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Abstract

The concept of ¢p-convexity is extended for functions defined on closed ¢p-
convex subsets of linear spaces. Consequently, some double integral inequalities
of Hermite-Hadamard type defined on time-scaled linear spaces are established
for ¢p-convex functions.

1 Introduction

A well celebrated, fundamental inequality for a convex function f is the classical
Hermite-Hadamard’s inequality:

H5) = bia/:f(“”“’)d’” < 10210, ()

where a,b € R with a < b.

It was first suggested by Hermite in 1881. But this result was nowhere men-
tioned in literature and was not widely known as Hermite’s result. A leading
expert on the history and theory of complex functions, Beckenbach [2], wrote
that the inequality (1.1) was proven by Hadamard in 1893. In general, (1.1) is
now known as the Hermite-Hadamard inequality. It has several extensions and
generalizations for univariate and multivariate convex functions and its classes
on classical intervals.

The concept of the theory of time scales was initiated by Stefen Hilger (see [10])
in order to unify and extend the the theory of difference and differential calculus
in a consistent way. In this theory, the delta and nabla calculus are introduced.
A linear combination of these delta and nabla dynamics, the diamond-a calculus
on time scales was developed by Sheng et al. [12]. Since the advent of this notion,
several authors have extended the classical Hermite-Hadamard inequality (1.1)
to time scales via the diamond-alpha dynamic calculus for univariate convex
functions (see Dinu [5]) and the references therein.
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Recently, Fagbemigun and Mogbademu [6] introduced the time-scaled version of
some classes of convex functions, including a more generalized class of ¢p,-convex
function on time scales as given below:

Definition 1.1.[6] Let h : Jp C T — R be a nonzero non negative function
with the property that h(t) > 0 for all ¢ > 0. A mapping f : It — R is said to
be ¢p-convex on time scales if

fowt -0 < () 10+ () fo 0

for s €10,1,0 <A <1and z,y € I.
Remark 1.1.

(i) If s =1 and h(A\) = 1, then f € SX(Ir), i.e, f is convex on time scales
(see [5]).

(ii) If s = 1, h(A) = 1, where A = %, then f € J(It) is mid-point convex on
time scales (see [6]).

(iii) If s =0, then f € P(It) is P-convex on time scales (see [6]).
(iv) If h(A) = A\5%T, then f € SX(h, It) is h-convex on time scales (see [6]).

(v) If s = 1,h(A) = 24/A(1 = A), then f € MT(It) is MT-convex on time
scales (see [6]).

In a more recent paper, the authors[7] introduced a more general calculus of
diamond-¢; dynamics for a single variable function on time scales as follows;

Definition 1.2.[7] Let A : Jp C T — R be a real valued function, with the
property that A(t) > 0 for all ¢ > 0. The diamond-¢;, dynamic derivative of a
function f : T — Rint € T is defined to be the number denoted by f°¢» (t)(when
it exists), with the property that for any e > 0, there is a neighbourhood U of
m such that, foralln € U, 0 < s<1and 0 <\ <1, with g, = o(m)—n and
Vinn = p(m) — n, where m,n € T, then,

(i) ot = s+ (55 ) 1 otm)) = @

7f<>¢h (t),umnymn < E‘anymn|- (13)

Definition 1.3.[7]Let h : Jp C T — R be a real valued function, with the
property that h(t) > 0 for all ¢ > 0. The diamond-¢;, integral of a function
f:T = R from a to b, where a,b € T is given by;

[ 100 e= (i) [ 000 () [0



for all s € [0,1], A € [0,1] and h(t) > 0 V¢ > 0 provided that f has a delta and
nabla integral on [a, b]T or I.

Remark 1.2.[7]

(i) The inequality (1.4) reduces to the diamond-« integral defined by Sheng
et al. [12],if s = 1, h(\) = 1 and A = «. Thus, every diamond-« integrable
function on T is diamond-¢;, integrable but the converse is not true (see

[7])-

(ii) If f is diamond-¢y, integrable for 0 < s <1, and 0 < A < 1, then f is both
A and V integrable.

The inequality (1.1) was equally extended to time scales by the authors [7],
using the new class of univariate ¢p-convex function of [6] to obtain several
generalizations of the Hermite-Hadamard inequality on time scales. We present
one of such results

Theorem 1.1. [7] Suppose that

(i) f: It — R is a continuous ¢j-convex function on Ir;

(ii) p,q € (0,1), such that p+ ¢ = 1;
g € C(I1,R) is symmetric with respect to pa + ¢b = v on
[a,b], for all a,b € Ir, that is,

g(v — qt) = g(v + pt), for all t € [0,b — a].
Then
f’y g 0¢h f f g <>¢7h
flpx +qy) <p f’y D) ou 1 T olt)om ¢ <pf(x) +af(y). (1.5)

The two-variable time scales delta, nabla and diamond-« calculi were introduced
by Albrandth and Morian[1], Bohner and Guseinov [3,4], Guseinov [9] and Ozkan
and Kaymakcalan [11] respectively.

