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WEIGHTED GENERALIZATIONS OF OPIAL’S INEQUALITIES
FOR p-NORMS AND TWO FUNCTIONS WITH APPLICATIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some weighted generalizations of Opial’s
inequalities in terms of p-norms and for two functions. Applications related
to Griiss’ type weighted inequalities are also given.

1. INTRODUCTION
We recall the following Opial type inequalities:

Theorem 1. Assume that u : [a,b] C R — R is an absolutely continuous function
on the interval [a,b] and such that u' € Lo [a,].

(i) Ifu(a) =u(b) =0, then

(1.1) /|u ()] dt < = b—a/\u ()% dt,

with equality if and only if

c(t—a) ifagtg‘%”’,
u(t) =
c(b—t) if 2 <t <,

where ¢ s an arbitrary constant.
(ii) Ifu(a) =0, then

(1.2) /|u (1) dt < - bfa/\u )2 dt,

with equality if and only if u (t) = ¢ (t — a) for some constant c.

The inequality (1.1) was obtained by Olech in [12] in which he gave a simplified
proof of an inequality originally due in a slightly less general form to Zdzislaw Opial
[13].

Embedded in Olech’s proof is the half-interval form of Opial’s inequality, also
discovered by Beesack [1], which is satisfied by those u vanishing only at a.

For various proofs of the above inequalities, see [8]-[11] and [15].

In [5] we obtained the following generalizations of Opial inequalities for p-norms
of two functions:

Theorem 2. Assume that f, g : [a,b] — C are absolutely continuous on [a,b] with
f' € Lyla,b] and ¢’ € Ly[a,b] for p, ¢ > 1 with % + % =1.
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(i) If g (a) =0, then

b Ve o
(1.3) /|f |dt<</ (t—a)lf’(t)lpdt> (/ <b—t>|g’<t>|"dt>

b 1 ! P 1 / q
</ [p(taw O+ 0-0lg <t>|]dt.

1/q

(ii) If g (b) =0, then

1/p b 1/q
(1.4) /|f |dt<</ (b —t)f’(t)l”dt> (/ (t—a>|g’(t>|"dt>

b / p 1 / q
</ [p(bmf (OF de+ 1 (¢ - a)lg (Mdt

(iii) If g (a) = g (b) =0, then

(1.5) /|f ()] dt

b b 1/p
g<2<b—a>/ fora- [ 40— f’(t)lpdt>
b 1/q
x(/ ‘L;bug’(qut)
b b a
< g0 [Irwras [ L or - 2o

In particular, we have:

Corollary 1. Assume that f : [a,b] — C is absolutely continuous on [a,b] and
f'€Lya,blNLyla,b] forp, g>1 with%—t—%:l.

(i) If f (a) =0, then

b 1/p b 1/q
o [1ros |dt<</ (t—a)lf’(t)lpdt> (/ (b—t)lf’(t)th>

/ab [; (t—a)lf @O + é (b—t)|f (t)ﬂ dt.

IN

(ii) If £ (b) =0, then

b 1/p b 1/q
o [1ros |dt<</ (b—t)f’(t)lpdt> (/ (t—a)lf’(t)th>

/: [; (b= 1) 17 () dt + - JE-alfe )Iq]

IN
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i) If f(a) = f(b) =0, then
as | 0 F @l
< (;(b—a)/abf’(t)l”dt—/ab
S (/b “jbt\|f'<t>th>l/q

b b
<g 0o [ roras [

In this paper we establish some weighted generalizations of Opial’s inequalities
in terms of p-norms and for two functions. Applications related to Griiss’ type
weighted inequalities are also given.

a+b

—t
2

1/p
TGl dt)

a+b [NV R
- [ror - i o] e

2. THE MAIN RESULTS
We have:
Theorem 3. Assume that f, g : [a,b] — C are absolutely continuous on [a,b],
w : [a,b] — [0,00) is integrable, f'w'/? € L,[a,b] and g’ € Ly[a,b] for p, ¢ > 1
with L + 1 =1.
P q
(i) If g(a) =0, then

b
(2.1) / (0 g (0w (£) dt

b 1/p b b

s( / (ta)f’(t)”w(t)dt> ( / ( / w(s)ds) g'<t>|‘1dt>
b

! (/t w(s)ds) |g'(t)|q] dt.

