SOME JENSEN’S TYPE INEQUALITIES FOR CONVEX
FUNCTIONS AND AN INTEGRAL OPERATOR

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Jensen’s type inequalities for con-
vex functions and the integral operator
1] 1 @ 1 b
Da+,bfg(x) =3 g (t) dt + —— g(t) dt , T E (avb)
2 |lx—all, b—x J,
defined for integrable functions g : [a,b] — R. Various Hermite-Hadamard type
inequalities improving some classical results are also provided. Some examples

for logarithm and power function are given.

1. INTRODUCTION

The following integral inequality

b
(1.1) f(a;_b><bia/af(t)dt<f(a);f(b)’

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the monograph [10], the recent survey paper [6], the research papers [1]-[2], [12]-[20]
and the references therein.

Assume that the function f : (a,b) — C is Lebesgue integrable on (a,b). We
consider the following operator, see also [7]

1

r—a

x b
(12)  Duso_f(2) ;:% l / f(t)dt—kﬁ/ () dt} Lz € (a,b).

We observe that if we take z = “T*b, then we have

b
Da+,b_f(“jb) - [ soa

Moreover, if f (a+) := lim, . f (z) exists and is finite, then we have

1
lim Doy p — =
x—lgl—i- +b f (-’E) 2

b
f(a+) + ﬁ/a f@ dt]
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and if f (b—) :=lim,_,— f () exists and is finite, then we have

b
zﬁgil%+¢—f(x)—-;lf(b—)+l%iaué f(ﬂdﬂ.

So, if f : [a,b] — C is Lebesgue integrable on [a, b] and continuous at right in ¢ and
at left in b, then we can extend the operator on the whole interval by putting

owfmw=§Vwmwla/fumﬁ
and

Dy F(0)=3

b
f(b)—i—ﬁ/ f(t)dt] .

We have the following lower and upper bounds for Dy ;— f, see [8]:

Theorem 1. Let f : [a,b] — R be a convexr function on [a,b]. Then for any
x € (a,b) we have

(13) ;{f(a;x)+f(z;b)]SDH@JWUS;{f@)+fw%;Nm}

We can state now the following result that provides a refinement of the second
Hermite-Hadamard inequality, see [8]:

Theorem 2. Let f : [a,b] — R be a convex function on [a,b]. Then

b
(1.4) bia/f(x)dm

1 b b—a
= b—a/a hl( @-@(b—x))ﬂx)dx

fla)+f(b) (< f(a)+f(b))
2 = 2 '

a

b
gé[ 1a f(x)de+

Let (2, A, 1) be a measurable space consisting of a set ), a g-algebra A of parts
of Q and a countably additive and positive measure p on A with values in RU{oco} .
For a p-measurable function w : Q — R, with w (z) > 0 for u -a.e. (almost every)
x € Q, consider the Lebesgue space

Ly, (Qu) :={f:Q—R, fis p-measurable and /Q If ()| w(x)dp (x) < oo}

For simplicity of notation we write everywhere in the sequel fﬂ wdp instead of

Joy 0 (@) dp (2)
The following general Hermite-Hadamard type inequalities hold [5]:

Theorem 3. Let ® : [m, M] C R — R be a convez function on [m, M] and g : ! —
[m, M] so that ® o g, g € Ly, (2, p), where w > 0 p-a.e. on Q with fQ wdp = 1.
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Then we have the inequalities:
M M M
(1.5) ) mt +o mt / g—m+ wdp
2 2 0 2
< / (®og)wdp
Q
S<I>(m)—i—<1>(]\/[) ¢(M)_¢(m)/<g—m+M)wdu,
2 m o) 2

where ¢ (m5H) € [@L (M) @l (5]

If
o5
Q 2

then we have the general Fejér type [12] inequalities

(1.6) @(m—;M></Q(<I>og)wdu<W,

Motivated by the above results, in this paper we establish some Jensen’s type
inequalities for convex functions and the integral operator D4 ,— defined above in
(1.2). Various Hermite-Hadamard type inequalities improving some classical results
are also provided. Some examples for logarithm and power function are given.

2. MAIN RESULTS

‘We have:

Theorem 4. Let ® : I C R — R be a convex function and g : [a,b] C R —I an
integrable function such that ®ogq is also integrable on [a,b]. Then for any x € (a,b)
we have

(2.1) @ (Dot pg(z))
z b
lq, (W) ‘o (fbgwdtﬂ < Dyvy (®og) ().

Proof. Using Jensen’s inequality for the convex function ® : I C R — R, we have

(22) 2 (ffmg _<tidt> SHLEVICE
and

b b
23) ? (fxbg <tidt> S AINION)

where z € (a,b) .
If we add these two inequalities and divide by 2 we get

1[@ <ffg(t)dt> Jr(I)(f;g(t)dt)]
2 T—a b—=x
1

b

/w<<bog><t>dt+# (@ 0g) (t)dt = Doy (B o g) (2).

