BOUNDS FOR THE DIFFERENCE OF WEIGHTED AND
INTEGRAL MEANS FOR CONVEX FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let f be a convex function on [ and a, b € I with a < b. Also,
let p : [a,b] — [0,00) be a Lebesgue integrable and symmetric weight on [a, b],
namely p(b+a —t) =p(¢t) for all ¢ € [a,b].

In this paper we provide some upper and lower bounds for the difference

m/jf(x) da:fi/fx)dz

where f and p are as above. Some examples are given as well.

1. INTRODUCTION

The following inequality holds for any convex function f defined on R

(L1) f(“;") <

It was firstly discovered by Ch. Hermite in 1881 in the journal Mathesis (see [7]).
But this result was nowhere mentioned in the mathematical literature and was not
widely known as Hermite’s result.

E. F. Beckenbach, a leading expert on the history and the theory of convex
functions, wrote that this inequality was proven by J. Hadamard in 1893 [1]. In
1974, D. S. Mitrinovi¢ found Hermite’s note in Mathesis [7]. Since (1.1) was known
as Hadamard’s inequality, the inequality is now commonly referred as the Hermite-
Hadamard inequality. For a monograph devoted to this result see [5]. The recent
survey paper [4] provides other related results.

Let f : [a,b] — R be a convex function on [a,b] and assume that f) (a) and
fL (b) are finite. We recall the following improvement and reverse inequality for
the first Hermite-Hadamard result that has been established in [2]

wyosgln () - ()] e-o

bi/f vt (45) <5 0-0) 1 0) - 14 0.

fla) + f(b)
- 2

, a, beR a<hb.
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The following inequality that provides a reverse and improvement of the second
Hermite-Hadamard result has been obtained in [3]

e~

Sf();f —a/f

—a) [fL (b) = f} (a)].

OO

The constant & is best possible in both (1.2) and (1.3).
In 1906, Fejér [6], while studying trigonometric polynomials, obtained inequali-
ties which generalize that of Hermite & Hadamard:

Theorem 1. Consider the integral f; f (@) p(t)dt, where f is a convex function in
the interval (a,b) and p is a positive function in the same interval such that

1
pla+t)=pb-t), 0<t<=(b—a),
i.e., y = p(t) is a symmetric curve with respect to the straight line which contains

=t=s
the point ( (a+b), 0) and is normal to the t-azis. Under those conditions the
following inequalities are valid:

(1.4) f(““’)/ dt</ F(6)p(t)di < f(a>;f(b) /abp(t)dt.

If f is concave on (a,b), then the inequalities reverse in (1.4).

In this paper we provide some upper and lower bounds for the difference

b b
e Ry KL

where f is convex and p is nonnegative integrable on [a,b]. Some examples are
given as well.

2. MAIN RESULTS

We start to the following identity of interest:

Lemma 1. Let f : [a,b] — C be an absolutely continuous function and g : [a,b] — C
a Lebesgue integrable function on [a,b] such that fbg (z)dx # 0, then

(2.1) dx/f x) dx — —a/f

(b—a) fagaﬁdm
x/abg(x)</ab(x—u </ £ l—t)x—i-tu)dt)du)d

_ —afg dx/// 2) (@ —u) f (1 — )z + tu) diduda.
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Proof. For all z, u € [a,b] we have

[z /f dy—x—u/f (1 —t)u+tx)dt.

If we take the 1ntegral mean over u on [a,b] we get

b_a/b(:c—u) (/Olf'((l—t)u—l—tx)dt) du
for all z € [a, b].

If we take the weighted integral mean m f;g (z) (+) dz, we get

W/ 9(2) f (z)do — 7@/ f(u )dx/bg(x)da:
:W/abg(x) lbia/ab(x—u) (/O f’((l—t)u+tx)dt>du] do
_ (ba)flbg(m)dx/abg(x) (/ab(x—u) (/Olf’((l—t)a:+tu)dt)du>d:c,

which proves the first equality in (2.1).
The second equality follows by Fubini’s theorem. (Il

We recall the following Cebysev’s weighted inequality for synchronous (asynchro-
nous) integrable functions h, k : [a,b] — R and integrable ¢ : [a,b] — [0,00)
1

b
(2.2) m /a h(z)k(x)q(x)dx

1 b 1 b
> (s)(qu(x)ah:/C h(w)q(x)dxjju1¢r>ah;/£ k(2)q(2) do.

