BOUNDS ON A MIXED CEBYSEV FUNCTIONAL FOR THE
RIEMANN-STIELTJES INTEGRAL

SILVESTRU SEVER DRAGOMIR

ABSTRACT. In this paper we provide some bounds for the error in approximat-
ing the Riemann-Stieltjes integral f: f(t) g () du(t) by the simpler quantity
1 T T 1 b b
[ r@as [Tawau+ = [ feds [Cgwau,
z—af, a b—x J, .

where z € (a,b), under various assumptions for the integrands f and g, and the
integrator u for which the above integral exists. Applications for continuous
functions of selfadjoint operators in Hilbert spaces are also given.

1. INTRODUCTION

In 1998, S. S. Dragomir and I. Fedotov [17], in order to approximate the Riemann-
Stieltjes integral f: f (t) du (t) with the simpler expression

) -] [ roa

introduced the following error functional

b b
(L) D(fwab) = [ fOdul) - w®) - u@)] [ fO)d

a

provided that both the Riemann-Stieltjes integral f; f(t)du(t) and the Riemann
integral f; f (t) dt exist.

Assume that in the Riemann-Stieltjes integral f: f(t)du(t), the integrator u is
L-Lipschitzian, i.e.,
(1.2) lu(t) —u(s)] < Lt — s for each ¢, s € [a,b],
where L > 0 is given. It is well known that, in this case, the Riemann-Stieltjes
integral f; f(t)du(t) exists provided the integrand f : [a,b] — R is Riemann
integrable on [a, b] .
Theorem 1 (Dragomir-Fedotov 1998, [17]). If w is L-Lipschitzian on [a,b] and f
is Riemann integrable on [a,b], then

b

b
(1.3) D(wab) <L [ |r@) -5 [ £es)ds|at

a

The inequality (1.8) is sharp.
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2 S.S. DRAGOMIR

Moreover, if there exist the constants m, M € R such that

(1.4) m< f(t) <M for any t € [a,b],
then
(15) 1D (fus0,b)| < S L(M —m) (b—a)

The constant L is sharp in (1.5).

Theorem 2 (Dragomir-Fedotov 2001, [18]). If u is of bounded variation on [a, D]
and f 1is continuous on |a,b], then
1 b
e [ 1)ds

(1.6) |D (f,u;a,b)] < max
tela, b]

b
V@

The inequality (1.6) is sharp.
Moreover, if f is K-Lipschitzian, then

b
(1.7) |D (f,u;a,b)| < K a)\/ (u)

The constant & is best possible in (1.7).

For some related results for the functional D (f,u;a,b), see [2]-[5], [9]-[12] and
[17]-]20].
We can introduce the mized Cebysev’s functional

<m>Du@wxmw:/fwgwmw

x_a/f dS/ g(t) du _m/f ds/ g(t)du(t),

where x € (a,b), provided that the involved Riemann-Stieltjes integrals exist.
For g (t) =1, t € [a,b], we also consider

b
(1.9) D(f,u;x,a,b):=D(f,1,u;x,a,b):/f(t)du(t)

u(b) —
. r-a / /(s ds— b—x /f
where z € (a,b).

Motivated by the above results, in this paper we establish some inequalities for
the functional D (f, g, u; z, a,b) under various assumptions of the integrands f and
g and integrator u. Applications for continuous functions of selfadjoint operators in
Hilbert spaces are also given.

2. INEQUALITIES FOR BOUNDED VARIATION INTEGRATORS

Assume that u, f : [a,b] — C. If the Riemann-Stieltjes integral f;f (u) du (t)
exists, we write for simplicity, like in [1, p. 142] that f € R¢ (u, [a,b]), or R, (u)
when the interval is implicitly known. If the functions w, f are real valued, then
we write f € R (u, [a,b]), or R (u).

We start with the following simple fact:
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Lemma 1. Let f, g, v : [a,b] > C, A\, p € C and x € [a,b]. If fg, g € Re (v, [a,z])N
Re (v, [z,b]), then fg, g € Re (v,[a,b]) and

b x b
(2.1) /f<t>g<t>dv<t>=A/ g(t)dvmw/ g (1) do (1)

T b
+ [ ro-Newww+ [ 170 -ugw
= [ gwa@+0-w [ g@a

x b
+/ [f(t)—A]g(t)dv(t)ﬂL/ [f(t) = plg (@) dv(t).