b
g/ [(ta)lf’(t)l”w(tH

1/q

=

p

(ii) Ifg(b) =0, then

b
(2.2) / 1 () g ()] w (8) dt

< (/b (b—1)lf <t>|”w<t>dt>l/p (/b (/:ww)ds) o <t>|th>1/q

< [[Fe-ororevost([wow)yor]a

|
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Proof. (i) Since g (a) = 0, then g (¢ f g’ (s)ds for t € [a,b]. We have

b b
[ 15 @swlw@a= [ 17l

b

= [0 1f Ol o g )] w 0 de
b t

- / (t— )/ | ()] (¢ — a)/" / J (s)ds

Using the weighted Holder’s inequality for p, ¢ > 1 with % + % =1, we have

1/p
(2.3) A< ( / b [t—a) 17 0] w ) dt)

y (/{1” l:(t_a)l/P /atg' () ds rw(t) dt) "
= (/ab(t—a)lf’(t)pw(t)dt)l/p (/b {@_a)—”p /:g’(sﬁls

By Holder’s inequality for p, ¢ > 1 with 1 i }1 = 1 we also have

< ( / o (S)qu)l/q

saf| < [ e
which gives

24) Bg(/@ (t—a)lf (¢ ) (/ ([ weras)ve >/

Using integration by parts, we have

[ ([ oras)wma

- [ ([wera)a(f wow)

= ([wora) ([ wmw)| = [ ([ v ) o
(Fuere) (o) L (Looeloors
=/(/ (s)d >|g<>|dt

and by (2.3) we get the first inequality in (2.1).

w(t)dt =: A.

1/q

]qw (t) dt)

=: B.

s)ds

that implies

{(t o) VP
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The last part follows by the elementary Young’s inequality

(2.5) /gl < Loy 15, a, B3>0,
p
(ii) Since g (b) = 0, then g (t) = — ft s)ds for t € [a,b]. We have

/|f (1) w () dt = /|f J1g (8)]w (2) dt
b

:/ (b— 071 () (b— 1)~/ g (&) w (t) dt

b b
:/ (b— )7 1 ()] (b — )07 / J (s)ds

Using Holder’s inequality for p, ¢ > 1 with % + % = 1 we also have
b 1/p
(26) C< ( / (=017 )] w ) dt)
b q 1/q
y (/b [(b Y / J (s)ds ] w (1) dt)
b p b
- ( [ o-v1rore dt) ([(b 07 [ s)as

By Holder’s inequality for p, ¢ > 1 with * + = =1 we also have

b 1/a

< ( (s |qu> ,
b 1/2
( </ lg’ (s |qu> w (t) dt) .

w(t)dt =: C.

q 1/q
] w (t) dt)

=:D.

b—t*”? s)ds
(

which gives

(2.7) Dg(/ b1 OF )

Using integration by parts, we have

/ab (/b o <s>|qu> w (1) dt

/ab (/tb|g’<s>|qu>d(/:wcs)ds)
= ([wera) ([ wew) i*
[ ([ i) ora

and by (2.6) and (2.7) we obtain (2.2). O

/ab o (0" (/:w@ ds)
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Corollary 2. Assume that f, g : [a,b] — C are absolutely continuous on [a,b],
w

[a,b] — [0,00) is integrable, f'w'/? € L,[a,b] and g’ € L,[a,b] for p, ¢ > 1
with & + ¢ = 1.

(i) If g (a) =0 and w is nonincreasing on [a,b], then

b
(2.8) / 1 () g (0] w (t) d

b 1/p b 1/q
s(/ (t—a)lf’(t)l’”w(t)dt) (/ (b—t)lg’(t)l"w(t)dt)

brq R | o
SL L“_amf@|+q@_UW(m}wUMt

(ii) If g (b) =0 and w is nondecreasing on [a,b], then

b
(2.9) / (0 g (0w (£) dt

b 1/17 b 1/‘1
g(/ (bt)f/(t)l”w(t)dt> (/ (ta>|g’<t>|qw<t>dt>

"1 | o
S/a {p(b‘”'f ®F +-(t-alg (t>|}w<t>dt.