Theorem 2. Let f : [a,b] — R be a convex function and p : [a,b] — [0,00) a
Lebesgue integrable symmetric function on [a,b] such that fbp(m) dx >0, then

(2.3) dac/f x)dx — —a/f

<

(b—a) fap x)dw

x/ab/ab/olp(x) (x—a;b>f’((1—t)m+tu)dtdudx
o }bp /abp(a:)ma+b
// (L=t)b+tu) — f (1 —t)a+ tu)] dtdu

1f20)=fila) 1 s
<EO-] prwxlp<>

dx

a+b

T —

’ dx.



4 S.S. DRAGOMIR

Proof. Let t € (0,1) and x € [a,b]. Since f is a convex function on [a,b], then the
function [a,b] > u — f' ((1 —¢)x + tu) is monotonic nondecreasing on [a,b]. By
Cebysev’s unweighted inequality we have

b
bia/ (z —u) f (1 —t)z +tu) du

b b
Sbia/a (x—u)dubia/a (1 —t)z+tu) du

_ <x_“;b) bia/abf’((l—t)x+tu)du.

If we integrate over ¢t and use Fubini’s theorem we get

bia/ab(x—u) (/Olf'((l—t)x+tu)dt)du

a+b 1 bt ,
< _ _
<a: 5 )b—a/(l/of((l t) x + tu) dtdu
for all x € [a, ]

If we take the weighted integral mean, we get

1

T [ [ ([ 0 e war)a

a

gW/lbp(x) (;U—Q;Lb) (bia/(lb/(Jlf’((l—t)x—i-tu)dtdu) dx

and by the representation (2.1) we obtain the desired result (2.3).

Since the functions [a,b] > z — f/((1—t)x + tu) and  — “E® have the same

monotonicity, then by the weighted Cebysev’s inequality we have

/abp(x) (m— “;b) F A=tz + tu) de

szp(lx)dx/abp(x) (z—a;rb>dz/abp(:f:)f’((l—t)x+tu)dx=0

since the function p (z) (z — £

+0) is asymmetric on [a,b] and therefore

/abp(x) (x—“2“’> dz = 0.

Observe since f is convex, hence

F((=ta+tu) < f (1—t)ax+tu) < f((1—t)b+tu)
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and we have

Og/abp(x) (w—a;b>f’((1—t)x+tu)dm
[roe-e2)

. [f,((l_t)m+tu)_f’((1t)b+tu)42rf’((1t)a+tu)}d$
< abp(w) m—a;b‘

y FA-tbttu)+ f(A-Dattu)|

2

P =)+ tu) —
"((1 - w) — ' (1=t)a+tu) [° a
Sf((l Hb+tu) — f((1—1) +t)/p(x)<x_ ;b>d33.

2

a

This implies that

(b—a) [ dx///

—afp /ap(w)‘w—a;b

//f’ )b+ tu) — f’((l—t)a—i—tu)dtdu
2 )

a—i—b

"(1 = t)x + tu) dtdudx

dx

which proves the second inequality in (2.3).
The last part follows by the fact that

0< f(1=t)b+tu) = f (1 —t)a+tu) < f(b) - f} (a)

for all t € (0,1) and u € [a,b]. O

Corollary 1. With the assumptions of Theorem 2 and if f is differentiable and
the derivative f' is Lipschitzian with constant L > 0, namely

If (u) — f (v)] < L|u—v| for all u,v € (a,b)
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(2.4) dx/f x)dx — _a/f

fafapas dz

JNNRCICE
ba}bp /abpm

// (1= )b+ tw) — ' (1 — 1) o + tu)] dedu

1 b
<00 [l
4 fap x)dzr Ja
Proof. Observe that

a4 —2|— b) (1 —t)z + tu) dtdudz

a+b

dx

€T —

a+b
dt.
a

// (1=t)b+tu) — f (1 —t)a+ tu)] dtdu
§L/a/0 [(1—=t)b+tu—(1—1t)a—tu]dtdu

b 1
:L(b—a)//O(l—t)dr:%L(b—a)z

and by (2.3) we obtain the desired result (2.4). O

Theorem 3. Let f : [a,b] — R be a convex function and p : [a,b] — [0,00) a
Lebesgue integrable function on [a,b] such that f;p(:n) dx > 0, then

