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ON THE HERMITE-HADAMARD TYPE INEQUALITIES FOR
n-TIMES DIFFERENTIABLE r-CONVEX FUNCTIONS

MUSTAFA KARAGOZLU** AND MERVE AVCI ARDIC*

ABSTRACT. In this paper, some new integral inequalities for n-times differen-
tiable r-convex functions are obtained.

1. INTRODUCTION

The following inequality is well known in literature as Hermite-Hadamard in-
equality for convex functions:

Let f: I C R — R be a convex function on the interval I of real numbers and
a,b € I with a < b. Then the following double inequality holds:

(1.1) f(“j’) < bia/abf(x)dxg M

For Hermite-Hadamard inequality, see [2]-[4], [6], [7] and [9]-[11] where further
references are listed.

In [7], the power mean M,.(x,y; \) of order r of positive numbers x,y is defined
as the following;:

(A" + (L =N)y"), if r#0
(1.2) M, (z,y; ) =
(:c)‘y%)‘) , ifr=20
In [3], Gill et. all used the definition of M, (z,y;\) to introduce the concept of
r-convex functions.

Definition 1. A positive function f is r—convex on [a,b] if for all z,y € [a,b] and
A€ 0,1]
(1.3)

Af7@) + (1= NfT ()", 740
@) M ), r=0

In the definition of r-convex functions if we choose » = 1 and r» = 0, we have
ordinary convex functions and log-convex functions respectively.
It is obvious that if f is r-convex in [a, b] where r > 0, then f” is convex on [a, b].

fOz+ (1= Ny) < M.(f(z), f(y); \) =
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The generalized logarithmic means of order r of positive numbers z, y defined by

r T—y 1.
r+1Inz—Iny’ r ;é 0’ 171; # Y

=y r=0,x#y
1.4 Le(z,y)={ ey ’
( ) T( ’y) xylni:%/ny’ T':—l,l,’;éy
x r=Yy

,see [3].
Gill et. all proved the following theorem for r-convex functions:

Theorem 1. Suppose f is a positive r-convex function on [a,b]. Then

1
b—a

If f is a positive r-concave function, then the inequality is reversed, see [3].

(1.5)

b
/ f(@)de < Lo(f(a), f(b)).

For several results concerning of r-convexity, see [3] and [5]-[11] where further
references are listed.

The main aim of this paper is to obtain some new integral inequalities for r-
convex functions by using Lemma 1.

Lemma 1. Suppose f: I C R — R is a function such that f() exists on I° for
n €N, n > 1. If f is integrable on [a,b], for a,b € I with a < b, the equality
holds
(1.6)

n—1 — k " !
S (1) +1}!f(k) <a+b> ! /abf(x)dx:(_l)(b!_a)/o Ko ()™ (ta+ (1— ) b) dt,

k+1
=2 (k+1) 2 n
where
", te[o,3]
Kn(t) =
-1 te(3,1],
see [4].

2. NEwW RESULTS FOR 7-CONVEXITY

Theorem 2. Let f : I CR — R is a function such that f™ exists on I° forn € N,
n>1 and f™ € L[a,b] where a,b € I with a < b. If |f(")’ is r-convex function on
[a,b] for r > 1, then the inequality holds:

n=1 |(=1)" +1 a
Z Q[kﬂ(kil)}!f(k) ( ;b) B bla/abf(m)dx

k=0

=t ]+ e ]

T 1
X (2(W+T+1)/T(nr+r+1) + B2 <n+1,r+1>),
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where ;
B, (a,b) = / uafl(l - u)bildu
0

is the incomplete Beta function which is a generalization of the complete Beta func-
tion.

Proof. From Lemma 1 and using properties of modulus, we can write
n—1 {(71)k + 1] b
+b 1
A = I O b / d
kZ:O%H(k—H)!f 2 p—a ) f@dr

L

If we use r-convexity of | f (")| then we have

IN

F™ (ta+ (1 —t) b)‘ dt} .

