RIEMANN-STIELTJES INTEGRAL INEQUALITIES OF
TRAPEZOID TYPE WITH APPLICATIONS

SILVESTRU SEVER DRAGOMIR

ABSTRACT. In this paper we provide some bounds for the error in approx-
imating the Riemann-Stieltjes integral fabf(t)g(t) du (t) by the trapezoidal
rule

a b
CES UYL

under various assumptions for the integrands f and g, and the integrator u
for which the above integral exists. Applications for continuous functions of
selfadjoint operators in Hilbert spaces are provided as well.

1. INTRODUCTION

The following theorem generalizing the classical trapezoid inequality to the Riemann-
Stieltjes integral for integrators of bounded variation and Hélder-continuous inte-
grands was obtained by the author in 2001, see [4]:

Theorem 1. Let f : [a,b] — C be a p-H-Hélder type function, that is, it satisfies
the condition

(1.1) [f (@)= fW)I < Hlz—yl° forallz, y € [a,b],

where H > 0 and p € (0,1] are given, and u : [a,b] — C is a function of bounded
variation on [a,b]. Then we have the inequality:

f(a)+ f(b) ’

b
a2 (PO ) cw@ - [ rmam| < G0\ W),

a

The constant C' =1 on the right hand side of (1.2) cannot be replaced by a smaller
quantity.

The case when the integrator is Lipschitzian is as follows, [8]:

Theorem 2. Let f : [a,b] — C be a p-H-Hélder type mapping where H > 0 and
p € (0,1] are given, and u : [a,b] — C is a Lipschitzian function on [a,b], this

means that
(1.3) lu(z) —u(y)| < Llz—y| foralz, ye<lab],
where L > 0 is given. Then we have the inequality:

a b 1
(1.4) f();_f(b)[u(b)—u(a)]—/a F0)du()] < %HL(b—a)“ :

p
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In the case when u is monotonic nondecreasing, we have the following result as
well, [8]:

Theorem 3. Let [ : [a,b] — C be a p-H-Hélder type mapping where H > 0 and
p € (0,1] are given, and u : [a,b] — R a monotonic nondecreasing function on
[a,b] . Then we have the inequality:

ub)‘ﬂ@;f@

b
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(b—t)' " (t—a)t-r
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1

<
)

H (b—a)" [u(b) —u(a)].

The inequalities in (1.5) are sharp.

For other similar results, see [2]-[8].
In this paper we provide some bounds for the error in approximating the Riemann-
Stieltjes integral f(f f(t) g (t)du(t) by the trapezoidal rule

a b
GRSy

under various assumptions for the integrands f and g, and the integrator u for
which the above integral exists. Applications for continuous functions of selfadjoint
operators in Hilbert spaces are provided as well.

2. SOME PRELIMINARY FACTS

Assume that u, f : [a,b] — C. If the Riemann-Stieltjes integral f:f (u) du (t)
exists, we write for simplicity, like in [1, p. 142] that f € R¢ (u, [a,b]), or R, (u)
when the interval is implicitly known. If the functions w, f are real valued, then
we write f € R (u,[a,b]), or R (u), respectively.

We start with the following simple fact:

Lemma 1. Let f, g, v : [a,b] = C, \, u € C and z € [a,b]. If fg, g € Rc (v, [a,z])N
Re (v, [x,b]), then fg, g € Rc (v,[a,b]) and

b

b T
ey [ rwe®a®=x[ s@d®+u [ g
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In particular, for p = X\, we have

b b
(2.2) / £ () g (t)dv () = X / g (t)dv ()
b

+/””[f(t)wg(t)dv(t)+/ F(8) — Ng(8)do ()
b b
:A/ g(t)dv(t>+/ F(8) = Alg (t)dv (£).

Proof. The integrability follows by Theorem 7. 4 from [1] which says that if a
function is Riemann-Stieltjes integrable on the intervals [a, z], [z, b] with « € [a, ],
then it is integrable on the whole interval [a, b] .