Remark 1. Assume that f : [a,b] — C are absolutely continuous on [a,b], w

[a, b] 1% [0,00) is integrable, f'w'/P € L,|a,b] and f' € L, a,b] for p, ¢ > 1 with
+lo1,
P g

S

(i) If f (a) =0 and w is nonincreasing on [a,b], then

b
(2.10) / 1 (8) F (8)]w (8) dt

b 1/p b 1/q
< ( [ t-airarew dt) ( [o-o1r e dt)
b 1 ! p 1 ! q
< [ e-arerse-oiror|eoa
(ii) If f (b) =0 and w is nondecreasing on [a,b], then

b
(2.11) / 1 (8) £ (0)]w (1) dt
b

1/p b 1/q
< (/ (b—t)lf’(t)lpw(t)dt> (/ (t—a)f’(t)lqw(t)dt>

b
S/ Bw_ﬂ”“ﬂp+;“_®fwmﬂwumt
We have:
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Theorem 4. Assume that f, g : [a,b] — C are absolutely continuous on [a,b],

w : [a,b] — [0,00) is integrable, f'w'/? € L,[a,b] and g’ € Ly [a,b] for p, ¢ > 1
with%—l—%: 1. If g (a) = g (b) = 0, then

b
(2.12) / 1 () g (0w (£) dt

b 1/q b 1/p b 1/a
<Ly < / w(S)ds) ( / If’(t)l”w(t)dt> ( / |g’<t>|qclt>

[\]

and

b
(2.13) / 1 () g ()] w (t) d

1/p
t—aer‘f (t)dt)

b
< ( b—a / £ O @d- [
b atd 1/q
X (/ /t w(s)ds||g’ (t)|th> .
Proof. If we add the inequalities (2.1) and (2.2) we get
b
1) 2 [ 1f Og@lw
b 1/p b b
< (/ t-a)lf (t)”w(t)dt) (/ (/ w(s)ds) iy <t>|qczt>
b 1/p b oot
+ (/ b-0)f <t>|”w<t>dt> (/ ([ weas)i <t>|qczt>

If we use the elementary Holder inequality for p, ¢ > 1 with % + % =1

1/q

1/q

(2.15) aB 478 < (o + )P (81 + 599 @, B, 4, § >0,

we have

(2.16) (/ab(t—a)lf’(t)'pw() ) </ </bw >|g )th> q /4
+</ab< 017 @ ) (/b</‘“ ) OM)
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1/p

b b
s(/ (t—a)|f’<t>|”w<t)dt+/ (b—t)lf’(t)lpw(t)dt>

< (/ (/tbww)ds) |g’<t>|"dt+/ab (/:w<s>ds) g'<t>|qclt>
b 1/p b 1/q b 1/q
— (b—a)/? ( / If’(t)l”w(t)dt> ( / w(s)ds> ( / |g’<t>|"dt> .

By making use of (2.14) and (2.16) we get (2.12).
If we use the inequality (2.1) on the interval [a7 aT'H’] , then we have

1/q

a+b

(2.17) / T W) w () de

a

atb 1/p atb atb 1/q
s(/ <t—a>|f’<t>|’”w<t>dt> (/ (/ w(s)ds>|g’<t>|th)

while if we use the inequality (2.2) on the interval [“T*b, b] , then we have

b
e [ r@e@ebd

2

b /p b t 1/q
= (/M b=t f ) w(t) dt) (/Hb (/Mw(s)ds> lg’ ()| dt) .

If we add these two inequalities, then we get by (2.15) that

/ (0 g (0w (£) dt

atb 1/p ath ath 1/q
< ( / (t—a)|f O w(t) dt) ( / ( / w(s) ds> F <t>|th>

b 1/p b ' 1/q
+ ( [ e=1r@ree dt) ( L. ( [Lw ds> 9 O dt)

b 1/p b atb 1/q
< ( / K(0) 1 () w() dt) ( / / w(s)ds| g (t)th>
a a t
where
t—a ifte[a a;b]
b) ) 1 b
K (1) = —2(b—a,)—‘t—a; ‘
b—t, if t € [“E2, 0]
This proves (2.13). O

