
SOME WEIGHTED INTEGRAL INEQUALITIES FOR
OPERATOR SUB/SUPERADDITIVE FUNCTIONS ON HILBERT

SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Assume that f : [0;1) ! R is operator subadditive (superaddi-
tive) on [0;1): Then for all A; B � 0 and a symmetric Lebesgue integrable
and nonnegative function p : [0; 1]! [0;1);

1

2
f (A+B)

Z 1

0
p (t) dt � (�)

Z 1

0
p (t) f ((1� t)A+ tB) dt

� (�)
Z 1

0
p (t) f (tA) dt+

Z 1

0
p (t) f (tB) dt:

In particular, for p � 1; we have
1

2
f (A+B) � (�)

Z 1

0
f ((1� t)A+ tB) dt

� (�)
Z 1

0
f (tA) dt+

Z 1

0
f (tB) dt:

Some particular operator inequalities for power and logarithmic functions are
also given.

1. Introduction

A real valued continuous function f on an interval I is said to be operator convex
(operator concave) on I if

(1.1) f ((1� �)A+ �B) � (�) (1� �) f (A) + �f (B)
in the operator order, for all � 2 [0; 1] and for every selfadjoint operator A and B
on a Hilbert space H whose spectra are contained in I: Notice that a function f is
operator concave if �f is operator convex.
A real valued continuous function f on an interval I is said to be operator

monotone if it is monotone with respect to the operator order, i.e., A � B with
Sp (A) ; Sp (B) � I imply f (A) � f (B) :
For some fundamental results on operator convex (operator concave) and oper-

ator monotone functions, see [7] and the references therein.
As examples of such functions, we note that f (t) = tr is operator monotone on

[0;1) if and only if 0 � r � 1: The function f (t) = tr is operator convex on (0;1)
if either 1 � r � 2 or �1 � r � 0 and is operator concave on (0;1) if 0 � r � 1:
The logarithmic function f (t) = ln t is operator monotone and operator concave
on (0;1): The entropy function f (t) = �t ln t is operator concave on (0;1): The
exponential function f (t) = et is neither operator convex nor operator monotone.
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2 S. S. DRAGOMIR

In [5] we obtained among others the following Hermite-Hadamard type inequal-
ities for operator convex functions f : I ! R

(1.2) f

�
A+B

2

�
�
Z 1

0

f ((1� s)A+ sB) ds � f (A) + f (B)

2
;

where A; B are selfadjoint operators with spectra included in I:
For recent inequalities for operator convex functions see [1]-[6] and [8]-[19].
Moslehian and Naja� [12] have shown that for A; B � 0, if AB + BA � 0,

then for any operator monotone function f(t) � 0 on [0;1) satis�es the operator
subadditive property

(1.3) f(A+B) � f(A) + f(B):

If, in general, a continuous function f : [0;1)! R satis�es the inequality (1.3)
for any nonnegative operators A; B; then we call is operator subadditive. If the sign
of the inequality in (1.3) is reversed, the function f is called operator superadditive.
Motivated by the above results, we establish in this paper some weighted and

unweighted Hermite-Hadamard type inequalities for operator subadditive or super-
additive functions. Some particular operator inequalities for power and logarithmic
functions are also given.

2. Main Results

We have:

Theorem 1. Assume that f : [0;1)! R is operator subadditive (superadditive) on
[0;1): Then for all A; B � 0 and a symmetric Lebesgue integrable and nonnegative
function p : [0; 1]! [0;1);

1

2
f (A+B)

Z 1

0

p (t) dt � (�)
Z 1

0

p (t) f ((1� t)A+ tB) dt(2.1)

� (�)
Z 1

0

p (t) f (tA) dt+

Z 1

0

p (t) f (tB) dt:

In particular, for p � 1; we have

1

2
f (A+B) � (�)

Z 1

0

f ((1� t)A+ tB) dt(2.2)

� (�)
Z 1

0

f (tA) dt+

Z 1

0

f (tB) dt:

Proof. From the subadditivity of f we have for A; B � 0 and t 2 [0; 1] that

f (A+B) = f ((1� t)A+ tB + tA+ (1� t)B)
� f ((1� t)A+ tB) + f (tA+ (1� t)B)
� f ((1� t)A) + f (tB) + f (tA) + f ((1� t)B) :
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If we multiply this inequality by p (t) � 0 and integrate over t 2 [0; 1] ; then we get

f (A+B)

Z 1

0

p (t) dt(2.3)

�
Z 1

0

p (t) f ((1� t)A+ tB) dt+
Z 1

0

p (t) f (tA+ (1� t)B) dt

�
Z 1

0

p (t) f ((1� t)A) dt+
Z 1

0

p (t) f (tB) dt

+

Z 1

0

p (t) f (tA) dt+

Z 1

0

p (t) f ((1� t)B) dt:

By the symmetry of p and changing the variable, we haveZ 1

0

p (t) f (tA+ (1� t)B) dt =
Z 1

0

p (1� s) f ((1� s)A+ sB) ds

=

Z 1

0

p (t) f ((1� t)A+ tB) dt;Z 1

0

p (t) f ((1� t)A) dt =
Z 1

0

p (1� s) f (sA) ds =
Z 1

0

p (t) f (tA) dt

and Z 1

0

p (t) f ((1� t)B) dt =
Z 1

0

p (t) f (tB) dt:

Then by (2.3) we obtain

f (A+B)

Z 1

0

p (t) dt � 2
Z 1

0

p (t) f ((1� t)A+ tB) dt

� 2
Z 1

0

p (t) f (tA) dt+ 2

Z 1

0

p (t) f (tB) dt;

which is equivalent to (2.1). �

Remark 1. We observe, for the simple symmetrical weight p (t) =
��t� 1

2

�� ; t 2
[0; 1] ; we get from (2.1) that

1

8
f (A+B) � (�)

Z 1

0

����t� 12
���� f ((1� t)A+ tB) dt(2.4)

� (�)
Z 1

0

����t� 12
���� f (tA) dt+ Z 1

0

����t� 12
���� f (tB) dt;

while for p (t) = t (1� t) ; t 2 [0; 1] ; we obtain
1

12
f (A+B) � (�)

Z 1

0

t (1� t) f ((1� t)A+ tB) dt(2.5)

� (�)
Z 1

0

t (1� t) f (tA) dt+
Z 1

0

t (1� t) f (tB) dt

for A; B � 0; where f : [0;1)! R is subadditive (superadditive) on [0;1):

De�nition 1. The function f de�ned on [0;1) is called convex-starshaped if
f (tA) � tf (A) for all t 2 [0; 1] and A � 0: It is called concave-starshaped if
f (tA) � tf (A) for all t 2 [0; 1] and A � 0:
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Corollary 1. With the assumptions of Theorem 1 and, in addition, f is convex-
starshaped (concave-starshaped), then for all A; B � 0

f

�
A+B

2

�Z 1

0

p (t) dt � (�) 1
2
f (A+B)

Z 1

0

p (t) dt(2.6)

� (�)
Z 1

0

p (t) f ((1� t)A+ tB) dt

� (�)
Z 1

0

p (t) f (tA) dt+

Z 1

0

p (t) f (tB) dt

� (�) [f (A) + f (B)]
Z 1

0

tp (t) dt:

In particular, for p � 1; we have

f

�
A+B

2

�
� (�) 1

2
f (A+B) � (�)

Z 1

0

f ((1� t)A+ tB) dt(2.7)

� (�)
Z 1

0

f (tA) dt+

Z 1

0

f (tB) dt � (�) f (A) + f (B)
2

for all A; B � 0:

We also have the double integral inequalities:

Theorem 2. Assume that f : [0;1)! R is operator subadditive (superadditive) on
[0;1): Then for all A; B � 0 and symmetric Lebesgue integrable and nonnegative
functions p; q : [0; 1]! [0;1); we have

1

2
f (A+B)

Z 1

0

p (t) dt

Z 1

0

q (t) dt(2.8)

� (�)
Z 1

0

Z 1

0

p (t) q (s) f ((1� t� s+ 2ts)A+ (s+ t� 2st)B) dtds

� (�)
Z 1

0

Z 1

0

p (t) q (s) f (t (1� s)A+ tsB) dtds

+

Z 1

0

Z 1

0

p (t) q (s) f (tsA+ t (1� s)B) dtds

� (�) 2
Z 1

0

Z 1

0

p (t) q (s) f (tsA) dtds+ 2

Z 1

0

Z 1

0

p (t) q (s) f (tsB) dtds:

In particular, for p; q � 1; we have
1

2
f (A+B)(2.9)

� (�)
Z 1

0

Z 1

0

f ((1� t� s+ 2ts)A+ (s+ t� 2st)B) dtds

� (�)
Z 1

0

Z 1

0

f (t (1� s)A+ tsB) dtds+
Z 1

0

Z 1

0

f (tsA+ t (1� s)B) dtds

� (�) 2
Z 1

0

Z 1

0

f (tsA) dtds+ 2

Z 1

0

Z 1

0

f (tsB) dtds:
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Proof. If we replace A with (1� s)A+ sB and B with sA+ (1� s)B, s 2 [0; 1] in
the inequality (2.1), then we get

1

2
f (A+B)

Z 1

0

p (t) dt

� (�)
Z 1

0

p (t) f ((1� t) ((1� s)A+ sB) + t (sA+ (1� s)B)) dt

� (�)
Z 1

0

p (t) f (t ((1� s)A+ sB)) dt+
Z 1

0

p (t) f (t (sA+ (1� s)B)) dt:

If we multiply this inequality by q (t) � 0; s 2 [0; 1], integrate and use Fubini�s
theorem, then we get

1

2
f (A+B)

Z 1

0

p (t) dt

Z 1

0

q (t) dt(2.10)

� (�)
Z 1

0

Z 1

0

p (t) q (s)

� f ((1� t) ((1� s)A+ sB) + t (sA+ (1� s)B)) dtds

� (�)
Z 1

0

Z 1

0

p (t) q (s) f (t ((1� s)A+ sB)) dtds

+

Z 1

0

Z 1

0

p (t) q (s) f (t (sA+ (1� s)B)) dtds:

Observe thatZ 1

0

Z 1

0

p (t) q (s) f ((1� t) ((1� s)A+ sB) + t (sA+ (1� s)B)) dtds

=

Z 1

0

Z 1

0

p (t) q (s) f ((1� t) (1� s)A+ (1� t) sB + tsA+ t (1� s)B) dtds

=

Z 1

0

Z 1

0

p (t) q (s) f ((1� t� s+ 2ts)A+ (s+ t� 2st)B) dtds;

Z 1

0

Z 1

0

p (t) q (s) f (t ((1� s)A+ sB)) dtds

=

Z 1

0

Z 1

0

p (t) q (s) f (t (1� s)A+ tsB) dtds

�
Z 1

0

Z 1

0

p (t) q (s) f (t (1� s)A) dtds+
Z 1

0

Z 1

0

p (t) q (s) f (tsB)

=

Z 1

0

Z 1

0

p (t) q (1� u) f (tuA) dtdu+
Z 1

0

Z 1

0

p (t) q (s) f (tsB)

=

Z 1

0

Z 1

0

p (t) q (u) f (tuA) dtdu+

Z 1

0

Z 1

0

p (t) q (s) f (tsB)
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and Z 1

0

Z 1

0

p (t) q (s) f (t (sA+ (1� s)B)) dtds

=

Z 1

0

Z 1

0

p (t) q (s) f (tsA+ t (1� s)B) dtds

�
Z 1

0

Z 1

0

p (t) q (s) f (tsA) dtds+

Z 1

0

Z 1

0

p (t) q (s) f (t (1� s)B) dtds

=

Z 1

0

Z 1

0

p (t) q (s) f (tsA) dtds+

Z 1

0

Z 1

0

p (t) q (1� u) f (tuB) dtds

=

Z 1

0

Z 1

0

p (t) q (s) f (tsA) dtds+

Z 1

0

Z 1

0

p (t) q (u) f (tuB) dtdu:

By utilising (2.10) we get the desired result (2.8). �

For nonnegative operators A; B and a symmetric Lebesgue integrable and non-
negative function p : [0; 1]! [0;1) we de�ne the function of two variables

(2.11) fp (A;B) :=

Z 1

0

p (t) f ((1� t)A+ tB) dt;

where f : [0;1)! R is continuous.

Lemma 1. Assume that f : [0;1)! R is operator subadditive (superadditive) on
[0;1) and a symmetric Lebesgue integrable and nonnegative function p : [0; 1] !
[0;1); then fp (�; �) is operator subadditive (superadditive) as a function of two
variables.

Proof. Assume that A; B and C; D are nonnegative, then

fp ((A;B) + (C;D)) = fp (A+ C;B +D)

=

Z 1

0

p (t) f ((1� t) (A+ C) + t (B +D)) dt

=

Z 1

0

p (t) f ((1� t)A+ (1� t)C + tB + tD) dt

=

Z 1

0

p (t) f ((1� t)A+ tB + (1� t)C + tD) dt

�
Z 1

0

p (t) [f ((1� t)A+ tB) + f ((1� t)C + tD)] dt

=

Z 1

0

p (t) f ((1� t)A+ tB) dt+
Z 1

0

p (t) f ((1� t)C + tD) dt

= fp (A;B) + fp (C;D) ;

which proves that fp (�; �) is operator subadditive. �

Theorem 3. Assume that f : [0;1) ! R is operator subadditive (superadditive)
on [0;1): Then for all A; B; C; D � 0 and symmetric Lebesgue integrable and
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nonnegative functions p; q : [0; 1]! [0;1); we have

1

4

Z 1

0

q (s) ds

Z 1

0

p (t) dtf (A+ C +B +D)(2.12)

� 1

2

Z 1

0

q (s) ds

Z 1

0

p (t) f ((1� t)A+ tB + (1� t)C + tD) dt

�
Z 1

0

Z 1

0

q (s) p (t) f ((1� t) ((1� s)A+ sC) + t ((1� s)B + sD)) dtds

�
Z 1

0

Z 1

0

q (s) p (t) f ((1� t) sA+ tsB) dtds

+

Z 1

0

Z 1

0

q (s) p (t) f ((1� t) sC + tsD) dtds

�
Z 1

0

Z 1

0

q (s) p (t) f (tsA) dtds+

Z 1

0

Z 1

0

q (s) p (t) f (tsB) dtds

+

Z 1

0

Z 1

0

q (s) p (t) f (tsC) dtds+

Z 1

0

Z 1

0

q (s) p (t) f (tsD) dtds:

In particular, for p; q � 1; we have

1

4
f (A+ C +B +D)(2.13)

� 1

2

Z 1

0

p (t) f ((1� t)A+ tB + (1� t)C + tD) dt

�
Z 1

0

Z 1

0

f ((1� t) ((1� s)A+ sC) + t ((1� s)B + sD)) dtds

�
Z 1

0

Z 1

0

f ((1� t) sA+ tsB) dtds

+

Z 1

0

Z 1

0

f ((1� t) sC + tsD) dtds

�
Z 1

0

Z 1

0

f (tsA) dtds+

Z 1

0

Z 1

0

f (tsB) dtds

+

Z 1

0

Z 1

0

f (tsC) dtds+

Z 1

0

Z 1

0

f (tsD) dtds:

Proof. If we use Theorem 1 for fp (�; �) we have

1

2
fp ((A;B) + (C;D))

Z 1

0

q (s) ds(2.14)

� (�)
Z 1

0

q (s) fp ((1� s) (A;B) + s (C;D)) dt

� (�)
Z 1

0

q (s) fp (s (A;B)) ds+

Z 1

0

q (s) f (s (C;D)) ds

for all A; B; C; D � 0:
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Observe thatZ 1

0

q (s) fp ((1� s) (A;B) + s (C;D)) ds

=

Z 1

0

q (s) fp ((1� s)A+ sC; (1� s)B + sD) ds

=

Z 1

0

q (s)

�Z 1

0

p (t) f ((1� t) ((1� s)A+ sC) + t ((1� s)B + sD)) dt
�
ds

=

Z 1

0

Z 1

0

q (s) p (t) f ((1� t) ((1� s)A+ sC) + t ((1� s)B + sD)) dtds;

Z 1

0

q (s) fp (s (A;B)) ds =

Z 1

0

q (s) fp (sA; sB) ds

=

Z 1

0

q (s)

�Z 1

0

p (t) f ((1� t) sA+ tsB) dt
�
ds

=

Z 1

0

Z 1

0

q (s) p (t) f ((1� t) sA+ tsB) dtds

and Z 1

0

q (s) f (s (C;D)) ds =

Z 1

0

q (s) f (sC; sD) ds

=

Z 1

0

q (s)

�Z 1

0

p (t) f ((1� t) sC + tsD) dt
�
ds

=

Z 1

0

Z 1

0

q (s) p (t) f ((1� t) sC + tsD) dtds:

If f is operator subadditive (superadditive) on [0;1); then we have

Z 1

0

Z 1

0

q (s) p (t) f ((1� t) sA+ tsB) dtds

� (�)
Z 1

0

Z 1

0

q (s) p (t) [f ((1� t) sA) + f (tsB)] dtds

=

Z 1

0

Z 1

0

q (s) p (t) f ((1� t) sA) dtds+
Z 1

0

Z 1

0

q (s) p (t) f (tsB) dtds

=

Z 1

0

Z 1

0

q (s) p (1� u) f (usA) duds+
Z 1

0

Z 1

0

q (s) p (t) f (tsB) dtds

=

Z 1

0

Z 1

0

q (s) p (u) f (usA) duds+

Z 1

0

Z 1

0

q (s) p (t) f (tsB) dtds

=

Z 1

0

Z 1

0

q (s) p (t) f (tsA) dtds+

Z 1

0

Z 1

0

q (s) p (t) f (tsB) dtds



SOME WEIGHTED INTEGRAL INEQUALITIES 9

and Z 1

0

Z 1

0

q (s) p (t) f ((1� t) sC + tsD) dtds

� (�)
Z 1

0

Z 1

0

q (s) p (t) [f ((1� t) sC) + f (tsD)] dtds

=

Z 1

0

Z 1

0

q (s) p (t) f (tsC) dtds+

Z 1

0

Z 1

0

q (s) p (t) f (tsD) dtds:

This proves the second, third and fourth inequalities.
We also haveZ 1

0

q (s) ds

Z 1

0

p (t) f ((1� t)A+ tB + (1� t)C + tD) dt

=

Z 1

0

q (s) ds

Z 1

0

p (t) f ((1� t) (A+ C) + t (B +D)) dt

� (�) 1
2

Z 1

0

q (s) ds

Z 1

0

p (t) f (A+ C +B +D) ;

which proves the �rst inequality in (2.12). �

3. Some Related Results

In [15] the authors obtained the following result that generalizes the result of
Moslehian and Naja� [12]:

Lemma 2. Let Ai � 0; (i = 1; 2;���; n): Then the following are equivalent
(i) We have the inequality

(3.1)
X

1�i 6=j�n
AiAj � 0;

(ii) For every operator convex function f(t) on [0;1) with f(0) � 0 we have

(3.2) f

 
nX
i=1

Ai

!
�

nX
i=1

g (Ai) ;

(iii) For every non-negative operator monotone function f(t) on [0;1)

(3.3) f

 
nX
i=1

Ai

!
�

nX
i=1

f (Ai) :

We have:

Theorem 4. Assume that A; B � 0 with AB +BA � 0: Let f : [0;1)! R be an
operator convex function with f(0) � 0; then for any symmetric Lebesgue integrable
and nonnegative function p : [0; 1]! [0;1);

1

2
f (A+B)

Z 1

0

p (t) dt �
Z 1

0

p (t) f ((1� t)A+ tB) dt(3.4)

�
Z 1

0

p (t) f (tA) dt+

Z 1

0

p (t) f (tB) dt:
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In particular,

(3.5)
1

2
f (A+B) �

Z 1

0

f ((1� t)A+ tB) dt �
Z 1

0

f (tA) dt+

Z 1

0

f (tB) dt:

Proof. Consider the set

D := f(A;B) jA; B � 0 and AB +BA � 0g :

We observe that for (A;B) 2 D and t 2 [0; 1] ; (tA; (1� t)B) 2 D.
Also

((1� t)A+ tB; tA+ (1� t)B) 2 D,
since

((1� t)A+ tB) (tA+ (1� t)B) + (tA+ (1� t)B) ((1� t)A+ tB)
= (1� t) tA2 + t2BA+ (1� t)2AB + t (1� t)B2

+ (1� t) tA2 + (1� t)2BA+ t2AB + t (1� t)B2

= 2 (1� t) tA2 +
h
t2 + (1� t)2

i
(AB +BA) + 2t (1� t)B2

� 0:

By Lemma 2 we have

f ((1� t)A+ tB + tA+ (1� t)B)
� f ((1� t)A+ tB) + f (tA+ (1� t)B) ;

namely

f (A+B) � f ((1� t)A+ tB) + f (tA+ (1� t)B)
for all t 2 [0; 1] :
Also by the same lemma,

f ((1� t)A+ tB) � f ((1� t)A) + f (tB)

for all t 2 [0; 1] :
Now, by multiplying with p (t) � 0 and using a similar argument to the one from

the proof of Theorem 1, we get the desired result (3.4). �

The case of operator monotone functions is as follows:

Theorem 5. Assume that A; B � 0 with AB + BA � 0: Let f : [0;1) ! [0;1)
be an operator monotone function, then for any symmetric Lebesgue integrable and
nonnegative function p : [0; 1]! [0;1);

1

2
f (A+B)

Z 1

0

p (t) dt �
Z 1

0

p (t) f ((1� t)A+ tB) dt(3.6)

�
Z 1

0

p (t) f (tA) dt+

Z 1

0

p (t) f (tB) dt:

In particular,

(3.7)
1

2
f (A+B) �

Z 1

0

f ((1� t)A+ tB) dt �
Z 1

0

f (tA) dt+

Z 1

0

f (tB) dt:
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Remark 2. Assume that A; B � 0 with AB+BA � 0 and p; q : [0; 1]! [0;1) be
symmetric Lebesgue integrable and nonnegative functions. If f : [0;1) ! R is an
operator convex function with f(0) � 0; then the double integral inequalities in (2.1)
and (2.3) hold with the sign " � ": If f : [0;1)! [0;1) is an operator monotone
function then the double integral inequalities in (2.1) and (2.3) hold with the sign
" � ":

4. Some Examples

The function f : [0;1) ! [0;1); f (x) = xr; r 2 (0; 1) is operator monotone.
By Theorem 5 we can state the following:

Proposition 1. Assume that A; B � 0 with AB + BA � 0 and r 2 (0; 1) : Then
for any symmetric Lebesgue integrable and nonnegative function p : [0; 1]! [0;1);

1

2

�Z 1

0

p (t) dt

�
(A+B)

r �
Z 1

0

p (t) ((1� t)A+ tB)r dt(4.1)

�
�Z 1

0

p (t) trdt

�
(Ar +Br) :

In particular,

(4.2)
1

2
(A+B)

r �
Z 1

0

((1� t)A+ tB)r dt � 1

r + 1
(Ar +Br) :

The function f : [0;1) ! [0;1); f (x) = xs; s 2 [1; 2] is operator convex with
f(0) = 0: By Theorem 5 we can state the following:

Proposition 2. Assume that A; B � 0 with AB + BA � 0 and s 2 [1; 2] : Then
for any symmetric Lebesgue integrable and nonnegative function p : [0; 1]! [0;1);

1

2

�Z 1

0

p (t) dt

�
(A+B)

s �
Z 1

0

p (t) ((1� t)A+ tB)s dt(4.3)

�
�Z 1

0

p (t) trdt

�
(As +Bs) :

In particular,

(4.4)
1

2
(A+B)

s �
Z 1

0

((1� t)A+ tB)s dt � 1

s+ 1
(As +Bs) :

In the case of logarithmic function, we observe that f : (0;1)! R, f (x) = x lnx
and f (0) := 0 (by continuity) is operator convex on [0;1) and by Theorem 4 we
have:

Proposition 3. Assume that A; B � 0 with AB+BA � 0: Then for any symmetric
Lebesgue integrable and nonnegative function p : [0; 1]! [0;1);

1

2

�Z 1

0

p (t) dt

�
(A+B) ln (A+B)(4.5)

�
Z 1

0

p (t) ((1� t)A+ tB) ln ((1� t)A+ tB) dt

�
Z 1

0

p (t) tA ln (tA) dt+

Z 1

0

p (t) tB ln (tB) dt:
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In particular,
1

2
(A+B) ln (A+B)(4.6)

�
Z 1

0

p (t) ((1� t)A+ tB) ln ((1� t)A+ tB) dt

�
Z 1

0

tA ln (tA) dt+

Z 1

0

tB ln (tB) dt:

We observe that f : (0;1) ! R, f (x) = lnx is operator monotone, then by
Theorem 5 we have for A; B > 0 with AB +BA > 0 that

1

2

�Z 1

0

p (t) dt

�
ln (A+B) �

Z 1

0

p (t) ln ((1� t)A+ tB) dt(4.7)

�
Z 1

0

p (t) ln (tA) dt+

Z 1

0

p (t) ln (tB) dt;

for any symmetric Lebesgue integrable and nonnegative function p : [0; 1]! [0;1)
such that the involved integrals exist.
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