(2.5) bia/ab<f:p(lm)dx/abp(x)(fc—mdx>
X (f,)pl/bp(x) (/Olf’((l—t)m+tu)dt) dm) du
fgl /f( z) dz — _a/f

Proof. Using Cebysev’s weighted inequality for synchronous functions in the vari-
able z, x —w and f’' ((1 —t) z + tu) we have

b
fbp(lrc)dx/a p(2) (@ —w) f' (1 - 1)z + tu) dz

b
zW/pu)(x—u)dx

b
< W/ p(@) ' (1= t) 2+ tu) da.
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If we take the integral mean on [a, b] this inequality, then we get

—afp dx// (z —u) f' (1 —t) 2 + tu) dvdu
bia/a (hm x/ap(x)(fv—u)dx>

b
y (W/ p(a:)f’((l—t)a:+tu)dm> du.

Also, by taking the integral on [0, 1] over ¢ and use Fubini’s theorem, then we get

A Yy
(e x/a“@“-””w)
X(Lyi@dxéz“”(ﬂff“l‘”x+“”“>“>d“
Ry
x<ﬁh£@dx12ww((fﬂ«l—wz+uoﬁ)MJdu

By making use of the representation (2.1) we deduce the inequality (2.5). O

Theorem 4. Let f : [a,b] — R be a convex functwn and p : [a,b] — [0,00) a
Lebesgue integrable function on [a,b] such that f p(z)dx >0, then

1 1
Q(b—a)f:p(x)d:c

b
X / p(@){(z —a)[f(2) = f(a)] = (b= =) [f (b) = [ (2)]} dudt

d;c/f @) de - —a/f

< _afplepmﬁwwwﬂgﬁm.

(2.6)
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Proof. Observe that

b
(2.7) / (@ =) ' (1 — )2 + tu) du
b

:/x(x—u)f’((l—t)x—l—tu)du—i—/ @ —u) f (1= t) 3+ tu) du

T
b

:/I(mfu)f’((lft)qutu)duf/ (w—a) ' (1= ) & + tu) du.

xT

Since f’ is monotonic nondecreasing, hence

x

/:(x—u)f’((l—t)x—i—ta)dug/a (@ =) ' (1 — )2 + tu) du
g/x(x—u)f’((l—t)x—ktx)du,
which is equivalent to a
f’((1—t)x+ta)/:(x—u)du</;(x—u)f/((1—t)x+tu)du
<f@ [ @-w

namely

(2.8) %f’((l—t)ac—i—ta)(:v—a)2 < /w(x—u)f’((l—t)x—i—tu)du

IN

]./ 2
S/ @) @—a).

Also

b

b
—/ (we) (L=t du<— [ (u—2)f ((1—t)z+tu)du

<— [ w-a) (- D+ ta)du,

/

b
/
which is equivalent to

b b
—f’((l—t)as—i—tb)/ (u—m)dug—/ (u—2x) f (1 —t)z + tu) du

< —f’(w)/:(u—:v)du,

1 5 b
(29) 3 (=t )(b-a) g—/ (=) f (1= )3 + tu) du
1, 9
< LF @02
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By using (2.7)-(2.9) we get
1 1
I (A=t)z+ta) (@ —a)® = Zf (L=t +1b) (b —2)’

< (x —u) f (1 —t)z +tu) du

namely
%f’(a—t)xﬂa)(x—a)?—%f’((l—t)ﬁtb)(b—x)?
b
g/ (z—u) ' (1) 7+ tu) du
<r@e-a (a0