Ozkan and Kaymakcalan [11] gave the following definition of a partial o4, deriva-
tive;

Definition 1.4.[11] Let f be a real-valued function on Ty x Ty. We say that f
M(mth respect to 1) if for each € > 0, there
exists a neighbourhood Ut (opeln in the relative topology of Ty) of ¢ such that

has a partial ¢, derivative

ai[f(oi(ty), t2) — f(s,t2,)]utis

+(1 = a1)[f(p1(tr),t2) — f(s,t2)|vtis — fOo1(t1, to)utisviys| < €|utisvtys|,

(1.5)

for all s € Uty, where Utyms = o1(t1) — s,vt1s = p1(t1) —



The ¢4, partial derivative was respectively defined (see [11]).

Motivated by the recent results of these authors; Fagbemigun and Mogbademu [6],
Fagbemigun et al. [7] and Ozkan and Kaymakgalan [11], we discuss the following
new concepts of Fagbemigun and Mogbademu [8].

2 Preliminaries

In the sequel, we shall need the following new definitions recently introduced in
[8].

Let T and Ty be two time scales with Ty x To = {(z,y) : « € T,y € T} which
is a complete metric space with the metric d defined by

d((z,9), (@ y)) = (@ =2+ —y))2 ¥V (29, @,y)eTix T

Let oy, p;, (i =1, 2) denote respectively the forward jump operator, backward
jump operator, and the diamond-¢;, dynamic differentiation operator on T;.

Definition 2.1. Let f be a real-valued function on Ty X To, h: Jy CT — R a

nonzero non negative function with the property that h(t) > 0 for all ¢ > 0. f

is said to have a partial o4, derivative M(Wrt t1), at (t1,t2) € Ty x Ty,
/)1 O(d’h)]tl

if for each € > 0, there exists a neighbourhood Ut; of ¢; such that

‘G&XWMM@%%W@MMm

" (M)ﬂf@l(ux t2) = f(mto)|ptim — fo@m1 by, ta)utymutym

< €|lutymutym]|, (2.1)
for s € [0,1],0 < XA < 1 and for all m € Uty, where Utym = o1(t1) — m,
vtym = p1(t1) — m.

Definition 2.2. Let f be a real-valued function on Ty x Ty and h: Jy C T — R
an increasing function with the property that h(t) > 0 for all ¢t > 0. f is said
to have a "partial o(4,), derivative” %(wrt ta), at (t1,t2) € Ty x Ty, if for
each € > 0, there exists a neighbourhooa 2U to of to such that

S

‘G%LWWW%%ﬂmmmWn

1—Xx \°
+ = ) [t pa(ta) — f(tr, m)vtam — fO@m2(ty, to)utamutom
h(1=X)/,
< €|ptamutam|, (2.2)
for s €10,1],0 < A <1 and for all n € Utq, where Utom = o2(tz) — m,
vtom = pa(ta) — m.

These derivatives are also denoted by f°“m1(t1, ta) and f#n)2 (¢, to) respec-
tively.



Before we define the double diamond-¢; dynamic integral, we shall employ the
following remark of [3].

Remark 2.1.[3] Let f be a real-valued function on Ty x Ts. If the delta (A) and
nabla (V) integrals of f exist on Ty X To, then the following types of integrals
can be defined:

(i) AA-integral over R = [a,b) x [c,d), which is introduced by using parti-
tions consisting of subrectangles of the form [«, 8) X [, 9);

(ii) VV-integral over R! = (a,b] x (c, d], which is introduced by using parti-
tions consisting of subrectangles of the form (o, 5] X (7, d];

(iii) AV-integral over R? = [a,b) x (c,d], which is introduced by using parti-
tions consisting of subrectangles of the form [«, 8) X (7, J];

(iv) VA-integral over R® = (a,b] x [c,d), which is introduced by using parti-
tions consisting of subrectangles of the form («, 5] x [, ).

Now let U(f) and L(f) denote the upper and lower Darboux A-integral of f
from a to b ; U(f) and L(f) denote the upper and lower Darboux V-integral
of f from a to b respectively. Given the construction of U(f) and L(f), which
follows from the properties of supremum and infimum, we give the following
definition.

Definition 2.3. Let f be a real-valued function on Ty X To, h: Jy CT — R a
nonzero non negative function with the property that h(¢) > 0 for all ¢ > 0. If
f is A-integrable on R° = [a,b) x [¢,d) and V-integrable on R! = (a,b] x (c, d],
then it is ¢4, -integrable on R = [a, b] X [¢,d] and

)\ s
/Rf(t, k) O(dn)r t<>(¢h)2 k= <h(>\)> / o f(t, k)AltAgk

I—x Y\’
B a— 2.
for all s €[0,1],0 <A <1andtkeJr.

Since U(f) > L(f) and U(f) > L(f), we obtain the following result.

Theorem 2.1. Let f be a real-valued function on Ty X Ty, h: Jr CT — R a
nonzero non negative function with the property that h(¢) > 0 for all ¢ > 0. If
f be ¢4, -integrable on R = [a, b] x [c,d], provided its delta (A) and nabla (V)
integrals exist, then

(i) If ¢, = 1, f is AA-integrable on R® = [a,b) x [c,d);
(i)
(iii) If ¢p, = %, f is AA-integrable and VV-integrable on R° and R!
(iv) If ¢n

If g5, =0, f is VV-integrable on R! = (a,b] x (c, d];

a, f is double o,-integrable on R = [a, b] X [c, d].



3 Double integral inequalities of Hermite-
Hadamard type for ¢,-convex functions

Here, we obtain double integral inequalities of Hermite-Hadamard type in which
upper and lower bounds for the quantity

pT +qY
< O
—a —C / / ( p+q ) (on)1 4 C(pn)2 Ps

are provided for the generalized class of ¢p-convex functions (1.2), defined on
linear spaces of time scales.

Let X1 be a vector space over the time-scaled field K and let x,y be monoton-
ically increasing functions in X, x # y. Let the segment generated by x,y be
defined by

[a,0] : {(1 = Nz + Ay, Ae0,1]}.

We consider the function f : [z, y];, € T — R and the attached function
g(x,y) : [0,1] C T — R defined by

9(@,y)(A) := fl(L =Nz +Ayl, Ae[0,1].
Note that f is ¢p-convex on [z, y] if and only if g(x,y) is ¢p-convex on [0, 1].

The concept of ¢p-convexity in Definition 1.1 can be extended for functions
defined on closed ¢p-convex subsets of the linear spaces in the same way as
on classical intervals by replacing the interval It by the corresponding closed
¢p-convex subset E of the linear space Xr.

It is well-known that if (X,|| - ||) is a normed linear space, then the function
f(z) =||z||P,p > 1 is convex on X.

Using the elementary inequality (a + b)* < a® + b® that holds for any a,b > 0
and s € [0, 1], we have for the function g(x) = ||z|| that

gz + (1= A)y) = (Ih(AA):ch }E(II:A/\))yII>S
< (oxglell+ =25 wil)
< (astiet) + (=25 )
< (55) el + (5225w

+
B A\’ 1-X)\"
for any x,y € X, A € [0,1] and h a non zero non negative function with the

property that h(t) > 0 for all ¢ > 0, which shows that ¢ is ¢p-convex on Ir.
With this concept, an equivalent definition to definition 1.1 is given as follows.



Definition 3.1. Let h be a non zero non negative function with the property
that h(t) > 0 for all ¢ > 0. Then inequality (1.2) can be re-written as

f (px+q?~/> < ()70 * Gl ') (3.1)

ptq pP+q

for all p, ¢ > 0 with p+¢ >0, s €[0,1] and z, y € Ir.

We can now establish double Hermite-Hadamard-type integral inequalities for
the class of ¢p-convex functions on time scales linear spaces.

Theorem 3.1. Let h be a non zero non negative function with the property
that h(t) > 0 for all t > 0. Let E ¢,-convex set in a linear space of a time scale
interval Xp C T and f : E C X7 — R be an integrable ¢,-convex function with
respect to the function ¢, defined on the set E with ¢, Lebesgue integrable
on [a,b];. X [¢,d]r;. Then, for any a,b,c,d > 0, with b > a,d > ¢ and for any
a,b,c,d € E, s € [0, 1], we have:

I(a,b;c,d) . I(c,d;a,b)
f((b—axd—c) T o-ad-0 >

1 bt (pr+ay
Sm/ / f( p+q )O((z)h)l q4(¢n)2 P

Ih(p)(a,b;c,d) . [h(q)(c,d;a,b)
St-aid—o' T o-a@—o’W

(3.2)

where
b d P
I(a,b;c,d) = — )0 o ,
(a ¢ ) /a </C (p+q) (¢n)1 q) (¢n)2 P
b d q
I(c,d;a,b) = /a /C <p+q) Opn)r 4 | ©(gn)2 P>
h(p))
Ih(P) a, b;c, d / / P+q C(pn)1 4 (¢pn)2 P
and

h(’l)
cdab / / p+q )1q<>(¢h)2p,

for all p, ¢ > 0 with p+¢ > 0 and z,y € Xr.

Proof. Consider the function g, , : [0,1] C T — R defined by g, ,(\) =
f(Az + (1 = A)y). This function is ¢p-convex on [0,1] C T and by Jensen’s
double integral inequality of real functions on time scales, we have

b d p
- — o o
9z,y /a /C <p+ q> (¢n)1 49(¢n)2 P



1 b pd
= 7/ / 9 e Oen)r 19(én)2 P (3.3)
STa@—a Jo o o \pg) S aeens

which is equivalent to

f f (p+q> én)1 4%(¢n)2 P . f f (p+q> én)1 4%(¢n)2 P

/ b-ad—c " (b-a)d—c) y
<f J2 I (25 et a9 p . 502 (55) @ 0 p
= b—a)(d—c) v b—a)(d—c) 4

By definition 3.1 and using a simple calculation, we have

I (55) 2o a0wnap 12 I (55) 9o 4%, P

/ b-ad—c " (b—a)d—c)
= // 9] %6 490 P
- b—a d—c) p+q T ova noL e
h<> (fhf))s
p q
< T+ o o ,
= b-a) _c// Ptq ptgq U C@mn 1%@ne P

which proves the first part of Theorem 3.1.

Under the same assumption of definition 3.1, f is ¢p-convex. Thus, integrating
inequality (3.1) on the rectangle [a, bz, X [c, d]r. over o(4,),q O(¢,), P gives

pr +4q
p+q C(pn)1 4C(pn)2 P

h(p)

/ / p+q #n)1 49(pn)2 P
h(q)

/ / p+gq #n)1 4 9(pn)2 P

and the second part of inequality (3.2) is satisfied.

Theorem 3.2. Let h be a non zero non negative function with the property
that h(t) > 0 for all ¢ > 0. Let E be a ¢p-convex set in a linear space of a
time scale interval Xt C T and f : E C Xt — R be an integrable ¢j-convex
function with respect to the function ¢; defined on the set F with the mapping
[0,1] : A = f((1 = A)x + Ay) Lebesgue integrable on [a, b]s, X [c,d]r,. Then for
all p, ¢ >0, z,y € E withp+¢ >0, s€0,1] and z,y € X,



1 "t (prtay Pz + qy
<7 r— 19
- _a —C / / (f( p+gq >+f< p+q >)<>(¢h)1 q9(¢n)2 P
ac—l—f
_a —C 0(¢h 19 9(¢n)2 P

Proof. By ¢p-convexity of f,

sowr - < (55 10+ () fw 6

and

sa=noe+w < () 1@+ (55) o) 69

for any 0 < XA <1, and s € [0, 1].
Adding (3.4) and (3.5) gives

PO +(1=N)g)+ F(1- )+ Ag) < ((ha)) ¥ (M)) @)+ )

(3.6)
By choosing A = -t and 1 — A = ~L- in (3.6), we obtain
p_ ° 9 ’
f (W) + f (qx‘i‘py) < ( pt+q ) + ( ptq ) [f(z) + f(y)]
p+aq p+q h (p:qu) h (p%q)
(3.7)

for any p,q > 0 with p + ¢ > 0. Then the double integrals

pT +qy
/ / < p+q > C(pn)1 4°(¢n)2 P
b d
qzr +py
/a /C f< Ptq > C(pn)1 40(¢n)2 P

exists since the mapping [0,1] : A = f((1 — Az + Ay) is ¢p, Lebesgue integrable
on [a,b]r, X [¢,d]r,.
Hence, integrating inequality (3.7) on the rectangle [a, b1, X [c, d] 1, over ©(4,),G%(4,),

p gives
P+ qy pT + qy
b—a) —C// ( <p+Q>+f(p+q )>°(¢h>1q<><¢h>2p
f@) + 1) /b/d( i ) ( o )
b—ald—0c 1 warn B A 2
b—a)(d—
(b—a)d—c) Ja Je h%q) h<quq)

and

IN



which is the second inequality of Theorem 3.2.
For the first part, we have, from the ¢p-convexity of f that for any z1,zs €
E, A= %,s =1, h(%) < 1. Thus,

F(P572) < g e + 16 (3.9

Choosing z; = % and 29 = % in (3.8), then for any p, ¢ > 0, p+q > 0,
we get

() = ((5) o (550) oo

Integrating (3.9) on the rectangle [a, b]r, x [c,d]1, over o4y, 4 O(¢,), P gives the
first part of Theorem 3.2.
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