Using the properties of the Riemann-Stieltjes integral, we have

[uO-Ngwaw+ [ 1©-usao

=/:f<t>g<t>dv<t>—x/a

b x b
:/ f(t)g(t)dv(t)—A/ g(t)dv(t)—u/ g (t)dv(t),

b

b
g(t)dv<t>+/ f(t)g(t)dv(t)—u/ g (t) do (1)

which is equivalent to the first equality in (2.1).
The rest is obvious. U

Corollary 1. Assume that f, v : [a,b] — C and = € [a,b] are such that f €
Re (v, [a,z]) N Re (v, [x,b]). Then for any A, u € C we have the equality

b
23) [ 10wl =A@ @]+l ®) - o)
[ ro-Naw+ [ 1ro-weo.

In particular, for = A, we have

b
(2.4) / F () do (t) = Ao (b) - v (a)]
+/m[f(t)—k]dv(t)+/ () — N do (8)

b

=A[v<b)—v<a>]+/ 1 (6) — Ndv (2).

a

The proof follows by Lemma 1 for g (t) =1, ¢ € [a, b].

Remark 1. We observe that, see [1, Theorem 7.27], if f, g € Cc[a,b], namely,
are continuous on [a,b] and v € BV¢ [a,b], namely of bounded variation on [a,b],
then for any x € [a,b] the Riemann-Stieltjes integrals in Lemma 1 exist and the

equalities (2.1) and (2.2) hold.
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If we use the equality (2.2) for A = M, then we have

b b
@) [ rwg@an =D Fo@ane

+/ab {f(t)—f(“);“l’)}g(t)du(t)-

In particular, for g (¢) =1, t € [a,b], we have

b
(2.6) /f(t)du(t)Z[U(b)—u(a)]M

v [ ro- 1O O,

respectively.

3. INEQUALITIES FOR INTEGRANDS OF BOUNDED VARIATION
‘We have:
Theorem 4. Assume that f, g € Ccla,b] and v € BVc[a,b]. If f € BV¢ [a,b],

then
b

b b
1
- <= .
<3V ) [low d( U>_2trél[g>§]lg()l\!(f)\!(u)
Proof. Since f is of bounded variation on [a, b], hence

f(t)_f(a);rf(b) _ f(t)—f(a);f(t)—f(b)‘

(3.1)

(3.2)

l\.’)\»—\

b
(17 @) = f @)+ 17 (6) = F(B)]) < %\/(f)

for any t € [a,b].
It is well known that if p € R (u, [a,b]) where u € BV¢ [a, b] then we have [1, p.

177]
b b t b
[ < [ p<t>|d<\/<u>> < swp 1 ().

t€la,b]
Using the equality (2.5), (3.2) and (3.3) we get

b b
[ 10s@aue -2 Fygaue

a

(3.3)

(3.4)
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which proves (3.1). O
Remark 2. Ifg(t) =1, t € [a,b], then by (3.1) we get

b
(3.5) (tyau (1) - L0

This result was obtained in [8] in which the constant % was also shown to be best.

Corollary 2. Assume that f € Cc[a,b]NBV¢ [a,b] and u € BV¢ [a,b] . If g is such
that |g| is convex on [a,b], then

a b
(36 - w / 9 (t)du (t

Proof. Since |g| is convex on [a, b] , then

|g(t)|:‘g<(b—t)zfit—a)b>‘ . (b—t)|g(a)b|:(lt_a)|g(b)|

for t € [a,b].

Since \/ (u) is monotonic nondecreasing, then

b t
e | |g<t>|d<\/<u>)
b —u ¢
S/ [w Ol @+ >|9<b>'}d<\/<u>>
b t
|g |/ b—t)d ( >+bg(b31|/a(t—a)d<\a/(u)>.