™ (ta+ (1 —t)b)‘dt+/11(1 —t)"

—a)" 1/r
n! 0
1 r ry 1/7
+/1 =0 (L @] +a-nlroe| ) al.
If we use
(21)
Z a; + b;) Z P> b for 0 <k <1ja1,az,...,an > 0 and by, by, .., b, > 0,
i=1 i=1 i=1
we obtain

f(”)(a)‘ + 1" (1 — )"

A < (b;i!a)” [/Oé (t(nr+1)/T f(”)(b)D dt

+/11 ((1 — )" f(”)(b)D dt] :

If we calculate the above integrals, then the proof is completed. O

@) + (1=l

Theorem 3. Let f : I C R — R is a function such that ™) exists on I° forn € N,
n>1 and f™ € La,b] where a,b € I with a < b. If |f(”)|q is r-convex function
on [a,b] forr>1 and ¢ > 1; 1 + l =1, then the inequality holds:

Zg{k+1(k+ }l <a;rb>_bia/abf($)dx

(b— a)n 1 1/p r 1/q
nl Ow+1ﬂw“> <w+nﬂﬂwﬁ>

X {Hf(") a ‘ ‘f(") ’ (20 )} a

q] 1/!1}'

IA

+ [lro @[ @ — 1 4 | o)
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Proof. From Lemma 1 and using the properties of modulus and well known Hoélder
inequality, we can write

A < (b ;!a)n [(/0é t"pdt> v (/0% ’f(") (ta+ (1 —1) b)‘th> "
. (/11(1_t)npdt> 1/p </11

. 1/q
F™ (ta+ (1 —t) b)‘ dt) .
If we use r-convexity of ’ ) |q, then we have

n 3 1/p 3 qr a1/r 1/q
A < % [(/0 t”Pdt) </0 [t ‘f(")(a)’ . ‘f(")(b) } / dt)
+ (/11(1 - t)"Pdt> 1/p <[ [t ‘ﬂn)(a)’qr . ’f(")(b) qT/T- dt) 1/1 |

Applying (2.1) in the above inequality we can write

(b—a)" H v 3 q q Ha
A < : (/ t”pdt> </ [tl/” £ (a)‘ +(1—t)Yr f“”(b)) } dt)
n. 0 O
1 1/p 1 . ; 1/q
+ (/ (1- t)"”dt) (/ |7 p (a)‘ (1=l f<">(b)) } dt)
1 1
3 3
If we calculate above integrals, then the proof is completed. ([l

Theorem 4. Under the assumptions of Theorem 3 we have the following inequality
- b
Z2 ( 2 ) b—a ), J@d
k=0
(b _ a)n 1 1/p
n! 2
5 ‘f(n)( ) q ; 1 (r4+gqnr+1)/r
r+qgnr+1\2
q 1 1/q
+ ‘f(n)(b)’ B2 <qn +1, - + 1>)

+ (\f("’(a)\qﬁm (qn +1, % + 1)

r4+qnr+1)/r 1/q
N ‘f(")(b)’q r } (r+q )/
r+qgnr+1\2

IN
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Proof. From Lemma 1 and using the properties of modulus and well known Hoélder
inequality, we can write

A < (b;!a)” </O;dt)1/” (/O%tnq
() (o

2

1/q
£ (ta+ (1 t) b)‘th>

1/q
£ (ta+ (1—t) b)‘th>

If we use | i |q of r-convexity and applying (2.1) in the above inequality we can
write

n 1 1/p 1 1
< t o [t t+ T -y rag
A (b a') d f(n) (7Lqr+1)/rd f(n) b nq 1/Td
n! 0 0 o
1 1/q
+ </1 dt) <‘f(n) ‘ / nqtl/rdt + ‘f n) ‘ / (nqr-’,—l)/rdt)

If we calculate above integrals, then the proof is completed. O

1/q

Theorem 5. Under the assumptions of Theorem 3 we have the following inequality

bt (422) -2 [ o
& ;;a)n <2n+1(2 +1) > :