Corollary 3. Assume that f : [a,b] — C is absolutely continuous on [a,b], w :
[a,b] — [0,00) is integrable, f'w'/P € L,|a,b] and f' € L,[a,b] for p, ¢ > 1 with
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%4—%:1. If f(a) = f(b) =0, then
b
(2.19) / () £ () w (6) de
a

b 1/q b 1/p b 1/q
<lo—awr (/ w(s)ds) (/ If’(t)”w(t)dt> (/ If’(t)lth>

and

[\

) [ RaOrOTIor
_< —a/lf dt—/:
><</ab /tu;rbw(s)ds

3. SOME INEQUALITIES FOR THE WEIGHTED CEBYSEV FUNCTIONAL

a+b Y
] P OPw) dt)

1/q
|f (t)lth> ~

Consider now the weighted Cebysev functional

1 b
BN Calhg) = o / w(t) £ (£)g (1) dt
1 1

b b
S A RICL

where f, g, w : [a,b] — R and w (t) > 0 for a.e. t € [a,b] are measurable functions

such that the involved integrals exist and f: w (t)dt > 0.
In [3], Cerone and Dragomir obtained, among others, the following inequalities:

32) |Cuw(f 9l

1 1 b b
<5 (M- m)f;w()dt/a w (t) g(t)—f;w(s)ds/a w(s) g (s)ds| dt
1 1 b 1 b P
<3 (M —m) [f:w()dt/ (t)g(t)—f:w(s)ds/aw(s)g(s)ds dt]
1 1 b
SQ(M—m)fz[sggg(t)—W/a w(s)g(s)ds

for p > 1, provided —co < m < f(t) < M < oo for a.e. t € [a,b] and the
corresponding integrals are finite. The constant % is sharp in all the inequalities in
(3.2) in the sense that it cannot be replaced by a smaller constant.
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In addition, if —co <n < g(t) < N < oo for a.e. t € [a,b], then the following
refinement of the celebrated Griiss inequality is obtained:

33) 1Cuw (£ 9)l

Here, the constants % and i are also sharp in the sense mentioned above.

If we write Corollary 2 for the function f = [ h(t)dt, where h : [a,b] — C is
integrable on [a, b], then we have:

Lemma 1. Assume that g : [a,b] — C is absolutely continuous on [a,b], h : [a,b] —

C is integrable on [a,b] and w : [a,b] — [0,00) is integrable, hw'/? € L, [a,b] and
g € Lyla,b] forp, g > 1 with 1 + 1 =1.

(i) If g (a) =0 and w is nonincreasing on [a,b], then

b
(3.4) /meMMwmw

b Ve s
S(/ (t—a)|h(t)|pw(t)dt> (/ (b—t)|9/(t)|qw(t)dt>

(1) If g(b) = 0 and w is nondecreasing on [a,b], then

1/q

b
65 [ h@gle@ad

b 1/p b 1/a
S(/ (b—t)lh(t)lpw(t)dt> (/ (t—a)lg’(t)lqw(t)dt> :

We have the following inequality for the weighted Cebysev functional.

Theorem 5. Assume that g : [a,b] — C is absolutely continuous on [a,b], f :
[a,b] — C is integrable on [a,b] and w : [a,b] — [0,00) is integrable with fw'/P €
L,la,b], g € Ly[a,b], where for p, ¢ > 1 with % + % =1.
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(i) If w is nonincreasing on [a,b] , then

(3.6) |Cuw(f 9l

1 b
S(fcf)'w(s)ds/a (t—a)’ ds/f ds
1 b 1/q
x<1¢w(gd8/’w—wny<wqwu>ﬁ>

— )P 1 ' - 1 ' s)w(s)ds
<(b-a) [f(fw(s)ds/a 7) f;w(s)ds/af() (s)d

1 b / q
x(LhM@dsl<bwm<w|wmdQ

(ii) If w is nondecreasing on [a,b], then

1/p
w )dt)

P 1/p
w (t) dt]

1/q

3.7 1Cw (£ 9)]

1 b 1 b
S(Lﬁﬂﬁdsl(b_ﬂpa)_ﬁhugdsl‘ﬂgw@ﬁ“
1 b , . 1/q
x<ﬁw(ﬁh/<wmngw|wwﬁ>
1/p
)/ 1 ’ s w
0 Mw@w/ m/f 9 >4

1/q
1
X(ﬁwwm&é( a)lg @) (Mo .