Using the integration by parts formula, we have

b t t b
/(b—t)d(\/<u>)=<b—t>\/<u> +

a
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By making use of (3.7) we get the first inequality in (3.6).
Also, observe that

/ab(\t/(@)dtg(bw i [ (\7 )dt< bv

a a t

which proves the last part of (3.6). O

4. INEQUALITIES FOR LIPSCHITZIAN INTEGRANDS

The following result also holds:
Theorem 5. Assume that f satisfies the end-point Lipschitzian conditions
(A1) 1f(O) = f (@] < La(t=a)® and |f(b) = [ (1) < Ly (b—1)

for any t € (a,b) where the constants Lo, L, > 0 and o, 8 > 0 are given. If
g € Cc[a,b] and u € BV¢ [a,b], then

[ rwswau - f{a) f(b)/ga)du(t)

+
2
b K b '
g;[La/Q(t—a (\a/ >+Lb/a (b— t)Blg(t)ld<\a/(“)>]

(4.2)

b b '
< 3 mox o (0] |aL, | t‘“M(\/ )d”“b/a ‘t61<\a/ ) ]
b
<5 g o @1 [F 0= + Lo 0=V @),

Proof. Since f satisfies the condition (4. 1) on [a b], hence

%(If() @)+ 17 (6) = fF )]
< % [La (t—a)* + Lg (b—t)ﬁ]

for any ¢ € (a,b).
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Using the first part of inequality (3.4) and the inequality (4.3), then we have

b b
[ rws@aue -2 Fygae

b t
< [fro- K O g (\/m)

a

<3 [ [rate-ar+ mo-oy] |g<t>|d(\7<u>>

a

b t ’ t
:% [L"/a (t— o) |g(t)|d<\a/(u)> +Lb/a (R Ig(t)ld<\/(u)>

a

=: B(g,u),

which proves the first inequality in (4.2).
We also have

(4.4) B(g,u)

b b t
La/ (t—a)ad<\/(u)>+Lb/ (b—t)5d<\/(u)>].

a a

1
<z t
< 5 mmax lg (2)]

Using the integration by parts formula for the Riemann-Stieltjes integral, we have

/ab (t—a)d (\/ <u>>

a

and by (4.4) we obtain the second part of (4.2).
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. b
Using the fact that the function \/ (u) is nondecreasing and \/ (u) is nonincreas-

a

ing, then

b

aLa/abt—a (\/ )dt+6Lb/abb—t (\t/ )

a

<aL\/ / — ‘“dt+ﬁLb\/ /b — ) at

b
_ [La (b—a)® + Ly (b— a)ﬂ] \/ ()
which proves the last part of (4.2). O

Remark 3. If g(t) =1, t € [a,b], then by (4.2) we get

where f satisfies the condition (4.1) and u is of bounded variation on [a,b] .
If we assume that f is Lipschitzian with the constant L > 0, then by taking
a=8=1and L, = L, = L in the first inequality in (4.2), we get

(4.6) du(t)— L0 / g (8) du (8)

<L bfa/|g |d< >>

Corollary 3. Assume that f satisfies the end-point Lipschitzian conditions

(4.7) If () = f (@)l < Lo (t —a)® and |f (b)) — f (£)| < Ly (b—1)"
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for anyt € (a,b) where the constants Ly, Ly, > 0 and a > 0 are given. If g € Cc [a, b]
and u € BVc¢ [a, b] , then

s | [ r0s@ane - 10O [ ogan
g;[La/a(t—a (\/ )m/ﬂ = t>“|g<t>|d< <u>)]

[\

V
< L max (L, L) / [t~ a)* + (b~ 1)°] g<t>d<\/ (u))

a

1 b k
< - max {Lme}tgl[gf;] Ig(t)l/ [(t—a)* + (b—1)"]d <\/ (U)> :

a

[\]