™ (a) |
X{<‘f @ e Dz

‘f<" ’ B/ <n+1 1+1>)1/q
+<‘f(”)(a)‘ By <n+1,r+1)

+ ‘ﬂn)(b)’q " e
(r + nr + 1)20+nr+1)/r '

IN
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Proof. From Lemma 1 and using the properties of modulus and well known Hoélder
inequality, we can write

4 oW (/O%ndty/p(/oin
1 1/p 1 1/q
+</ (1—t)”dt> (/ (1— )| pm (ta+(1—t)b)‘th>

If we use | i ‘q of r-convexity and applying (2.1) in the above inequality we can
write

ae S ([ea) ([ e e
()" (et oo

If we calculate above integrals, then the proof is completed. (Il

1/q
£ (ta+ (1 t) b)‘th>

1/q
f(n)(b)‘q) dt)

FO@| + -

f(n)(a)‘q +(1- t)l/'r

Theorem 6. Under the assumptions of Theorem 3 we have the following inequality

n=1 |(-=1)" +1 u
kz:% z{kﬂ(m 1)]!f(k) < ;b> N bia/abf(x)dx

(b—a) 1 v
o <2<n1>p+2 = Dp+ 2])

n q r n
8 {(‘f( @) 2@/ (2r 4 1) T 7w

"1 r 20r+)/ry —3p — 1 i )f(")(b)‘q r 1
(r+1)(2r+1) 2(2r+1)/r 2@ 1)/r(2r + 1) .

IN

q r 2@r+1)/ry g _ 17\ M/*
‘ (r+1)(2r+1) { 202r+1)/r D

+ (|

Proof. From Lemma 1 and using the properties of modulus and well known Hoélder
inequality, we can write

A < (b;i'a)n (/0 t(”1>Ptdt> " </0 t ‘f(n) (ta+ (1 —1t) b)]th>1/q
+ </11(1 —t)nmP(1 — t)dt) " (/11(1 — 1) ‘f<”> (ta+ (1 —1t) b)‘th> v

2



ON THE SIMPSON TYPE INEQUALITIES 7

If we use | fi |q of r-convexity and applying (2.1) in the above inequality we can
write

" 1 1/p 1 1/q
A < (b_,a) (/ t<”1>Ptdt> (/ ¢ (tl/’" f<”>(a)\q+(1 — )t f(”)(b)\q) dt)
n. O 0
1 l/p 1 l/q
q q
+</ (1—t)("‘1)p(1—t)dt> (/ (=) (177 |1 @)| + =0 )| )dt)
If we calculate above integrals, then the proof is completed. (Il

Theorem 7. Let f : I C R — R is a function such that f™ exists on I° for
n € N, n > 1 such that f € Lla,b] where a,b € T with a < b. If |f(")|q is
r-convex function on [a,b] for ¢ > 1; % + % =1, then the inequality holds:

G G S | R b
kzzo 2{k+1(k+1)}!f(k) ( ;b> - bia/a f(x)dx
(b—a) 1 /e

(n)! <2”(n+1)>

<
-2
HL’" <‘f(") QIR <a;b> qﬂl/q
! {LT (‘f(”) (a)(q,‘fm) <(12+b> q)}l/q}.

Proof. From Lemma 1 and using the properties of modulus and well known Holder
inequality, we can write

A < (b ;!a)n </Oé t”pdt> v (/O; ’f(") (ta+ (1 —1t) b)‘th> v
+ (/11(1 —t)"Pdt> " ([

If we use r-convextity of | ) ’q ; we can write the following inequalities
q a+0b\l*
(n)
fe()])
q
(n) a+ b
()

via (1.5). The proof is completed. O

q
)

. 1/q
£ (ta+ (1 —t) b)‘ dt)

q
dt <

/ P a0 L, (]f<”> (®)

and

‘ q

/1; £ (0t (1~ D)
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