2

for all z € [a,b] and ¢ € [0,1].
This implies that

1 1 b 1
Qf;p(:r)dx/a /0 p(@)
{f’((l—t)mwtta)( - )fo’((lft):chtb)(bf:c)z}dxdt

fbp(lm dx// (/ T —u) ((1—t)x+tu)du>daxdt
Sfbp(lx)dm/a /0 p(z) f' () (b—a) (x—a;b>dxdt,

which is equivalent to

1 1

2W/bp<x> l(x—a)/xf’(y)dy—(b—:ﬁ)/:f’(y)dy] dad
fbplx dx// </ T —u) ((1t):c+tu)du>da:dt
gfbp(m)dx/a [ 67 @00 (s 50 doa

namely

b
1 _aflbp — [ r@ =0 [ @) = 1 @)= =) )~ (@)]) e

_afp dx// (/ T —u) ((1—t)x+tu)du>dxdt
< (b_a)f;p(w)dm/a / p(@) 1 (@) (b a) <x;b> dedt,

By using the identity (2.1) we get the desired result (2.6).
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‘We have:

Corollary 2. Let f : [a,b] — R be a convex function and p : [a,b] — [0,00) a
Lebesgue integrable symmetric function on [a,b] such that fbp(x) dx > 0, then

(2.10) dz/ f(z dz—b_a/ f(z
: (b—a) fpm x/abp(m)f/(x)(x_a;b>dx

Py

Proof. Since the functions f’(-) and -— %2 are nondecreasing, then by the weighted
integral inequality we have

- f:p(lx) dz /;p(x) @) dxf:p(las)dx /abp@ (w B a;rb) e
(z) (@ -

“—“’) is asymmetric and we have

Since p () is symmetric, hence p (z

[0 (- Y a0

W/abp(x)f’(x) <x—a;b)dx20.

‘We then derive that

0 < W/abp(x)f'(x) <x—“‘2”’)dx

- ot @ (e HOTEE) (e
[ v (1o - BOPEOY (o2 g,

_f’+(a)+f’(b)Hm_a+b

Therefore

f(f p(z)dz

IN
Syt
=
Er—t
Q
K
—
o
=
&

1., , 1 b B
< U O-s@] o [l
which together with (2.6) gives (2.10). O

We also have:
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Corollary 3. Let f : [a,b] — R be a convex function and p : [a,b] — [0,00) a
Lebesgue integrable symmetric function on [a,b] such that f;p(m) dz > 0. If there
exists a constant Loty > 0, such that

2

(2.11) @) - (““’)’ <L
(2.12) — () g () de -

T —

a+b‘

for almost every x € [a,b], then

2
1 b
I (@) da b—a/a f (z) d
: @) f a+b
S(b_a)fjp(:c)dx/ap(x)f(m)G 5 )da:

= bep (b—a)fjfp(x)da: /abp(x) (x_ a—;b>2dm'

Proof. We have
0<

a

:fbp(lx)/bp(m) (f’(x)—fl(a;—b)> (x_a;b>dx

a

:I;,p(lx) v (w7 () (+- )
iy S
g [l

which together with (2.6) gives (2.12). O

3. AN EXAMPLE

We consider the symmetric function p (z) = |x — “'2H’| , x € [a,b]. If fis convex
on [a,b], then by (2.3) we get

(3.1) (bj‘af/abf(m)‘x—a;b‘d ——/f
4

a+b‘(x—a;b>f’((1—t)x+tu)dtdud:r
<1 /A (1= 8)b+tu) — (1 - t)a+ tu)] dtdu

[ (b) = £} (a)] -

<

OA\'—‘
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N

From the inequality (2.10) we have
4 b a+b’ 1 /b
3.2 — ] )|z — ——|dr — —— x)dz
(52) o [ @)= e [
b
<ot [ @5 (s 550
b—a)2 Ja 2 2
1
< g[fi(b)—’f@(aﬂ'
If there exists a constant Lag >0, such that the condition (2.11) holds for f/,
then by (2.12) we get
4 b a+b 1 b
(33) WL f (x) ‘1’ - B ’dx - m‘/a f (ﬁ[:) dz
4 b a+b‘ < a+b>
< — "(z) |z — x— dx
<t [ @5 !
1
S gLaTer (b — a) .

The interested reader can also consider the case of symmetric weight p (z) =
(x —a)(b—2x), z € [a,b] . We omit the details.
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