WEIGHTED TRAPEZOID INEQUALITIES FOR
DIFFERENTIABLE FUNCTIONS OF SELFADJOINT
OPERATORS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR1!:2

ABSTRACT. In this paper we establish weighted trapezoid norm inequalities for
Gateaux and Fréchet differentiable functions of selfadjoint operators in Hilbert
spaces. Some examples for the class of functions

DM (0, 00) := {F I IDFAI = || f (A)| for all positive operators A},

where D f(A) is the Fréchet derivative in A and f’ (A) is the operator function
generated by f’ and positive operator A, are also given. The case when f’ is
nonnegative and operator convex and the weight is symmetric is also analyzed.

1. INTRODUCTION

A real valued continuous function f on an interval [ is said to be operator convex
(operator concave) on I if

(1.1) FA=NA+AB) < (Z)(1-A) f(A) +Af(B)

in the operator order, for all A € [0,1] and for every selfadjoint operator A and B
on a Hilbert space H whose spectra are contained in I. Notice that a function f is
operator concave if — f is operator convex.

A real valued continuous function f on an interval I is said to be operator
monotone if it is monotone with respect to the operator order, i.e., A < B with
Sp(A),Sp(B) C I imply f(A4) < f(B).

For some fundamental results on operator convex (operator concave) and oper-
ator monotone functions, see [8] and the references therein.

As examples of such functions, we note that f (¢) =¢" is operator monotone on
[0,00) if and only if 0 < r < 1. The function f (¢t) = ¢" is operator convex on (0, c0)
if either 1 <r <2 or —1 < r < 0 and is operator concave on (0,00) if 0 < r < 1.
The logarithmic function f (¢) = Int is operator monotone and operator concave
on (0,00). The entropy function f (¢t) = —tInt is operator concave on (0,00). The
exponential function f (t) = e’ is neither operator convex nor operator monotone.

In [4] we obtained among others the following Hermite-Hadamard type inequal-
ities for operator convex functions f: I — R

(1.2) f(A;B)g/O f((l—s)A—i—sB)dsgw’

where A, B are selfadjoint operators with spectra included in 1.
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From the operator convexity of the function f we have

(13) f<A;B><;[f((l—s)A+sB)+f(sA+(1—s)B)]
L) +1B)

for all s € [0,1] and A, B selfadjoint operators with spectra included in I.

If p: [0,1] — [0,00) is Lebesgue integrable and symmetric in the sense that
p(l—s)=p(s) for all s € [0,1], then by multiplying (1.3) with p(s), integrating
on [0,1] and taking into account that

/p(s)f((l—s)A—i—sB)ds:/p(s)f(SA—i-(l—s)B)ds7
0 0

we get the weighted version of (1.2) for A, B selfadjoint operators with spectra
included in I

(1.4) (/Olp<s>ds)f(A;B)g/olp<s>f<sA+(1—s>B>ds
_ (/Olp@)ds) 1))

which are the operator version of the well known Féjer’s inequalities for scalar
convex functions.

For recent inequalities for operator convex functions see [1]-[6] and [9]-[18].

Let SA; (H) be the class of all selfadjoint operators with spectra in I. If A,
B e SA;(H) and t € [0,1] the convex combination (1 —¢) A + tB is a selfadjoint
operator with the spectrum in I showing that SA; (H) is convex in the Banach
algebra B (H) of all bounded linear operators on H. If f is continuous function on
1. By the continuous functional calculus of selfadjoint operator we conclude that
f((1—1t)A+tB) is a selfadjoint operator with spectrum in I.

A continuous function f : SA; (H) — B (H) is said to be Géteauz differentiable
in A € SA; (H) along the direction B € B (H) if the following limit exists in the
strong topology of B (H)

w5 P10 () = g LA BN = )
If the limit (1.5) exists for all B € B (H), then we say that f is Géateaur differentiable
in A and we can write f € G(A). If this is true for any A in an open set S from
SA; (H) we write that f € G(S).

If f is a continuous function on I, by utilising the continuous functional calculus
the corresponding function of operators will be denoted in the same way.

For two distinct operators A, B € SA; (H) we consider the segment of selfadjoint
operators

€B(H).

[A,B]:={(1—-t)A+tB |te][0,1]}.
We observe that A, B € [A, B] and [A,B] C SA; (H).
In the recent paper [7] we obtained the following reverse of operator Féjer’s
second inequality:

Theorem 1. Let f be an operator convex function on I and A, B € SA;(H),
with A # B. If f € G([A,B]) and p : [0,1] — [0,00) is Lebesgue integrable and
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symmetric, namely p(1 —t) = p(t) for all t € [0,1], then we have the weighted
trapezoid operator inequality

1 1
(1.6) og(/o p(t)dt>f(A)J2rf(B)/Op(t)f((lt)A+tB)dt

()

By taking the norm in these inequalities, we get

(1.7) H(/Olp(t)dt>W—/Olp(t)f((l—t)A—HB)dtH

< ;/01 (;— ‘t—é‘)p(zﬁ)dﬂwg (B - A)—Vfa(B-A)

t;‘p@)dt) (Vi (B~ A)— Vfa(B - A).

for A, B € SA;(H) and f is an operator convex function on I.

Motivated by the above results, in this paper we establish weighted trapezoid
norm inequalities for Gateaux and Fréchet differentiable functions of selfadjoint
operators in Hilbert spaces. Some examples for the class of functions

DM (0,00) :={f | IDF(A)|| = |If (A)|| for all positive operators A},

where D f(A) is the Fréchet derivative in A and f’(A) is the operator function
generated by f’ and positive operator A, are also given. The case when f’ is
nonnegative and operator convex and the weight is symmetric is also analyzed.

2. WEIGHTED TRAPEZOID INEQUALITIES

We need the following preliminary results:

Lemma 1. Let f be a continuous function on I and A, B € SA; (H), with A # B.
If f € G([A, B]), then the auxiliary function ¢4 gy is differentiable on (0,1) and

(2.1) Yiap) () =Vfa-nars (B—A).
Also we have for the lateral derivative that

(2.2) QD/(A’B) (04+)=Vfa(B—-A)
and

(2.3) Pap) (1-) =V fp(B—A).

Proof. Let t € (0,1) and h # 0 small enough such that ¢t + h € (0,1). Then

Yap) (t+h) —pap ()
h
FUU—t—h) A+ (t+h) B)— f((1—t)A+1B)
h
f(l=t)A+tB+h(B—A)—f((1-t)A+1tB)
- .

(2.4)
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Since f € G ([A, B]), hence by taking the limit over ~ — 0 in (2.4) we get

ap) E+h)—pap ()

Plap @) = Lim h
o f(l=t)A+tB+h(B—A)—f((1-t)A+1tB)
T h

= vQ(l—t)A+tB (B—-A),

which proves (2.1).
Also, we have

¢a,B) (h) = ¥(a,p) (0)

Plam (04) = hl_i}r& h
o FO-mALRB) (A
h—0+ h
_ . JA+R(B-A4)-f(4) _
- hli%l+ h =Via(B-4)

since f is assumed to be Gateaux differentiable in A. This proves (2.2).
The equality (2.3) follows in a similar way. O

‘We have:

Theorem 2. Let f be a continuous function on I and A, B € SA;(H), with
A#B. If feG([A,B]) and p: [0,1] — [0,00) is Lebesgue integrable, then

(2.5) H(/Olp(t)dt>W—/Olp(t)f((l—t)A—ktB)dtH

< ;/ / p(s)ds—/tlms)ds

1 1 1
3| s [ IV facgaen (B ) ar

|V fa—tyares (B —A)|| dt

IN

In particular, for for p=1 we get
1

(2.6) Hf(A);f(B) f/ F(1—t)A+tB) dtH
0

1
</
0

1 1
< 5/0 |V -y ases (B — A)]|dt.

t— ;’ |V fa—tyasen (B—A)| dt
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Proof. Using the integration by parts for Bochner’s integral, we have

[ ([ 08t
1

— tp (5)ds — 1 1p (s)ds ) oap )| — 1p (t) pa,p (1) dt
([ pere=5 [ perse) mio] - |
(

= /Olp(s) ds — ;/Olp(s) ds) P, (1) + (; /Olp(s) ds) ©(a,p) (0)

— (; Olp(S) ds) {SO(A,B) (0) + PA,B) (1)}
—/Olp(t) P(a,p) () dt
= (Alp(t)dt> M — Alp(t)@(A,B) (t) dt.

Observe that

[ ([ [ 0608s) dtan 0
= [([reras—g [poras—3 [ p6)as) lam @0t
=5 [ ([reras= [ p61as) s 0

Then we get the following identity of interest

1 1
(2.7) <A p(t)dt)Jc(A);f(B)—A p(t) £ ((1—t) A+tB)dt

=5 [ ([ [ 56)a5) Vs aean (B -ty

Taking the norm and using the properties of the integral, we have

H(/olp(t)dt> W_/Olp(t)f((l—t)A—HB)dtH

<

,1 tp(s)ds— 1p(3)d3 Vfa-tyates (B — A)|| dt
(Lo )|
=5 [|[peras- [ peas

which proves the first inequality in (2.5).

IV fa—sass (B — A)|dt,
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ds/l (s)ds
{3 | o

{ p(s d5+ ds] IV fa—tyaten (B — A)||dt
0

We also have

s

|V faoares (B — A)|| dt

t
p(s)ds|+

/ } IV fa-tyates (B — A)|| dt
-/
/ ds/o ||Vf(1—t)A+tB (B — A)|| dt,

which proves the last part of (2.5). g

Remark 1. It is well known that, if f is a C'-function defined on an open in-
terval, then the operator function f(X) is Fréchet differentiable and the derivative
Df(A)(B) equals the Gateaux derivative Vfa (B). So for functions f that are of
class C1 on I we have the inequalities

(/1 ()dt) W—/Olp(t)f((l—t)/‘”mdt”

ds—/tlp(s)ds

SgHB—AH/O p(s)ds/O IDF (L= 1) A+ 1B)| de
for A, B e SA; (H).

In particular, for p =1 we get

% /f 1—t)A+tB)dtH

(2.8)

IDf ((1—t)A+tB)|dt

(2.9)

IN

t—2' IDf((1—1t) A+tB)| dt

N

1 1

<IB=al [ 1Df (=0 4+ By

for A, Be SA;(H).

Remark 2. If p is symmetric, namely p(1 —t) = p(t) for all t € [0,1], then

t 1 1 1/2
/p(s)d8+/p(s)ds=/p(s)ds=2/ p(s)ds, t €(0,1),
0 t 0 0
which implies that
t 1
/ p(s)ds—/ p(s)ds
0 t

/Otp@)ds_2/01/2p<8)ds+/0tp(5>d5
/Otp(s)ds/ol/2p(s)d5.




WEIGHTED TRAPEZOID INEQUALITIES

By the inequality (2.5) we get
ey |([pwa) LD o - asmal
< [|[peras— [“peras
[ ( [ reras— [ p6) ds> 9 Fcoyasen (B — 4
- ;2 < / p(s)ds - / ) ds) IV fanases (B— A d.

If f is of class C* on I we have the inequalities

(2.11) H( ) );f() /Olp(t)f((l—t)A+tB)dtH

< ||BA||/01/2 (/;ﬁp(s)ds/otp(s)ds)

X ||Df((1—t) A+tB)| dt

1B - AH/ (/ ds—/ol/2p<s>ds>

x ||Df (1 —t)A+tB)| dt
1/2 1/2
= IIB—AII/ (/ p(s) d8> [Df((1—t)A+tB)| dt

LB - AH/ (/ >||Df<<1t>A+tB>||dt

for A, B € SA; (H). In this inequality, p is also symmetric.

va(lft)AthB (B - A)H dt

Corollary 1. With the assumptions of Theorem 2 and if

sup ||V fa—nases (B—A)| < oo,
t€(0,1]

then

(2.12) H(/Olp(t)dt> M /lp( )f((lt)AthB)dtH

s)ds — / p(s)ds

dt

te[0,1]

1
<2 sup ||V nass (B—A) ||/

2 tefo,1
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In particular, for p =1 we get

Hf )+ f(B

(2.13) / F(1—t)A+tB) dtH

1
< 1.5 IV fa—vyases (B—A)].
t€(0,1]

Remark 3. If f is of class C' on I we have the inequalities

(2.14) H(/Olp(t)dt> w /Olp(t)f((lt)A+tB)dtH
ds/tlp(s)ds

3 IB = A sup I\Df((l—t)A+tB)|l/ p(s)ds
te[0,1] 0

L sap IDF(( dt

2 tef0,1]

IN

\ /\

for A, Be SA;(H).
In particular, for p =1 we get

Hf )+ f(B

(2.15) /f 1t)A+tB)dtH

< Z [B— Al sup [|[Df((1-t)A+tB)
te[0,1]

for A, Be SA;(H).
The case of symmetric weights is as follows:

Corollary 2. Let f be a continuous function on I and A, B € SA; (H), with A #
B. If f € G(JA,B]) and p : [0,1] — [0,00) is Lebesgue integrable and symmetric,
then

! 1
(210 H(/o pt) dt) w —/0 P(t)f((l—t)A—FtB)dtH
1 /1 1
= 5/0 (2 - ’ B QD (t )dtte?3152 IVfa—nyaris (B—A)|
1
" %/0 (é a ‘ B ;D p(t) dttefbg . va(lft)AthB (B — A)H
1/ )
S/0 <2 - ‘t 2‘) (¢ )dtt;épl |V fa-tyars (B—=A),

provided that

sup ||V fa—tyasen (B—A)|| < oo
t€[0,1]

In particular, for p =1 we get

(2.17) % /f 1—t)A+tB)dtH
Sl sup || Vfia—pars (B—A)|+ sup ||[Vii—paps (B—A)

t€[0,1/2] te[1/2,1]
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Proof. From (2.10) we have

21 |([pwa) LALE o -y asimal
<" ( [ reras— [oe ds) 1950 avam (B — )| dt
o / ( [reras— [ "o ds) 19 s (B — A)] de
< s [V (54 ||/1/2 (/”2 )ds/otp(sms) at
ot ([ [ sos)

<tsup [V fa—tyares (B—A)
E

V/ (// <>ds—/0tp<s>ds>
+// (/Otp<s>ds—/0”2p<s>ds)].

Now, observe that

t 1 1 1 [1/2
= (/ p(s)ds)t] 7/ tp (t)dt — = p(s)ds
0 1/2 1/2 2 0

(
= ' d L d 1t t)dt L d
= [ p@as—g [ e S_/mp() ~5 [ s

:Alms)ds—fmms)ds—/J;p(t)dt

1 1 1
:/1/2p(s)ds—/1/2tp(t)dt:/1/2(1—t)p(t)dt
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and
AW (Amp(s)ds—fp( )d)dt
:;/01/2]9(3)615—/01/2 (/Ot ()ds)dt
—[Treas- ((/Otms)ds) h/ —/Ol/ztpa)dt)
—;/01/21)(3)5131/01/2p(s)ds+/01/2tp(t)dt—/()I/Qtp(t)dt
Also

:/01/2 <;—‘t—;’)p(t)dt+/l/12 (;—‘t—;‘)p(t)dt
/01/2 <;;+t)p(t)dt+/1:2 (;H;)p(t)dt

1/2 1
:/ tp(t) dt+/ (1 —1t)p(t)dt.
0 1/2

If we change the variable s = 1 — ¢, then

/01/2tp(t)dt:_/11/2(1—8)1)(1—8)(13:/1;2(1—5)]9(1_5)(15

1
:/ (1 5)p(s)ds,
1/2

hence by (2.18) we get the desired result (2.16).

Remark 4. If f is of class C' on I we have the inequality

(2.19) H( )f( );f( ) /Olp(t)f((l—t)A—i—tB)dtH

<sis-al [ (3-]i-3]) e

x sup ||Df(1—t)A+tB)|
te[0,1/2]

fIIB AII/ (—‘t—') (t) dt

x sup ||Df((1—t)A+tB)]
te(1/2,1]

<ip-al [ (3-]i-3])prae sup 1or -4+

te[0,1]

for A, Be SA;(H).
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In particular, for p =1 we get

(2.20) H(/Olp(t)dt> Mf Olp(t)f((lt)AthB)dtH

1
<glB-Al swp [IDf((1-1t)A+tB)|
te[0,1/2]

1
+5IB= Al sup [DF((1-1)A+1B)|
te[1/2,1]

for A, Be SA(H).

Corollary 3. Let f be a continuous function on I and A, B € SA;(H), with
A#B. If f€G([A,B]) and p: [0,1] — [0,00) is Lebesque integrable, then

(2.21) H(Alp(t)dt> W—/lp(t)f(a—t)AHB)dtH
1

0

[ms)ds—/tlp(s)ds

If p is symmetric in [0,1], then

1
A |V fa—tyases (B — A)| dt.

< - sup
t€0,1]

(2.22) H(/Olp(t)dt)W—/Olp(t)f((l—t)A—i—tB)dtH
< s |f p(s)ds - / ) ds / IV onsan (B - A dt.

In particular, for p =1 we get

(2.23) HW—/Olf((l—t)A—i-tB)dtH

1 1
< 5/ |V fa—tyaten (B — A)|| dt.
0

Proof. From (2.5) we have

H(/Olp(t)dt> W—/Olp(t)f(u—t)AHB)dtH

1
< %/o /0 p(s)ds_/t p(s)ds| |V fa—pyacen (B — A)|| dt

. /Otp<s>ds—/tlp<s>ds

< — sup
which proves (2.21). O

1
/(; IV fa—tyases (B — A)| dt,

T 2 e
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Remark 5. For functions f that are of class C' on I we have the inequalities

(2.24) H( )f( );f( ) /Olp(t)f((l—t)A—ktB)dtH
<z lB- Al s / () ds — /tlms)ds

></0 IDJ (1 — ) A+ tB)| dt

for A, Be SA;(H).
If p is symmetric in [0, 1], then

(2.25) H( >f( )+ 1(B) /Olp(t)f((l—t)A—ktB)dtH

/Otp@ds_/:”p(s)ds

1
></0 IDf ((1—1t) A+tB)]| dt.

<|[|B— Al sup
te0,1]

In particular, for p =1 we get

2.26) |[fersm)

—/lf((l—t)A—i-tB)dtH
0
<gIB-al [ IDr(@-nA+B)|a

for A, Be SA;(H).
We also have:

Corollary 4. With the assumptions of Theorem 2, we have for v, ¢ > 1 with
T+ i=1that

(2.27) H(/Olp(t)dt>JWQ_f(B)—/Olp(t)f((l—t)A—ktB)dtH

<! (/ /Otms)ds/tlp(s)dsr)l/r

! 1/q
X(/O va(l—t)A+tB(BA)||th) ,

O |

provided

1
/ va(l—t)A+tB (B — A)Hq dt < oo.
0
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If p is symmetmc on [0,1], then

(2.28) H( )f( );f( ) /Olp(t)f((lt)AthB)dtH
< (/ /Otms)ds—/ol/zp(s)d;)l/r

1 1/q
X (/ va(kt)AthB (B - A)qut) .
0

In particular, if p = 1, then we have

‘f )+ /(B /f A+tB)dtH

Sé(ril) [/0 va(lt)AthB(B_A)qut:|l/q'

Proof. Using Holder’s integral inequality we have for r, ¢ > 1 with % + % =1 that

1 t 1
L[ p@ds= [ pds|[9f0-nacm 5 - ) d
0 0 t

< (/ [ms)ds—/tlp(s)dsT)l/r

! 1/q
x ( / IV fa-oases (B~ A)||th) ,
0

which proves (2.28). O

(2.29)

Remark 6. For functions f that are of class C' on I we have for r, ¢ > 1 with
1,1 _
T + 7 1 that

(2.30) H( )f( );f( ) /Olp(t)f((l—t)A+tB)dtH
[ o= [ oe)as )/

< (/ IDF((1 —t>A+tB>|qczt)1/q,

for A, Be SA (H).
Corollary 5. If p is symmetric on [0, 1], then

(2.31) H( )f( )+ /(B) /Olp(t)f((lt)AthB)dtH

2
1 r\ 1/7
<5 -4 (/ )
0

/Otp<s>ds—/0”2p<s>ds

X (/01 IDf((1— t)A+tB)|th)1/q
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for A, Be SA; (H).
In particular, if p = 1, then we have

(2.32) ‘f( /f A—i—tB)dtH
<28~ A||< [ ivra-nacma]

for A, Be SA;(H).

3. EXAMPLES FOR SOME GENERAL CLASSES OF FUNCTIONS

Let f be a real function that is n-time differentiable on (0, 00), and let f(™ be
its n-th derivative. Let f also denote the map induced by f on positive operators.
Let D™ f(A) be the n-th order Fréchet derivative of this map at the point A. For
each A, the derivative D™ f(A) is a n-linear operator on the space of all Hermitian
operators. The norm of this operator is defined as

D" f(A)] == sup {D" f(A) (B ..; Bn) | |Bi]| = ... = [|Bnll = 1} .
We consider the following class of functions defined on (0, o) for a natural n > 1,
D (0, 00) := { F 1D F(A) = H Fo (A)H for all positive operators A} .

It is known (see for instance [9]) that every operator monotone function is in
D™ (0,00) for all n = 1, 2,.... Also the functions f(t) = t", n = 2, 3, ..., and
f(t) = expt are in DM (0,00). None of these are operator monotone. Moreover,
the power function f(t) = t? is in D™ (0, 00) if p is in (—o0, 1] or in [2, 00), but not
if pisin (1, \@) . Also that the functions f(t) = expt and f(t) =P, —oo <p <1,
are in the class D™ (0,00) for all n = 1, 2,..., and that for p > 1 the function

f(t) = t? is in the class D™ (0, 00) for all n > [p + 1], where [] is the integer part
(see for instance [9] and the references therein).

Proposition 1. If f € DM (0,00), A, B > 0 and p : [0,1] — [0,00) is Lebesgue
integrable, then we have midpoint inequality

(3.1) H( 1p(t)dt> W—/Olp(t)f((l—t)A—ktB)dtH

ds—/tlp(S)dS

§HB—AH/ p(s)ds/ I (=) A+ e)] dt.
0 0
In particular, for p =1 we get

Hf )+ f(B

\ /\

I (1 =t) A+ tB)| dt

\ /\

(3.2) / o 1t)A+tB)dtH

IN

t‘|f t) A+ tB)|| dt

| /\

s34l / 17 (L= 1) A+ tB) | .
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The proof follows by (2.8).
If f € DM (0,00) and A, B > 0, then we observe that all the inequalities from
Remarks 2-6 hold for f’ instead of Df. For instance, we have from (2.24) that

(3.3) H( 1p(t)dt>W—/Olp(ﬁ)f(u—t)AHB)dtH

[ v [ veas

></0 DS (1= 1) A+ tB)|| dt.

5 HB Al| sup
te[0,1]

provided f € DM (0,00), A, B> 0and p: [0,1] — [0,00) is Lebesgue integrable.
If f = exp, then

1 1
lexp((1 — ¢) A + tB)|| dt g/ exp ||((1—t) A+ tB)| dt
0 0

< / exp [(1— ) | Al| + ¢ | BI|) dt

ex —expl|A
{ celBl=enlAl for || # |14,

exp [|A| for [|B]| = [|A]
and by (3.3) we get

(3.4) H( ) GXPA%DB _ t)exp ((1—t) A + tB) dtH
0
t 1
<2IB-A| sup/ <s>ds—/p<s>ds
telo,1] t

ex expl||A

{ e PlollAl for (1B # 1Al
exp[[A for [|B] = [|A]l,

where p : [0, 1] — [0, 00) is Lebesgue integrable and A, B > 0.

Corollary 6. If f € DU (0,00) and f' is operator convexr and nonnegative on
(0,00) and p : [0,1] — [0, 00) is Lebesgue integrable, then for A, B > 0, we have the
trapezoid inequality

(3.5) H( > M /1p(t)f((1 — ) A+1B) dt”

ds—/tlp(s)ds
ds—/t p(s)ds

Proof. Since f' is operator convex and nonnegative on (0, 00) then for A, B > 0 we
have

<LiB-a| [nf (1— 1) dt

+ (B

.

0< f(1—1) A+tB) < (1—1) f((A) +tf (B)
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for ¢ € [0,1]. By taking the norm, we get
I (1=t) A+tB)| < [|(1—t) f'(A) +tf (B
A=) AI+EIf (B)

[vras— [ oeas
/t ()ds—/l (s) ds

for t € [0,1].
Therefore,

/01 1
|

If (1 =t) A+ tB)| dt

(A= A+l (B at

— (A ds—/ p(s)ds| (1 — 1) dt
+ ||/ (B s)ds —/ p(s) ds| tdt,
which proves (3.5). O

The case of symmetric weights is as follows:

Corollary 7. If f € DU (0,00) and f' is operator convex and nonnegative on
(0,00) and p : [0,1] — [0,00) is Lebesque integrable and symmetric, then for A,
B > 0, we have the trapezoid inequality

(3.6) H( > );f() /Olp(t)f((lt)AthB)dtH

<= araran+ir@n [ (3-|-3)roa

In particular, for p =1 we have (see also [9])

(3.7) Hf )+ /(B /f t) A+ tB) dtH

2 HB AU AN+ LB -
Proof. We have by (2. 11) that

(3.8) H( > );f() /Olp(t)f((lt)AthB)dtH

1/2 1/2
<|B-4] (/ p
0 t

wip-alf </1/2p(s) ds) 1 (1~ £) A+ tB)| dt
1/2 1/2

sHB—An/O (/ p(s

+||BA||/1/2 </1/2p(5)

s) ds) If ((1—t)A+tB)| dt
)

d8> (=) L7 DI+t (B dt

(
d8> (L =) 1 A+ t1f (B)] dtdt



WEIGHTED TRAPEZOID INEQUALITIES

1/2 1/2
Hf'(A)II/O (/ p(S)d8> (- tydt
1/2 1/2
I (B / ( / p(s) ds> tdt]
"(A 1 t s)ds | (1 —1t)d
||f()|/1/2</1/2p() )( ) di

1 t
+1f (B)II/ (/ p(s) ds) tdt.
172 \J1/2
Observe that

/01/2 (/tl/zp(s) ds> (1—t)dt
e

1/2 12 2
+/0 (1-t) p(t)dt]

= 1B = A

+1B - Al

and

17
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Also, we have

1/2 1/2
A (/t p(s) ds) tdt
1/2 1/2
:%/O </t p(s)ds)d(tQ)
1 1/2 1/2 1 12
=3 [(/t p(s)ds> t? +/0 t2p(t)dt] :5/0 t2p (t) dt

1/2

0

and

If we add these equalities, we get

1 [1/2 1 [1/2 1/2
2/ t2p (t) dt + 5/ (2t — %) p(t) dt :/ tp (t) dt.
0 0

By (3.8) we then obtain

(3.9) H(/Olp(t)dt>w/Olp(t)f((lt)AthB)dtH

1/2
<|IB=A[(f A+ If (B)II)/O tp () dt.



WEIGHTED TRAPEZOID INEQUALITIES

Finally, observe that

) Golms])oos
o Geaf)ron LG

/2
and by (3.9) we get (3.6).

L et [ (L)
2), \2 7 27%P 2 )12 \2

1/2 1 1/2
%/O tp(t)dt+%/1 (1—t)p(t)dt:/0 tp (t) dt

Remark 7. If we take p(t) = |t — %|, t €[0,1], then by (3.6) we have

(3.10) Hf(A);f(B) —/O - ;‘f(u—t)AHB)dtH
< 4% 1B — Al (ILF' (A + LF (B -

19

Consider the function f(z) = 2"on (0,00), where 0 <r <lor2<r <3. Ifpis

symmetric, then by (3.6) we get

t— —

(3.11) ‘(/Olp(t) dt> JLW;F/Olp(t)((lt)AthB)’“dtH
r eI
< 2Im - Al (a4 1) [ (5-
for A, B > 0.
For p =1 we get, see [9]
(3.12) HATJ;BT—/; (1—t)A+tB)" dt’

< T B - Al (Ja ]+ |157)

for A, B>0,where0<r<lor2<r<3.
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