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WEIGHTED VERSIONS OF TRAPEZOID AND MIDPOINT
INEQUALITIES FOR TWICE DIFFERENTIABLE FUNCTIONS
AND APPLICATIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish amongst other some upper bounds for
the quantities

J(@) ) | b
‘ 2 *h(w*h(a)/af“)h(“dt‘

b
’foh—l(h(a)Jrh(b))— ! / F)R (t)dt

2 o) — (@) Ja
under the assumptions that h : [a,b] — [h(a),h(b)] is a continuous strictly
increasing function that is differentiable on (a,b) and f : [a,b] — C is an ab-
solutely continuous function on [a,b]. When h is an integral, namely h (z) =
S w (s)ds, where w : [a,b] — (0, 00) is continuous on [a, b], then some weighted
inequalities are provided. Applications for some particular functions of interest

are also given.

and

1. INTRODUCTION

Let w : [a,b] — C be a function such that its derivative is absolutely continuous
on [a,b]. Then one has the trapezoid inequalities [11] with error bounds in terms
of the Lebesgue norms of the second derivative:

b b
(1.1) M(b—a)—/ w(s) ds
b— )
% ||u”||[a7b],OO if u” € Lo [a,b];
1 1 2+1 " : "
<9 Bla+lg+ Dl (b—a)™ [ullyy, ifu” € Lylab],
p>1, % + % =1;
(b_ CL)2 "
s [|lu ||[a,b],1'

where B (-, -) is the Beta function
! a—1 B-1
B(a,ﬂ)::/t (1-t)" " dt, o, >0.
0
A simple proof of the fact can be done by the use of the following identity:
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OO o) [uds =5 [ 0= - a0

and using the Hélder integral inequality.
Let u(t) = g(t) — 2At? with g having an absolutely continuous derivative on
[a,b] and X € C, then

u(a) + u(b) b
f(b—a)—/a u(s)ds

b
79(“);9“’) (b—a)—/a 9(s)ds — A (b~ a)’

(1.2)

and by (1.1) we get the perturbed version of trapezoid inequality

b 1 b
(1.3) M(b—a)——k(b—a)?’—/ g(s)ds
2 12 i
b—a)? )
% ||g” - )\H[a,b],oo if g” € Loo [aab] ;
1 1 1 )
<d LB+ Lt D -0 g Al 6" € Lylat],
p>1, o+ o =1
(b_a)2 17
g Al

The midpoint version is as follows.
Let w : [a,b] — R be a function such that its derivative is absolutely continuous
on [a,b]. Then one has the inequalities [6], [7] and [§]

b
b
(1.4) /u(s)ds—u(a; >(b—a)
(b—a)® .
o1 141l q,0),00 if u” € Loo [a,b];
_a)¥te
<) b= it € L, [a, b
= 3 (2 4 1)1 la,b],p p Y% Yl
q q
p>1, t+1l=1,
(b_ G')Q 1 ’ '
s [|w H[a,b],l'

A simple proof of this inequality may be done by using the Holder integral
inequality and the identity:

(1.5) /abu(s)ds—u<a—2|_b> (b—a)
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Let u(t) = g(t) — 2At? with g having an absolutely continuous derivative on

[a,b] and A € C, then

/abu(s)ds—u<a_2|—b> (b—a)

:/abg(s)ds—g(a;b) (b—a)—i)\(b—a)?’

and by (1.4) we get the perturbed version of mid-point inequality

b
a+b 1 3
1. - —a)— —A(b—
(1.6 [a@as—a(“50) 0-0- 500
b—a)’ .
O g Mo 10" € Lo o]
1
(b—a)?s .
< m”gﬁ—)\n[a,(,],p if u” € Ly [a, 1],
q q
p>1, %—F % =1
(b~
OO g7 Al

For related results, see [1]-[5], [9]-[10] and [13]-[38].

In this paper we establish amongst other some upper bounds for the quantities

fla)+ f(b) 1 ’ ,
: —h(b)ih(a)/a FOR (b) dt

and

1 v
2 )_h(b)—h(a)/af(t)h(t)dt

‘foh_l <h<a>+h<b>

under the assumptions that h : [a,b] — [h(a),h (b)] is a continuous strictly in-
creasing function that is differentiable on (a,b) and f : [a,b] — C is an absolutely
continuous function on [a,b]. When h is an integral, namely h(z) = [ w(s)ds,
where w : [a,b] — (0,00) is continuous on [a,b], then some weighted inequalities

are provided. Applications for some particular functions of interest are also given.