In particular, for = A, we have

(2.2) /f t) dv (t _/\/

b
+/ F (5~ g ()dv<t>+/ £ (6) = Al g (£) do (1)
b b
:A/ g(t)dv<t>+/ F(8) = Alg (t)dv (£)

Proof. The integrability follows by Theorem 7. 4 from [1] which says that if a
function is Riemann-Stieltjes integrable on the intervals [a, z], [z, b] with x € [a, ],
then it is integrable on the whole interval [a, b] .

Using the properties of the Riemann-Stieltjes integral, we have

x b
/ £ (6) = Al g (£) do (8) + /[f(twu}gu)dv(t)

x b b
/f /g<t>dv<t>+/ f(t)g(t)dv(t)*u/ g (t) dv (t)
] xT b T
=/ f(t)g(t)dv(t)—A/ g(t)dv(t)—u/ g () dv(t),

which is equivalent to the first equality in (2.1).
The rest is obvious. O

Corollary 1. Assume that f, v : [a,b] — C and x € [a,b] are such that f €
Re (v, [a,z]) N Re (v, [x,b]). Then for any A, u € C we have the equality

b
@3) [ FOd®=Mo@ -o@]+plE) - o)
x b
+/ [f(t)fk]dv(tH/ [ (6) — sl dv (1),
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In particular, for p = X\, we have

b
(2.4) /fﬂwmwwthww—vmn

The proof follows by Lemma 1 for g (t) =1, ¢ € [a, ] .

Remark 1. We observe that, see [1, Theorem 7.27], if f, g € Ccla,b], namely,
are continuous on [a,b] and v € BV¢ [a,b], namely of bounded variation on [a,b],

then for any x € [a,b] the Riemann-Stieltjes integrals in Lemma 1 exist and the
equalities (2.1) and (2.2) hold.

If we take A = -~ [* f(s)ds and p = f f(s)ds in (2.1), then we get

for any z € (a,b).
In particular, for g (t) =1, t € [a,b], we have for = € [a,b] that

26/fdu (z) /fds+b /f
+/a [f(t xia/f ds}du()

- ﬂo—%mﬂﬂwm%mw.

‘We have:
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Theorem 3. Assume that f, g € Cc [a,b] and u € BV¢ [a,b], then for x € (a,b),

maxye(q,q] f; lg (t)|d (\/ (U)> )

t 1/17
(f; Pt =2 [2 1 (s)ds| (\/ <u>>>

t 1/q
X<f;|9(t)|qd<\/(u)>) ,pg>1, Lyl
e LS () ds)d (\/ (u))

b b
maXge(z,b) J(t)— ﬁfy f(s)ds z

t 1/p
<f;.’ ) =55 [T (s)ds| d (\/ <u>>>
+ a

t 1/q
(f lg (t qu<\/()>> N

— ﬁfff(s)ds‘d (\/ (u)) )

a

2.7) D (f,g,u;z,a,b)|

F) =5 ) f(s)ds

IN

max;e(q . |9 ()] [ |f (¢

maxge(xz,b) lg (¢)] ff f(®)

Proof. Tt is well known that if p € R (u, [a,b]) where v € BV [a,b] then we have

1, p. 177]
IR

Using the equality (2.5), we have

/x[f(t)xia/wf()dS} <>du<t>'
At
)

(s)ds

(2.8)

t b
/\p |d<\/ )S sup |p ()| \/ (u).

t€la,b]

(2.9) |D(f,9,u;7,a,b)| <

lg (8)] du (t)

b
05 [ 16)ds

lg (8)] du (t)




6 S.S. DRAGOMIR

< [re- |g<t>|d<\7<u>>
f—/f )ds||g(t |d<\:/ )
sl

+/ f(t)—m/ () ds |g<t>|d<\/<u>> i B(f.g.u.).

Using Holder’s inequality for monotonic nondecreasing integrators, we have

lg (8)]d (\/ (U))

F@) =2 [T f(s)ds| [T1g(t)|d (\/ (u)) :

maXicia,x
» t 1/p
F0) =5 [2 () ds| (\/ <u>>>

G
¢ 1/q ¢
(f lg (t qu<\/( )>> P> =1,

L[ S (s)ds|d (\/ <u>>

b t
10 -5 [ 1) |g<t>|d<\/<u>>
b

maxiepe s |f () — 52 [ f(s)ds]| [

t 1/p
[ (V)
t 1/q ¢
X (fflg(t)lqd<\/(U)>> P>l =1

= ds|d<\7 >>,

(s)ds

(s)ds

IN

maXie[a,x) |9 (t)| f; f <t) -

and

/

) =55 [P f(s)ds

IN

maxeepso |9 (8)] [2 |F (£) —

which by (2.9) we get (2.7).
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Corollary 2. Assume that f € Cc[a,b] and u € BV [a,b], then for xz € (a,b),

(2.10) |D(f,u;x,a,b)|

maxyeiq,q) | f (1) — (s) ds‘ \/ (u)

(ff fF&) == [, f(s)ds <\t/ ))

x[u(@) —u(@)]/, pg>1, L+1=1,

IN

Ja

f@>;aﬂfwwﬂd<VMw>
b
masieqe) £ (1) = 525 J7 £ (s) ds| \/ (w)

. <ff f(t)lfbfsds’/d< ))

x [u(d) —u@)]V, pg>1, L+1=1,

ﬂw—;%ﬁﬂ@ww< 0.

Remark 2. Using the Ostrowski type inequality for functions of bounded variation
h:le,d] — C, [6], [8] (or the survey [16])

1 t—”’"’

(2.11) 5T

<

d
h(t)_dic/ h(s)ds| <

2o, selon.

c

This implies that

max
t€le,d]

d
h(t)—dic/ h(s)ds

Assume that f, g € Cc[a,b] and f, u € BV¢ [a,b], then for xz € (a,b), we have from
the first branch of (2.7) that

d
<V (®)

(212) D (f,9,u;z,a,b)]

G [ o (i)
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b x b t
(\/ \/(f)—\/(f)‘)ff |g<t>|d<\/<u>>,

[fa lg (¢ d(\:/ (U)> + d(\:/ (U)) L g (@) (\:/( )) H
V@

for any z € (a,b).
In particular, for g(t) =1, t € [a,b], we have

x x b b
(213) D (f,usz,a,0)] <\ () \/ () + V(@) \/ (f)
a a CEb T N b b
;(\/<f>+ \/(f)—\/(f)D\/(UL

IN

DN | =
fal

IN

b
V()
a
for any x € (a,b).

3. INEQUALITIES FOR LIPSCHITZIAN INTEGRATORS

‘We have:

Theorem 4. Assume that f is Riemann-integrable on [a,
Lipschitzian with the constant L > 0, namely |u (t) — u (s
s € [a,b]. Then

3.1) [D(f,9,u;2,a,b)|

g € Ccla,b] and u is
< Lt —s| for any t,

b,
)|

SUPtela,x] f (t) - Lia fa dS ‘dt
x p 1/‘1
. (fa 1 ds‘ dt) (7 19 (O] dt)
D, q> 1 1 5+ % = 1
maXicia,x] |g (t) - mia f“/’ f
SUP¢e[z,b] ‘f (t) ﬁ fa? f(s)ds (0] dt,

coxd (BP0 ds)pdt) “(oora)”,

xT
1 1
D, q>1, »t3

maxiee s |9 (O] J7 £ (8) = 55 [ £ () ds| dt

for x € (a,b).
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Proof. Tt is known that if p : [¢,d] — C is Riemann integrable and u : [¢,d] —
C is Lipschitzian with the constant L > 0, then the Riemann-Stieltjes integral

f:p (t) du (t) exists and
b b
/ p(t)du(t)] < L/ p ()] dt.