<
b—z J,

Tr—a

where z € (a,b), which proves the second inequality in (2.1).
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fjxg _(tldt . ffbg _(tidt] )

By the convexity of ® we also have

& (Do g(a) = (;

b
1 NG [, g(t)dt
- o =g
=3 ( ) * ( b—z ’
where z € (a,b), which proves the first part of (2.1). O

Remark 1. If we take ® = f, a convex function on [a,b] and g = £, where £ (t) = t,
then by (2.1) we get

et 7[5 (e+50)] <5 [ (55) + (550)] £ oo @)

for all z € (a,b).

The following lemma is of interest in itself:

Lemma 1. Assume that the function f : (a,b) — C is Lebesgue integrable on (a,b)
and f (a+), f (b—) ewists and are finite. Then we have

b b —u
(2.5) / Doy p—f(z)de = / In ( = ba) = z)) f (z)dz.

Proof. We have

/ "Dy f (@) de
AL Gl sy f (2 fr0s)e]
Observe that, integrating by parts, we have
/:(xia/jf(t)dt)dx—/: ([ r@0a)aane-a)
~n-a ([ rwa) ;—/ablnu—a)f(x)da:

—ln(b—a) (/{lbf(t)dt>—x£r£1+ {ln(x—a) </:f(t)dt)]—/abln(x—a)f(x)dx.

Since

Jim, {ln(a:—a) (/:f(t)dtﬂ = lim, [(m—a)ln(m—a)( ia/:f(t)dtﬂ

= lim [(z—a)ln(z —a)] lim (m /f >:0f(a—|—)=(),

T—a+ T—a+
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hence

[

/f dt>d:c In (b (/f dt) /lnx a) f () dz

:/a[ln(b a) —In (z — a)]f(:c)dx—/abln<b a)f(x)dfc

r—a

Also, integrating by parts, we have

/ab(zj—lx/:f@)dt>dx=—/ab(/:f(t)dt>d(1n(b_w>)
~cwt ([ rwa)[ o [ wo-oa( [ o)
—= gy mo-o (10 >+1n ([ 1)
o
o ([ ) - [wo-a e [0 (5=2) s

=

Therefore

/abDa-‘r,b—f(x)dl':; l/ﬂbln (Z:Z) f(x)da:+/abln<2:;) f(m)dxl

_ ! bn (b—a)2 z)dx = bn b—a x)dx
=5/ l@a)(bz)]f( e = [ 1 ( <x—a><b—x>>f( e

and the equality (2.5) is obtained.

Remark 2. If we take f = £ in (2.5), then we get

b a
/ln< = b D0 m))xdac
/D+b£ d:z:*f/a Lla/:tdwbix/:tdt]dx(ba)a;b.

We also have:
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Theorem 5. Let ® : I C R — R be a convex function and g : [a,b] C R —I an
integrable function such that ® o Dy g is also integrable on [a,b]. Then we have

1 b b—a
. P — In z)dr
(2.0 (b/ ( (w_a)(b_x)>g<> )

b
< [ 2D g@)a
x b
S;[b_la/abq)<faxg_(tidt>dz+b_la/ab®(fmbg_(t:)vdt> dx}

1 b b—a
Sb—a/aln< (x_a)(b_x)>(<bog)(x)dx.

Proof. If we take the integral mean ﬁ fab in (2.1), we get

b
i - / O (Dot p—g(z))de

b Cg(t)dt b b9 (t)dt
< /<1> Joo®dt) L /<I> Lo®dt)
2|b—a/, T—a b—a /, b—x
1 b
<5 [ Devi @09 (@)
By using Lemma 1 for the function ® o g, we get
I I b—a
Dyrp_ (Po a:dxzi/ln Pog)(x)dx
== | Do @og o= = [ ( (x_@(b_x))( 9 ()

and the second and third inequalities in (2.6) are proved.
By Jensen’s integral inequality for the convex function ® we also have

b b
(2.8) <I><bi / Da+,b_g<a:>dz) < / O (Dato-g (x)) da

and since, by Lemma 1 for the function g, we have

1t I b—a

Dgyp_ xdx:—/ln x)dx
bfa/a +0-9() b—a, < (x—a)(b—x)>g()

then by (2.8) we get the first inequality in (2.6). O

(2.7)

Remark 3. If we take ® = f, a convex function on [a,b] and g = ¢, then by (2.6)
we get

b
o 1 (50) 2t [ 220
1 1 b a+zx 1 b b+ x
SQlly—a/af< 2 >dx+b—a/af< 2 )dm]

1 b b—a
In z)dx.
Sb_a/a < (x—a)(b—x))f()
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Since, by changing the variables,
1l 1 [ (ot 1 (" (bt I
2[b—a/af< 5 >dx—|—b_ f( 5 )dx —b_a/af(z)dx
hence by (2.9) we get
a+b L a+b
iy 12 )_b_ e

b b—a
*bf /f HC<7 ln< (x—a)(b—x))f(x)dx.