2. SOME PERTURBED INEQUALITIES OF INTEREST

Now, for v, ' € C and [a,b] an interval of real numbers, define the sets of

complex-valued functions

and

_a+r
2

B (1,1 : {f:[a,bhu 'f(t)

Uy (4,T) := {f : [a,b] — C|Re [(r @) (f @ —7)} >0 for a.e. ¢ [a,b]}

1
< §|F7'y| for a.e. te€ [a,b]}.
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This family of functions is a particular case of the class introduced in [12]

A[a,b],g (77 F)
:={fﬁmﬂﬁc‘f@

where g : [a,b] — C.
The following representation result may be stated.

_o+r

1
29@)<2W—ﬂg®1Mwet6Mﬂ},

Proposition 1. For anyy,T € C, v # T, we have that Uy p) (7,T) and Ay p) (7,T)
are nonempty, convex and closed sets and

(21) U[a,b] (77 F) = A[a,b] (77 F) :
Proof. We observe that for any z € C we have the equivalence
v+T 1
_ T <2 r=
2= <50 =l

if and only if
Re[(I' - 2) (z—7)] 2 0.
This follows by the equality

1 v+T 2 o
0= =]z = —5—| =Re[(l'-2)(z-7)
4 2
that holds for any z € C.
The equality (2.1) is thus a simple consequence of this fact. (I

On making use of the complex numbers field properties we can also state that:
Corollary 1. For any v, I' € C, v # I',we have that
(2.2) Uy (.T)={f:[a,] > C| (Rel' = Re f(t)) (Re f (t) — Re7)
+(ImTC —Im f(¢)) (Im f (¢) — Im~) > 0 a.e. t € [a,b]}.

Now, if we assume that Re (I") > Re () and Im (I") > Im (vy) , then we can define
the following set of functions as well:

(2.3) Sjap) (7,7) == {f :[a,b] = C| Re(I) > Re f (t) = Re(7)
and Im (T") > Im f (¢t) > Im (y) for a.e. t € [a,b]}.
One can easily observe that g[a,b] (v,T) is closed, convex and
(24) 0 7& g[a,b] (771—‘) - U[mb] (’Yvr) .

Theorem 1. Assume that f : [a,b] C I — C is differentiable on I and the derivative
is absolutely continuous on [a,b] and such that there exists the complex numbers 7,
I'eC, v #T with f" € Ay (7,T), then we have

a b Y
s (M0 gm0 - Laene-o - [rea) < C5 0 r-y
and

b a 7CL3
2o | [ 1@ (50 0-a- gorne-o' < g rog),
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Since f” € Ap,y (7,T), hence
’ 7+T

2
The proof follows then by the inequalities (1.3) and (1.6) by taking A = %
We remark that if v, I' € R and

v < f"(t) <T for ae. t € [a,b]

then the inequalities (2.5) and (2.6) also hold.
We have:

fl/ _

[a,b],00

Theorem 2. Assume that f : [a,b] C I — C is twice differentiable on I and the
second derivative is of bounded variation on [a,b]. Then

(27) M(b_a)_ %(b— )3 f// +f// / f
(b—a)* || _ S (@) + " (b) b=a)\")
s o |- 5 [a’b]’ooﬁ o \a/(f )
and
b " a "
(2.8) /f(s)ds—f(a;b><b—a>—214(b—a>3f();f(b)

_b-a)
- 24

f"(a) + 1" (b) a)’

"o_
! 2

b
\V (")

la,b],00 B

Proof. For t € (a,b) we have

£ — f" (a) -2F [T ) = 7 (a) ; () — 1" () ’
1 1,
<SU@ =@+ o= ol <5 VU,
which implies that
f" (a) + £ (b)

f// _

1.
<3V
Using the inequalities (1.3) and (1.6) for A = M, we deduce the desired
results (2.7) and (2.8). O

2 [a,b],00

We also have:

Theorem 3. Assume that f : [a,b] C I — C is twice diﬁerentiable on I and the
second derivative is Lipschitzian with the constant K > 0 on [a,b]. Then

M(bw)—%(b a)’ ”<a+b> /f

1" " a’+b
S (25

(2.9)

_b-af
la,b],00 24

K
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and
b b
(2.10) 8)d8—f<a_2|_ >(b_a)_214(b_a)3f”<a_2|_ >
(b - a)3 " nfa+b (b — a)?’
< Tog o =r <2> oo < 15 K

The proof follows then by the inequalities (1.3) and (1.6) on taking A = f” (%52)
and observing that

1 11 a+b
()

b
=essup |f" (t) — f <a + >‘
[a,b,00  t€[a,b] 2
a+b’ 1
< essup [t — =—(b—a).
t€la,b] 2 2( )

By using the inequalities (1.3) and (1.6) and taking A = W, then we also
have:

Theorem 4. Assume that f : [a,b] C I — C is twice differentiable on I and the
second derivative is Lipschitzian with the constant K > 0 on [a,b]. Then

fla)+ f(b) 1 ) , ’
(ZH)|22@—a%jm@—afV(w—fwﬂ—Luﬂ@w
(b_a) ‘f//_f(b)f(a) ifg”ELoo[ab]'
a la,b],00 Y
< %[B(Hl g+ 1)) (b—a)*te || — LO=L () [a,b],p /9" € Lylab],
U op>1,iel=
@—@ A0S0
‘f —@ [a,b],1
and
(2.12) s 1 (“50) 0= - 0= 0) - 1 (o)

bf
%‘JNI*LW i if u" € Log [a,b] ;
2+
. w—wj’ﬂ_ﬂ?yw[] if u' € Lyla,b],
8(2q+ 1) wthe
p>1,;+**1
M‘fﬁ_w

la,b],1
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3. COMPOSITE INEQUALITIES
We have:

Theorem 5. Let h: [a,b] — [h(a),h ()] be a continuous strictly increasing func-
tion that is twice differentiable on (a,b). Assume that f : [a,b] C I — C is differ-
entiable on I and the derivative is absolutely continuous on [a,b], then

b
(3:-1) 'f 2 > 10 0 -  (a) / f () de

f// n _f/h//
COK

(h(b) —h(a))* ’
12

[a b} IS f f }[h/]‘g h € LOO [a7 b] ?

1

LB+ L+ (hB) — k(@) i LY L fa )

< P17
—_ lf//h/_f/h// l l . .
X H [W/]P=17P o p > 1, » + P 1,
h (b) —h (a) ‘ PR R Zf f”h[; /]J; h' e Ll [a’ b] )
8 W a1

Proof. We write the inequality (1.1) for the function v = f o h~! on the interval
[h(a),h(b)] we have

(3.2) foh™! (h(a)) + foh (h(b)) (h(b) = h(a)) —/h(b)fohl(z) dz
2 h(a)
— a 3 " "

( (b) 12h( ) SUD e ()] ‘(foh_l) (z)‘ if (foh™)" € Loo[a,b];
< %[B (q+1,q+ D% (h(b) — h (@) it (foh ) €Lyab,
= p 1/p

(f:((f) (fo )H(z)‘ dz) / p>1, %—l—%zl;
h(b p
(0) = R (@) i) (7. o1y ()|

Using the chain rule and the derivative of inverse functions we have

(3.3) (fo h_l)/ (z)=(f'o h_l) (2) (h_l)/ () = W

for every z € (h(m),h(M)).
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We have by (3.3) that

N o (f/Oh_l) (Z) '

(foh ) (2) = <(h’ohl)(z)>

_ (o) ) (WohTh) (2) = (foh7h) (2) (W o h ™) (2)

(1 0 h=1) (2)]?
R (o h ) () - (7o b ) () Yo
(W o h=1) (2)]?