Using the equality (2.5), we have

/j [f(t) xia/awf(s)ds} g(t)du(t)'
/; [f(t)—b_lx/;f(S)dsl g (t) du (t)

<if |- [ seasllswa

b b
+L/ t)fﬁ/ f(s)ds
for « € (a,b).

Utilising Holder’s integral inequality, we have

(3.2) [D(f,9,u;m,a,b)] <

+

lg (#)]dt =: B(f,g9,)

(33) /m f(t) — S) ds |g (t)|dt
SUPte(a,q] f@) - wia f s)ds (t)| dt,
<} ol f(s)ds‘pdt) (S 19 (8)[" ar) ",
pq>1, %+% 1,

maxieo 9 (O] 7| £ (0) = 75 7 f () ds| b

and
b 1 b

Ga) [ |10 [ redsaol

SB[ £ (0 = 55 [ F (s)ds| 219 (0)
1/
S (Rro- xf ds)pdt) C(gwran)

pya>1, o+ =
maxiefy lg () — otz [ S (s)ds| dt.

By making use of (3.2), (3.3) and (3.4) we get (3.1). O
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Corollary 3. Assume that f is Riemann-integrable on [a,b] and u is Lipschitzian
with the constant L > 0, then

(3.5) |D(f,u;z,a,b)|

F0) =25 J2 f(s)ds| (- ),

SUP;¢ la,z]

L [T f(s)ds

p _\1/P

— dt) (z—a)l/q,
1_
+1=1,

<oxf
P, q>

Ja

f(t)
1,

1
P

F) -5 fff(s)ds’ dt

Py | (1) = 555 J1 £ () ds

P N\1/p
i d (Blr@=s= 7 (ds| at) -
p,a>1, s +o=1,
L2|5 0 = %5 L7 () ds|

for x € (a,b).

4. SOME RELATED FACTS

If we take p = ¢ =2 in (3.1), then we get

D(f.g.u:.0,0)
1 x
- [ reas

. 2 1/2 X 1/2
( —biw/fwwsdq (/waww>

=Lu—®(x1aézf@—mlaﬁiﬂ@w2w>m

1 x . \?
t)|” dt
— [[ora)
)1/2

Qﬁym(éﬂgwﬁﬁfm

b 2
—bix/f(s)ds dt
b 1/2

x(blx/|wwﬁw>

for z € (a,b).
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In [14] we proved amongst other that, if & : [¢,d] — C is of bounded variation,

then
: . N 1/2
T /C h(s)ds| dt

d
(4.1) (dic/ h(t) -
d
_ {dic/ B ()2 dt — dl

with the constant % as best possible.
So, if f : [a,b] — C is of bounded variation, then

([ fo-25 [ ron
(bix/wb 1 b

b—z
where z € (a,b).
We can state the following fact:

/2
11
) <y

and

f) -

f(s)ds

x

) 1/2 b
dt) Si\z/(f)7

Proposition 1. Assume that f is of bounded variation on [a,b], g € Cc [a,b] and
u s Lipschitzian with the constant L > 0, then

1 x 1 T ) 1/2
42 D (gead) <52 |-V 0 (2 [ a0k )

b b 1/2
-V (f) (bl/ |g<t>|2dt) ]

x

for x € (a,b).
In particular, we have
T b
(4.3) |D (f,u;x,a,b)| < le—a\/ b—a:\/ ]
a x
for x € (a,b).

From (4.3) we get the simpler bounds

b

(;\/m;

a

(44) |D(f,u;z,a,b)| < %L X

for z € (a,b).
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In particular, we have
b
a+b 1
(4.5) (15 e)| < jo-wEV )

m

b
If m € (a,b) is such that \/ (f) = \/ (f), then by (4.4) we get

a

b

(b—a)L\/ ().

a

(4.6) 1D (f,u;m, a,b)| <

|

Now, for v, I' € C and [a,b] an interval of real numbers, define the sets of
complex-valued functions

oy (7,T) = {f : [a,b] — C|Re [(r — @) (W - 7)] >0 for each ¢ € [a, b]}
and

INWICAVES {f : a,b] — C| ‘f(t) - %

1
< §|F—fy| for each t € [a,b]}.