We also have

Corollary 4. Assume that [ satisfies the end-point Lipschitzian conditions (4.1)
and u € BV¢ [a,b],. If g is such that |g| is convex on [a,b], then

a | [ r0ewan - L0 [og i

<I(g,u)

where

t

b
I(g,u):= %bL—aa [g (a)\/ [(a+1)t—a— ab] (t—a)a_l\/(u) dt

a

b b
Ho®l 1) [ <ta>a\/<u>dt]

b t
Slls@iG+y [o-0"V wa

a

Ly

!
2b—

b t
+|g(b)|/ [(5+1)t—5a—b](b—t)5IV(U)dtl-

Proof. By the convexity of |g| we have

b t
(4.10) / (t—a)*|g (B d <\/ <u>)

a

S/ab(t_a)a[w—tng();fit—a|g } <\/ )

1

=ba/b[<t—a>a<b—t>|g<>|+< @) lg 0)]] d (\7(@)

ot e [ meremas o o o (i)
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Using the integration by parts formula for Riemann-Stieltjes integral, we have

t

/ab(t—a)a(b—t)d<\/(u)> :-/ab [a(t—a)* 6=t~ (t—a)" (\t/(u)> dt

a a

b
:/a [(t—a)a—a(t—a)ail(b_t)

]
- /ab [(a+1)t—a—ab](t—a)*" (\t/ (u)> dt,

/ab(t—a)a+1d<\:/(u)> = /ab(t—a)““d(

Il
|
n\
o
—
p
Q
=
Q
+
AN
ISH

and

b
_ / (B+1)t— Ba— b (b—1)° "\ (u) dt
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Therefore, by (4.10) and (4.11) we have

;[La/ab(t—a)alg(t)ld<\t/(“)>+Lb/b( b=0"ls <\t/ )]

a a

b t
i o [ o aas(§) o [ o a(0)
1 Lb b B+1 t b 8 t
tor o |19 (@ ’ b=\ ()] +1g ) ’ (t—a)(—1)7d\/ (u)
§% L lg \/a a+1)t—a—o<b](t—a)o‘1<\a/(u)>dt
b b
+1g ()| (a+1>/ (t—a)" <\/ (u)> dt]
b t
e [|g<a>| G+ [ 0-07 (\/ <u>> "
+lg (b I/ (B+1)t—Ba—1b(b—1t) (\/ ) ]
which proves the required inequality (4.9). O

Remark 4. Fora=0=1 and L, = L, = L, we have

b b b t
Igw)= 2 [g(b)l/ t-a)\ @dt+lg@ [ <b—t>\/<u>dt] .

Therefore, if f is Lipschitzian with the constant L > 0, u of bounded variation and
g 1s such that |g| is convex on [a,b], then we have the simple inequality of interest

b
du (t) - Y0 (a);rf ®) / g (t) du (t)

b b t
fa[|g<b>|/<ta\/ dt + g (a \/ t\/@)dt}

b

\()I;Ig )\ ()

a

(4.12)

IN

5. APPLICATIONS FOR SELFADJOINT OPERATORS

We denote by B(H) the Banach algebra of all bounded linear operators on
a complex Hilbert space (H;(:,-)). Let A € B(H) be selfadjoint and let ¢, be
defined for all A € R as follows

1, for —oo < s <A,
px(s) =

0, for A < s < 4o0.
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Then for every A € R the operator
(5.1) Ey =, (4)

is a projection which reduces A.

The properties of these projections are collected in the following fundamental
result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [9, p. 256]:

Theorem 6 (Spectral Representation Theorem). Let A be a bounded selfadjoint
operator on the Hilbert space H and let a = min {\ |\ € Sp(A)} =: min Sp (A) and
b=max{\|\ € Sp(A)} =: maxSp(A). Then there exists a family of projections
{Ex} e, called the spectral family of A, with the following properties

a) Ex < Ey for A< \;

b) E, 0o=0,E,=1 and E)_;,.o =F, fO’I’ all A € R;

c) We have the representation

b
A= / AE).
a—0

More generally, for every continuous complex-valued function ¢ defined on R
there exists a unique operator ¢ (A) € B(H) such that for every € > 0 there exists
a § > 0 satisfying the inequality
n
TR SRS N

k=1

whenever
M<a=A\<..<MA\_1 </\n:b7

M — A1 <0 for1 <k<mn,

A, € [Me—1, M) for 1<k <n

this means that

b

(52) e = [ b,
a—0

where the integral is of Riemann-Stieltjes type.

Corollary 5. With the assumptions of Theorem 6 for A, E) and @ we have the
representations

b
go(A)x:/ 0 (AN dExx forallz e H
a—0
and
b
6.3 e Waw) = [ oW d(Brag) for s, ye

In particular,

b
(p(A)z,x) = /7O<p()\)d<E>\x,x> for allz € H.
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Moreover, we have the equality

b
o (A) 2|2 = / W dBal® for allz € I

We need the following result that provides an upper bound for the total variation
of the function R 3 A — (E)z,y) € C on an interval [, 8], see [7].

Lemma 2. Let {Ex\},cp be the spectral family of the bounded selfadjoint operator
A. Then for any x, y € H and o < B we have the inequality

8 2

(5.4) V (<E<->$7y>)] <((Es — Ea)z,7) (Ep — Ea) Y, y) »

[0}

B
where \/ (<E(_)m, y>) denotes the total variation of the function <E(_)x, y> on [a, 5]

Remark 5. For a =a — with e > 0 and § = b we get from (5.4) the inequality

b
(5.5) V (Boyw,9) < (I = Bo-o)a,0)* (I = Eae) y,9)"

a—Eeg
for any x, y € H.
This implies, for any x, y € H, that

b

(5.6) V (Eow,y) <=yl

a—0

b b
where \/ (<E(.):E,y>) denotes the limit lim,_ o4 l\/ (<E(.)z,y>)] .
a—0

We can state the following result for functions of selfadjoint operators:
Theorem 7. Let A be a bounded selfadjoint operator on the Hilbert space H
and let a = min{A | € Sp(A)} =: minSp(A4) and b = max{\|A € Sp(4)} =:
max Sp (A) . Also, assume that {Ex},cp is the spectral family of the bounded self-

adjoint operator A and f : I — C is continuous on I, [a,b] C I (the interior of I)
with f of locally bounded variation on I.

(i) If g : [a,b] — C is continuous on [a,b], then

fla) + f(b)

67) |7 (A)g(A)ay) - (9 <A>x,y>\

5 max 901\ (1) V/ (Boyew) < 5 max |9 0]/ (9] o]

for all x,y € H.
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(ii) If |g| is convex on [a,b], then

(5.8) \<f (4) g (4) z,5) —

2(b
l /< >"’”y>>>dt+|g /(\/ (Eyz.v) )dt]

b b
< @Oy (1) \/ (B y0,0)) < LOLEIOL (1) oy

for all x,y € H.

Proof. (i) If we use the inequality (3.1), we have for small & > 0 and for any =z,
y € H that

B b
e Y R ICLI
1y b ! 1
<3 \/ / &)l d (\/ (<E<->$vy>)> <5 Jnax g (@) \/ \/ ((Boz,y)) -

Taking the limit over ¢ — 0+ and using the continuity of f, g and the Spectral
Representation Theorem, we deduce the desired result (5.7).
(ii) Goes in a similar way by utilising the inequalities (3.6). O

Remark 6. The above inequalities (5.7) and (5.8) can produce several particular

examples of interest.
For instance, if we take g (t) =t — “—H’ then by (5.7) we get

e

b

a) \/ () Il Iy

a

»MH

forxz,y € H.
If in this inequality we assume that [a,b] C (0,00) and take f (t) = Int, then we
get

(5.10) ‘<<A—a;b1H>lnA$,y> lna+lnb<( a+b >$7y>’
1
<3

(b—a) (Inb—Ina) |z [y

forxz,y € H.
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Also, if f(t) =t" with r > 0 and [a,b] C (0,00), then by (5.11) we get

b T b
(5.11) ‘<<A—a;r 1H>Argc,y>—a—2’_<<A—a;_ lH)x,y>‘

< 5 (0=a) (" —a”) ] [lyll

1 =

forz,y € H.

(1]
2]

(3]

ME
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