(f"eoh™h) (2) (Woh™h) (z) = (f o h™") (2) (W o h7T) (2)
(1 0 h=1) (2))

for a.e. z € (h(m),h(M)).
Using the change of variable z = h (t), t € [a,b], we have dz = b’ (t) dt and

h(b) b
/ foh™ (z)d,z:/ FO W (1) dt.
h(a) a

If f’lhlff/h/l

s € Lo [a,b], then

(3.4) essup ‘(f o h_l)” (2)‘
z€[h(a),h(b)]

= essup
z€[h(a),h(b)]

(f” o h_l) (2) (h’ o h_l) (z) — (f’ o h_l) (2) (h” o h_l) (2)
(B o h=1) (2))°

P @)W ()~ £ @) b @) || = pn

W @r i .

Using the change of variable z = h (t), t € [a,b], we have dz = ' (¢) dt and

hb) .
/ (th_l)H (z)‘ dz
h(a)

/h(b)
h(a)

= essup
z€[a,b]

p

(f” o h_l) (2) (h’ o h_l) (2) — (f’ o h_l) (2) (h” o h_l) (2) &

(W o 1) (2))?

Pl @) - e ) Pl @) — £ wh )|
= h' (t)dt = dt.
/ 0k o= [ | :
Therefore
h(b) " p 1/p f//h/ _ f/h//
(f o h_l) (Z) dZ) = ﬁ
</h(a) ‘ [h]3 Y [a,b],p
for p > 1 and

h(b) f//h/ _ f/h//
/h<a) [n)”

Now, if we employ (3.2) we get the desired inequality (3.1).

(for™1)" (z)(dzz

[a,b],1
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a) If we consider the function h : [a,b] C (0,00) — R, h(t) =Int, ¢ > 0, then by
(3.1) for £(t) =t, we get

+
) [[@IO)_ btlf dt
2
M||f'/€2+f'5”[ab] if f"¢* + f'€ € Log [a,b];

1 1
SB(g+1,g+ D)7 (In(2)' T it 2=t 4 pro=lr e Ly fa,b],
1 1 _ 1.
v Hfugz 1/p + f’ﬁl 1/17H[a7b]’p p>1, - + o= 1;

IN

n(% if "0+ f' € Ly[a,b].
M 1"+ 'l a0

b). If we consider the function h : [a,b] C (0,00) — R, h(t) = expt, t € R, then
by (3.1) for £(t) = t, we get

b 1 b
R ACKFAC / £ () exp tdt
2 expb—expa J,
(expb — exp a)2 F_p g .
12 exp(2¢0) [a,B],00 if exp(20) ) €L [a, b] ;

]. 1 1 . "_ gt
S[Blg+1,g+ D)7 (expb—expa) ™o if A= m € Ly [a 8],

<
- fr—f 141_1.
*||eole=17m1 [a,b],p p>L oy +g=0
expb—expa ||y _p if f::p( 7 € Lila,b].
8 exp(6) || [q,p],1

c¢). If we consider the function h : [a,b] C (0,00) = R, h(t) =t", ¢ >0,r >0
then by (3.1) for £ (t) =t, we get

b’l- _ a7- 2 "_ . P " ,
Lo \ f Tépczﬂ) L) S e ot

1 i, 1 . -
SBla+La+ D)7 (4 —a)'™h it Lkl € Lot

<
= f”*f/ _1)¢ 1 —1-
X W%[a,b],p p>1’5+5_1’
n_ gl _ -1
P 1y if f]:x# € Ly [ab].

b —a” ’
8

If w : [a,b] — R is continuous and positive on the interval [a, b] , then the function
W :[a,b] — [0,00), W () := [ w(s)ds is strictly increasing and differentiable on
(a,b). We have W' (z) = w (z) for any z € (a,b).

Uit )
ré [a,b],1
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Corollary 2. Assume that w : [a,b] — (0,00) is absolutely continuous on [a,b] and
fila,b] € I — C is differentiable on I and the derivative is absolutely continuous
on [a,b], then

1 b
- f;w(s)ds/a fFBw ()t

1 b 2 " ap— '’ . M ap— Flaw’
E(faw(s)ds) ‘% o zf%eLoo[a,b];
1 1 b 1+% . N’LU— /w/
_ i[B(q—i-l,q-l-l)]‘l (faw(s)d,s) szws_ilf/pGLP[a,b]7
= f”w—f’w' 1 1_ 4.
X ‘ i [ayb]yp P > ]., P -+ q - 1;
]_ " i ) M
R e
a,b],1

If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers
a,bel as

(3.9) M, (a,b) =g " (2

If I =R and g (t) =t is the identity function, then M, (a,b) = A(a,b) := *FL,

the arithmetic mean. If I = (0,00) and g (t) = Int, then M, (a,b) = G (a,b) := Vab,
the geometric mean. If I = (0,00) and g (t) = —+, then M (a,b) = H (a,b) :=

%, the harmonic mean. If I = (0,00) and g (t) = t?, p # 0, then M, (a,b) =

M, (a,b) := (#)UP, the power mean with exponent p. Finally, if I = R and
g (t) = expt, then

(3.10) M, (a,b) = LME (a,b) == In (eXp“JreXpb) :

2

the LogMeanEzp function.
By employing the inequality (1.4) and using a similar argument to the one in
the proof of Theorem 5 we can state the following result as well:
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Theorem 6. Let h : [a,b] — [h(a),h (D)] be a continuous strictly increasing func-

tion that is twice differentiable on (a,b). Assume that f : [a,b] C I — C is differ-
entiable on I and the derivative is absolutely continuous on [a,b], then

1 b
(3.11) ‘f(Mh (a,b)) — m/ fF@)N (t)dt

(h (b) — h f//h/ f 14 f”h, f NG )
5 H . i P e Lo o]
1 1+ f”h’*flh” . f”h’*flh”
h(b)—h g LW e L,
<4 8¢+ 1) ey =nte) T P L -
h (b) —h (a) ‘ PR — R Zf % c Ll [a b]
8 () [a,b],1

a) If we consider the function h : [a,b] C (0,00) — R, h(t) =Int, ¢ > 0, then by
(3.1) for £(t) =t, we get

(3.12) ‘ £(G(ab) — £ 4
In (2))?
(ngz)) Hf”£2 +f,£||[a .00 if f//gz +f/€ € Lo [a’ b];
1 b 1+% i 2—1/p Iglfl/p
<{ Syt ) e e
et pesl L p> L g =
In (% it f7¢+ f' € Ly]a,b],
% ||f”£+f/||[a,b],1

where G (a,b) := Vab is the geometric mean.
b). If we consider the function & : [a,b] C (0,00) — R, h(t) = expt, t € R, then
by (3.1) for £(t) = t, we get

1 b
(3.13) ‘f(LME(a,b))—eXpbeXpa / F(t) exptdt

(expb — expa)®

fl/ff/ . f/l .
24 exp(2¢) [a,b],00 if exp(20) ) € L [a7 b] )
1+l . "n_ el
) sar et o™t it i € Lyt
- f//if/ 1 1 B
W [a,b],p p > 17 5 + 5 — 1
expb—expa || g7_p if £;:p(£) e Ly [a,b],
8 exp(0) [a,b],1 :
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LME (a,b) is the LogMeanFEzp function.

c). If we consider the function h : [a,b] C (0,00) = R, h(t) =t",t>0,r >0
then by (3.1) for £ (t) =t, we get

(3.14)  |f (M, (a,b)) — /f )t tat

V—(r=1)e~t —(r—1)e=1f/
H £ g;Q(r 1) f lf % c Loo [a,b] :
la,b],00
1 1 l . _ 1
ﬁ(br—ar) +3 lf%ell [a,b]7
< 8(2¢+ 1)
e S 1,1 .
x m‘[a’w p>1, L+1=1;
"__pleo —1
Zr 1
la,b],1

where M, (a,b) is the power mean with exponent p.
We also have:

Corollary 3. Assume that w : [a,b] — (0,00) is absolutely continuous on [a,b] and

f:]a,b] C I — C is differentiable on I and the derivative is absolutely continuous
on [a,b], then

1 1 b
3.15) |f(w 5/aw(s)ds —fjw(s)ds/a F)w(t)dt

1 b //w "LU . -/lw_ /w/
ﬂ(fa (5) ds) HQ [a,b],00 if T € Lo [a, 0]
1 1+% " ’o
— (rws)ds) || Lt if Lepw’ e 1 (a8,
=9 8(2¢+1)w V" v [a,6].p v
1,1 _ 1.
p > 1, 5 =+ E = 1,
lfb ds H f”’u) j/w/ . Zf fww# S Ll [a,b] .
8 Ja [a,b],1
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