This family of functions is a particular case of the class introduced in [13]

A[a,b],g ('Y, P)
—{ rin =l |10 - TR 0)] < 50 2lla 0] foreact 1 o},

where ¢ : [a,b] — C.
The following representation result may be stated.

Proposition 2. For any~y, ' € C, v # T', we have that U[mb] (v,T') and A[a,b] (,T)
are nonempty, convexr and closed sets and

(47) [7[(1,1)] (77 F) = A[a,b] (7» F) .
Proof. We observe that for any z € C we have the equivalence
y+T 1
_ T <« Zr=
2= |50 =l

if and only if
Re[(I'—2) (z—7)] 2 0.
This follows by the equality

1 v+T 2 _
0= = |z = 5—| =Re[(T—2)(z-7)
4 2
that holds for any z € C.
The equality (4.7) is thus a simple consequence of this fact. ([

On making use of the complex numbers field properties we can also state that:
Corollary 4. For any~, I' € C, v # I',we have that
(4.8) Upap) (v, T) ={f :[a,t] > C | (Rel' = Re f (1)) (Re f (t) — Re")
+(ImT —Im f (¢)) (Im f (¢) —Im~y) > 0 for each t € [a,b]}.
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Now, if we assume that Re (I') > Re (v) and Im (T') > Im () , then we can define
the following set of functions as well:
(4.9) Spayy (v, T) :={f : [a,b] = C | Re(I') > Re f(t) > Re(y)
and Im (T') > Im f (¢) > Im (v) for each ¢ € [a,b]}.

One can easily observe that S[aﬁb} (7,T) is closed, convex and
(4.10) 0 # Sjap) (1,T) € Ujap) (7. T).

If f e A[a’b] (v,T) is square integrable on [a, b] , then we have the following Griiss
type inequality (see for instance [7])
1 b
—_— d
= | s

Proposition 3. Assume that f is Riemann-integrable on [a,b], g € Cc [a,b] and
u is Lipschitzian with the constant L > 0. Let = € (a,b) and suppose that f €
Ajgg) (Ver Tz) and f € Apy ) (02, Az), then

97 1/2

<

T —~].

DN =

b
(4.11) bia/ |f ()% dt —

D (f,9,u;%,a,b)
1 1/ 5 \ 1?2
<5 -nlre-o (2 [ok)

r—a
) ) b ) 1/2
518~ b, L(b—x) (H/ l90) dt) .
In particular,
(412) D (fuwa )] < SLITe — 7l (2~ )+ |Ar — 5] (b 2)].

We observe that if f € A, (7,T), then by (4.12) we get
1
(413) ‘D(fvu;xaa’b”Si(bfa)L(rf’Y)a

for any x € (a,b).

Remark 3. With the assumptions in Proposition 8 and if f € A[ayaT%—b] (v,T) and
fe A[QTH;J)] (6,A), then

(4.14) \D(fu;”’b)] < T (b—a) LT ~~|+ |5~ 4]

5. APPLICATIONS FOR SELFADJOINT OPERATORS

We denote by B (H) the Banach algebra of all bounded linear operators on
a complex Hilbert space (H;(-,-)). Let A € B(H) be selfadjoint and let ¢, be
defined for all A € R as follows

1, for —oo < s <A,

P (8) =
0, for A < s < 4o00.
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Then for every A € R the operator
(5.1) Ey =, (4)

is a projection which reduces A.

The properties of these projections are collected in the following fundamental
result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [19, p. 256]:

Theorem 5 (Spectral Representation Theorem). Let A be a bounded selfadjoint
operator on the Hilbert space H and let a = min {\ |\ € Sp(A)} =: min Sp (A) and
b=max{\|\ € Sp(A)} =: maxSp(A). Then there exists a family of projections
{Ex} e, called the spectral family of A, with the following properties

a) Ex < Ey for A< \;

b) FE, 0=0,FE,=1g and E)\_;,_O = F) fO?” all A € R;

¢) We have the representation

b
A= / AE).
a—0

More generally, for every continuous complex-valued function ¢ defined on R
there exists a unique operator ¢ (A) € B(H) such that for every € > 0 there exists
a § > 0 satisfying the inequality
n
TR SRS NN

k=1

whenever
M<a=M\<..<MA\_1 </\n:b7

M — A1 <0 for1 <k<mn,

A, € [Me1, M) for 1<k <n

this means that

b

(52) e = [ pdb,
a—0

where the integral is of Riemann-Stieltjes type.

Corollary 5. With the assumptions of Theorem 5 for A, E) and ¢ we have the
representations

b
go(A)x:/ @0 (AN dExxz forallz € H
a—0
and
b
6.3 e Waw) = [ oW d(Bray) for s, ye

In particular,

b
(p(A)z,x) = /7O<p()\)d<E>\x,x> for allz € H.
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Moreover, we have the equality

b
o (A) 2|2 = / oW B for alla e B

We need the following result that provides an upper bound for the total variation
of the function R 5 A — (Eyz,y) € C on an interval [a, 8], see [15].

Lemma 2. Let {Ex\},cp be the spectral family of the bounded selfadjoint operator
A. Then for any x, y € H and o < 8 we have the inequality
3 2

V (<E<-)$»y>)] < ((Eg — Ea)z,2) (Es — Eo) 4, ,

«

(5.4)

where \/ ()T, y denotes the total variation of the function <E(_)x, y> on [, 5]

Remark 4. For a =a — with e > 0 and § = b we get from (5.4) the inequality

b
(5.5) \ (Eoz,y) < (g — Baee) z,2)* (1 — Ba—e) y.)'/?

a—e
for any x, y € H.
This implies, for any x, y € H, that
b

(56) V (Eoww)) < Dzl vl
a—0
b
where \/ ) denotes the limit lim._q4 [\/ (<E(_)ac,y>)] )
a—¢g

‘We also have:

Theorem 6. Let A be a bounded selfadjoint operator on the Hilbert space H
and let a = min{A|A € Sp(A)} =: minSp(A4) and b = max{A|A € Sp(A)} =
max Sp (A) . Also, assume that {Ex}ycp is the spectral family of the bounded self-

adjoint operator A and f of locally bounded variation on I, with [a,b] C I. Then
for all s € [a,b],

(5.7 | (Day)

_ (Sia/sf(t)dt> (Esz,y) — (b_ls/sbf(t)dt> (lg — Es)z,y)

1+ [V -Vo) V (Eoma)
+ \:/(f)—\z/(f)D [l lyll

for any x, y € H.



16 S.S. DRAGOMIR

m b
In particular, if m € (a,b) is such that \/ ()= \/ (f), then

a m

(558) [(f(A)w,)

_ (ml_a/amf(t)dt> (Emz,y) — (b_lm /bf(t)dt> (g — Em)z,y)

b b 1 b
<3V V (Eorw) <5V Wl vl

a—0

l\D\»i

for any x, y € H.

Proof. Using the inequality (2.13) we have for s € [a,b], for small € > 0 and for
any x, y € H that

jm " )[<Exy> (Bu9)]

d{Eyz,y) — <

(b— . dt) [(Epz,y) — (Esz,y)]

<2(\/< Vo \/D\/ (Biye,)).

a—¢ a—e a—e

Taking the limit over ¢ — 0+ and using the continuity of f and the Spectral
Representation Theorem, we deduce the desired result (5.7). O

Remark 5. The above inequalities (5.7)-(5.8) can produce several particular ex-

amples of interest. For example if [a,b] C (0,00) and we take f (t) = t~, then we
get for any x, y € H that

B Ins—1Ina Inb—1Ins
(5.9) ‘<A 'z,y) — P (Esx,y) — s (g — Es)%l@‘

_1 b—a+7 12\
-2 ba

S>\/ 0 9))

<L +1+ . [l Iyl -
=2\ ba b iy
In particular, if we put H (a,b) := 22

4%, the harmonic mean, then for any x, y € H,

b

(5.10) ‘<A_1x,y> _lnH(ab) =~ Ina (ErH(ab)%:Y)

H(a,b) —a
Inb—InH (a,b)
T m@n - EH(a,b>)$ay>’

1b—a b
< Z

<55 V (Bomy)) <

a—0
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