We can give now some reverse inequalities that are similar to ones from (1.5):

Theorem 6. Let ® : I C R — R be a convex function and g : [a,b] C R — [m, M] C
I an integrable function such that ® o g is also integrable on [a,b]. Then for any
€ (a,b) we have

(211) Dagp— (®og) (2)

< PRI BONZ0) (s g - ")
and
b
(2.12) bia/ln<\/x—ba—(b> daxgw
+<I)(M)—<I>(m) ln (2) x_m+M
M—m b—a \/m g 2
Proof. By the convexity of ® we have
@(s)=¢><]\]\j__; mM)
M—s s—m
_M_mé(m)—kM_m(I)(M
:‘Nm);q’(M)+(ﬁ‘;_;)¢(m)+(ﬂj‘”;—;)¢(zw>
m 8_m+M s m+M
o (m)+ (M) (M) ®(m) m+ M
- 2 L <S 2 )

for any s € [m, M].
This inequality implies that
O (m)+ (M) D(M)—(m) < ) m+M>
g(t) —

(2.13) ®(g(t) < 5 R v g

for any ¢ € [a,b].
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Let z € (a,b). By taking the integral mean on [a, z] of the inequality (2.13) we
get

1 e O (m)+ @ (M)
2.14) —— P tydt < —————=
1) —— [ @op @< T
O (M) —®(m) 1 v m+ M
* M —m :rfa/a g(t)dt = 2 ’
while by taking the integral mean on [z,b], we get
b
d D (M
(215) — (@og)(t)dtﬁ%
—z/,

— m b m
+¢(Aj4w)_i( )<bix/wg(t)dt— J;M>

If we add (2.14) and (2.15) and divide by 2 we get (2.11).
If we take the integral mean on [a, ] in the inequality (2.11), we get

b
216) ;= [ Docs (B9 (@) ds

—®(m b m
BLIGORS T/ STV R )<bia/aDa+7b—g(x)dm— ;M)

and by using Lemma 1 we get the desired inequality (2.12). O

Remark 4. If we take ® = f, a convez function on [a,b] and g = ¢, then by (2.11)
we get

(2.17) Doy p— (f) (z) <

fla)+f(®)  1f(®)—f(a) a+b
2 +§ b—a (:1:— 2 >

for any x € (a,b).
From (2.12) we obtain

b —a a
(2.18) ﬁ/ 1n< (xba)(bx)>f(x)dx§f()—;f(b).

3. APPLICATIONS

Assume that ¥ : I — (0, 00) is log-convex on I, namely ® = In ¥ is convex on I,
then for g : [a,b] C R —T an integrable function such that In ¥ o g is also integrable
on [a,b], we have

51) ¥ (Do (o) < J (Late)  (Lato)

T—a b—=x

<exp[Dayp— (InVog) (x)]

for any x € (a,b).
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If we write the inequality (2.6) for ® = In ¥, then we get

1 b b—a
. v — In ) dx
(32) (b_a/a ( @_a)(b_x))g” )

b
< exp [bl / ¥ (Dayp-g () dl’]
a a

T b
< exp {b i . /ab In (\l v (f(}g_(tidt) v <f‘”bg_(t;dt>) dm]
b -a
< exp lb—la/ ln( (xba)(bx)>(ln\ﬂog)(w)dw1.

Let ¥ : I — (0,00) be log-convex on I and g : [a,b] C R—[m,M] C I an
integrable function such that (In®) o g is also integrable on [a,b]. Then for any
x € (a,b) we have

(383)  exp[Dasp (¥ 0 g) ()]

m~+ M )
2

v (M>> w7 (Do - 9(a) =

and

b —a
(3.4) exp lbla/a ln( (:E—ba) (b—x)) (In¥og)(x) dm]

< ST T D) (q\lfl((j\ﬂf))> Fye— (ﬁ I2 1n<\/#+m>g(r)dr—%ﬂl> |

If we take W (¢t) = t~1, ¢ > 0, which is a log-convex function, then from (3.1)-(3.4)
we can state some simple inequalities as well. The details are left to the interested

reader.
If we consider the function ® : (0,00) — (0,00), @ (t) =7, p € (—o00,0)U[1, 00),
then by (2.1) we have for integrable function g : [a,b] — (0, 00) that

(3-5)  (Da+p-g(2))"

x p b P
S% KW) + (W) ] < Dat - (97) (),

for z € (a,b).
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b J—
(3.6) ﬁ/ﬂ In b-a g (z)dz

for
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If we employ the inequality (2.6) for the same power function, then we have

p

@—a)(b-a)

1 b
[ Durag @) s

NATOY AN b Yy (t) dt
S% 1/ [Fg@®) . 1/ [, g(t)

<

b—a r—a b—a b—x

1 b b—a
— In P(z)dx,
sb_a/a —— )W

integrable function g : [a, b] — (0, 00).
If g : [a,b] C R—[m,M] C (0,00) is integrable, then by Theorem 6 for the

function @ : (0,00) — (0,00), ® (t) =P, p € (—00,0) U[1,00) we get

, mP + MP  MP —mP m+ M
3.7 Dy (g* < Doy p— -
B Do @) (@) T BT (D) - M)
for « € (a,b) and
I b— P MP
(3.8) —/ In a g (z)dx < m” M
b—al, (z—a)(b—=) 2
+Mpfmp 1 /b b—a (2)d m+ M
X xXr— —
M-m \b—a/, (x—a)(b—=x) I 2
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