Proof. We use the following Sonin type identity

P 1/p
w (t) dt)

(38) Cu(f,9)

1 b 1 b
=ﬁw@$l(m%ﬁw®ﬁlf@mmgwm—wmwm

for v € C, which can be proved directly on calculating the integral from the right
hand side.
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Using the inequality (3.4) for v = g (a), we have
1Cw (f,9)]

b b
gw/ f(t)—fbwl(s)ds/ £ (s)w (s)ds

1 b
: fbw(s)ds </a (t-a)

a

g (t) — g (a)|w(t) di

1 b p 1/p
f(t)—fabw(s)ds/a F(s)w (s)ds w(t)dt)

b 1/q
x (/ (-1 |g'<t>|qw<t>dt>

that proves the first inequality in (3.6).
Since

b b
fbwl(s)dS/a (t—a) f(“fbwl(sms/a F () (s)ds

1 b 1 b
s(ba)fa,,w(s)dsfa f(“f;w(s)ds/a £ (5)w (s)ds

hence the second part of (3.6) follows.
Using the inequality (3.5) for v = g (b), we have

|C'IU (f’ g)‘

: ffwl(s) ds /ab

p

w(t)dt

p

w (t) dt,

1 b
f(t)—fjw(s)ds/a f(s)w(s)ds| g (t) — g (b)|w(t)dt
1

b P 1/p
f(t)—W/a F(s)w(s)ds w(t)dt)

b 1/q
x (/ (t—a)lg @) w (e dt)
that proves the first part of (3.7).

The second part follows in the same way as above.

REFERENCES

[1] P. R. Beesack, On an integral inequality of Z. Opial. Trans. Am. Math. Soc. 104 (1962),

470-475.

[2] P. L. Chebyshev, Sur les expressions approximatives des intégrals definis par les outres prises

entre les méme limites, Proc. Math. Soc. Charkov, 2 (1882), 93-98.

[3] P. Cerone and S. S. Dragomir, A refinement of the Griiss inequality and applications, Tamkang
J. Math., 38(1) (2007), 37-49. Preprint RGMIA Res. Rep. Coll., 5(2) (2002), Article 14.

[Online: http://rgmia.vu.edu.au/v5n2.html].

[4] S. S. Dragomir, Generalizations of Opial’s inequalities for two functions and applications,

Preprint RGMIA Res. Rep. Coll. 21 (2018), Art.

[5] S. S. Dragomir, p-Norms generalizations of Opial’s inequalities for two functions and appli-

cations, Preprint RGMIA Res. Rep. Coll. 21 (2018), Art.

[6] L. Fejér, Uber die Fourierreihen, II, (In Hungarian) Math. Naturwiss, Anz. Ungar. Akad.

Wiss., 24 (1906), 369-390.



WEIGHTED GENERALIZATIONS OF OPIAL’S INEQUALITIES FOR TWO FUNCTIONS 13

[7] G. Griiss, Uber das Maximum des absoluten Betrages von ﬁ f;’ f@)g(z)dx —
(=] [P f(x)da [P g(z)dz, Math. Z. , 39(1935), 215-226.

[8] L.-G. Hua, On an inequality of Opial. Sci. Sinica 14 (1965), 789-790.

[9] N. Levinson, On an inequality of Opial and Beesack. Proc. Amer. Math. Soc. 15 (1964),
565-566.

[10] A. Lupas, The best constant in an integral inequality, Mathematica (Cluj, Romania),
15(38)(2) (1973), 219-222.

[11] C. L. Mallows, An even simpler proof of Opial’s inequality. Proc. Amer. Math. Soc. 16 (1965),
173.

[12] C. Olech, A simple proof of a certain result of Z. Opial. Ann. Polon. Math. 8 (1960), 61-63.
[13] Z. Opial, Sur une inégalité. Ann. Polon. Math. 8 (1960), 29-32.

[14] A. M. Ostrowski, On an integral inequality, Aequat. Math., 4 (1970), 358-373.

[15] R. N. Pederson, On an inequality of Opial, Beesack and Levinson. Proc. Amer. Math. Soc.

16 (1965), 174.

IMATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNE CiTY, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2DST-NRF CENTRE OF EXCELLENCE IN THE MATHEMATICAL, AND STATISTICAL SCIENCES,
ScHOOL OF COMPUTER SCIENCE, & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND,, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA





