mz) f(v) rbra” b
2.2 - tyttdt
(2.20) o s [

o b

~2r (b —an)

2 2
" zTa . b
[HE + f H[a z],00 ( —CLT) +H£ * f/||[a:,b]7(x> (br—.’l,‘T) ‘|
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LIt e |5+ (o = 8 )] (2):
e, o+ e, )

1
2 2 B
z"—a” _b" A b"—z" _a” AP b a”
>< x"‘ b"‘ia"‘ + z"‘ b"‘ia"‘ b’f‘iaT b

1,1 _ .
where o > 1, EJFB*L

IN

% |:H£r+1fl||[a,z],oo + HET—‘Flf/H[r,b],oo}

—-r —r T 2 T
<[+ ) || ()
for all x € [a,b].

In particular,

(2.21) ‘f(a) 0 b:b:a;r /bf(t)t_r_ldt

2

1 . . b"a”
e RS sV N | CLEY
l S e (#5)

1
e ar campoe + 1L s ayioe) (27 )
Where a>1, *—I-B—l

a—r+b—r -1/r 2a7b" 1/r
s () ()

If we take r = 1 in (2.21), then we get

b
(222 ‘f @+s®)  _bo / 10,

1 ba
g ||£2f ”[a H(ab]oo+||€2f H[H(mb),b]m} (b—a)

IS oo (25) 5

where

1
"ﬁ 1 ’le ||aH(ab)]oo+H€2f HH(ab) bl, :| (%)7
Where a>1, f—|—[3—1

provided £2f' € Lo , where

2ab

H (a,b) := bt a

is the Harmonic mean of a, b > 0.
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3. WEIGHTED INTEGRAL INEQUALITIES AND PROBABILITY DISTRIBUTIONS

If w : [a,b] — R is continuous and positive on the interval [a, b] , then the function
W :[a,b] — [0,00), W (z) := [ w(s)ds is strictly increasing and differentiable on
(a,b). We have W' (z) = w (z) for any z € (a,b).

Proposition 1. Assume that w : [a,b] — (0,00) is continuous on [a,b] and f :

[a,b] — C is absolutely continuous on [a,b] with fE/ € Lo [a,b], then we have

x b b
Gy |HQawE)dst f®) fulsds 1 £ (6w (0) de
S, w(s)ds J, w(s)ds Ja
/ z 2 / b 2 b
<1 Hf Jo w(@ds) Hf J; w(s) ds [ wesras
2 {Jlw [a,2],00 fa w(s)ds Wlligp),00 \ [, w(s)ds a
f ffw(s)dsffaww(s)ds 2 b .
: HE e [1 + ( T als)ds ) } [, w(s)ds;
1 ‘f; o ‘f; ° B
2 w la,z],00 w [2,b],00
<

1
s)ds 287 b
Es;d8> [ w(s)ds,

| (o)™ o+ (G

where a > 1, i—i—% 1

z 2
1 L/ L/ 1 f;’w(s)dsff; w(s)ds :| b d
8 |:‘ w la,z],00 ”w [:z:,b],oo:| |: ™ f;w(s)ds fa ’U)(S) S

for all x € [a,b].
In particular, if

then we have

fla) + f(b) 1 /b

2 fab w(s)ds

<1Mf'
-8 w

|5

w

(3.2)

r

|
w

b
1/ w(s)ds
[Mw (a,b),b],00 | Ya

[a,Mw (a,b)],00

fab w () ds;

N

[a,b],00

el

<

A ‘ Il
2 [ e, aw (a0)),00
where o > 1, é—k%:l.

J% : }affw(s)ds,

[Mw (a,b),b],00

. ‘

The above result can be extended for infinite intervals I by assuming that the
function f : I — C is locally absolutely continuous on 1.

For instance, if I = [a,00), f : [a,00) — C is locally absolutely continuous on
[a,00) and w (s) > 0 for s € [a,00) with [ w(s)ds = 1, namely w is a probability
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density function on [a,00), and if £ € L., [a,00), then by (3.1) we get
(33) @)W @)+ 1 (0) (1 / £t '
<% U f . 2 (z) + ’f, . (1—W(x))2]
15], o V@ =)
D _! o [ HE Cw @+ W(x»”]’l*,

where a>1, —|—%:1

Fil Fil
w

w

N

4+ W (@) - 3[])°

+|
fa,0] 00 f.00).00

for any « € [a,00), where W (z) := [ w (s) ds is the cumulative distribution func-
tion.

If m € (a,00) is the median point for w, namely W (m) = %, then by (3.3) we
get

(3.9 '”);“b) [ iww dt\

1 Hf f
8 ||| w

[m,b],oo‘|
f/

w

w

IN

[a,m],00 ‘

1
4

[a,b],00

.
o [a,m],00

where o > 1, L L1,

. ‘

w

1
a (e
a 6

In probability theory and statistics, the beta prime distribution (also known as
inverted beta distribution or beta distribution of the second kind) is an absolutely
continuous probability distribution defined for > 0 with two parameters a and
[, having the probability density function:

-+ x)_a_g
B (o, B)

W8 (x) =
where B is Beta function
1
B (a, ) ::/ 1=t o, B> 0.
0

The cumulative distribution function is

W(%B (.’E) = 1im (avﬁ) i
where I is the regularized incomplete beta function defined by
B(za,p
I, (o, 8) := ( )

B(a,B)
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Here B (+; , 8) is the incomplete beta function defined by

B(z;a,p) := / t*~ (1 - t)ﬁ_l , a, B, z>0.
0

Assume that f : [0,00) — C is locally absolutely continuous on [0,00) with

W € Lo [0,00), were £ (t) = t. Using the inequality (3.3) we have for

x > 0 that

(35) |f @)Lz, (@.8)+F0) (1= Tz (0,8))
1 * a—1 —a—p
73(%6)/0 F@E (14 1) dt‘

1 f ’
S 7B 0175 I ¥ OZ,B
2 ( ) =1 (14077 ’ la,z],00 [ o ( )}
f ’
1—T =« (a,f
(e=1 (140" [z oo)oo( i ))
B(a,B) | === |:411+< (o, B) — é)]
[a,00),00
1
, a 1% @ «
(a ﬂ)|: Lo=1(140)==F [a,z],00 et (1= ? [z 00)700]
2613
<! x [(AL @8)" + (1~ Lz, (.8) } :
where a > 1, i—F%:l'
1 £ :
5B (a /3)[ ETEHO " ||l a)oo | BT [1700),00]
2
x [54 |1z (0,8) - 4]
for a, 8 > 0.

Similar results may be stated for the probability distributions that are supported
on the whole axis R = (—00,00). Namely, if I = (—00,00), f : R — C is locally
absolutely continuous on R and w (s) > 0 for s € R with [~ w (s)ds = 1, namely

w is a probability density function on (—oo, 00), and if fE’ € Lo (—00,00) then by
(3.1) we get

59 prew@sroa-we- [ rowor
| I - Ity
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’ 2
15l EF 7@ =37
- 1
o S = N A (4 e
< 2 w (—o0,z],00 w [z,00),00 |

y 1,1 _ 4.
where O‘>17E+E_17

|

for all x € (—o0,00).
In particular, if m € R is the median point for w, namely W (m) =
(3.6) we get

il

(—o00,z],00 ‘ w

£ 5+ W (@ 3]’

[z,00),00 |

=

%, then by

f(a)+ £ (b) /°° L f
, LTI Hwt)dt| < = |||= -
(3.7 ’ ! SRICKICEI S |l AR i M
1|
4 || w (—00,00),00
1
% |:‘f, « ‘L, e }a7
2T I (= o0,m, ¥ IHm,00),00

o0
where a > 1, é+%:1.

for any = € (—o0,00), where W (z) := [*__w(s)ds is the cumulative distribution
function.

In what follows we give an example.

The probability density of the normal distribution on (—oo,0) is

1 (x— )’
W02 (T) 1= Tora expl -5 3|7 e R,

where p is the mean or expectation of the distribution (and also its median and
mode), o is the standard deviation, and o2 is the variance.
The cumulative distribution function is

1 1 T— U
Wior )=+ gert (T ).

where the error function erf is defined by erf (z) = % s exp (—t?) dt.

If f : R — Ris locally absolutely continuous with exp ((52_0‘2)2) J' € Ly (—00,00),
where £ (t) = t, then from (3.6) we get
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210 J—o

VFro €-w\ , z = i\\?
< —_— 1 f
<3 exp 557 f - < +er (aﬂ))
2 2
+ [lexp L=ny f 1—erf (22K
202 ov2
[z,00),00
V3o (e—uf) / [ (z—ﬂﬂz .
1 exp( 5oz~ ) f ooy {1 + |erf i ;
5ro w2\ ¢ H (=) || B
8 |:H€Xp ( 20° ) f (—o0,z],00 tjexp ( 20;2 ) f [z,00),00
28 2815
< X [(1+erf<i\/g ) +(1—erf (i\;’%)) } ,
where a > 1, i—i—%:l;
el (58) 7l o (58) 11,
2 ,],00 ,00),00
x [1+ erf (j;g)u

for any x € (—o0,00).
In particular, we have

fla+f®) 1 [ (t—p®
_ = /_Oof(t) exp (—202 ) dt

2
2
(45

exp (“{U’?Q) I

(3.9)

2ro
_|_

(—o0,p],00

<

[14,00),00

)
(—00,00),00

Q=

IN

)

_ 2 [e% _ 2 o3
g o () 1t oo (452 1

27 B (—oo,p],00 [H,OO)»OO:|
where a > 1, é+%:1.
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