LIPSCHITZ TYPE INEQUALITIES FOR ANALYTIC FUNCTIONS
IN BANACH ALGEBRAS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we provide some bounds for the quantity || f (y) — f (2)||
where f: D C C — C is an analytic function on the domain D and z, y € B,
a Banach algebra, with the spectra o (x), o(y) C D. Applications for the
exponential and logarithmic function on the Banach algebra B are also given.

1. INTRODUCTION

Let B be an algebra over C. An algebra norm on B is a map ||-|| : B—[0, 00) such
that (B,]]|) is a normed space, and, further:
llabl| < llall 6]

for any a, b € B. The normed algebra (B,|||) is a Banach algebra if ||| is a
complete norm. We assume that the Banach algebra is unital, this means that B
has an identity 1 and that ||1]| = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an
element b € B with ab = ba = 1. The element b is unique; it is called the inverse of
a and written = or 1. The set of invertible elements of B is denoted by Inv (B).
If a, b € Inv (B) then ab € Inv (B) and (ab)™" = b~ ta~ 1.

For a unital Banach algebra we also have:

(i) If a € B and lim,,_, ||a”|\1/" < 1, then 1 — a € Inv (B);
(ii) {be B: |1 =b|| <1} C Inv(B);
(iii) Inv B is an open subset of B;
(iv) The map InvB 3 a — a~! € Inv (B) is continuous.

For simplicity, we denote A1, where A\ € C and 1 is the identity of B, by A. The
resolvent set of a € B is defined by

pla)={AeC: X—a€cInv(B)};
the spectrum of a is o (a) , the complement of p (a) in C, and the resolvent function
of ais Ry : p(a) — Inv (B),
Re(N):=(A—a)".
For each A,y € p(a) we have the identity
Ra (7) = Ra (A) = (A =7) Ra () Ra (7) -
We also have that
ofa) c{AeC: [A[ <]}
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The spectral radius of a is defined as

v(a) =sup{|A|: A€o (a)}.
Let B a unital Banach algebra and a € B. Then

(i) The resolvent set p (a) is open in C;
(ii) For any bounded linear functional A : B —C, the function Ao R, is analytic
on p(a):
(iii) The spectrum o (a) is compact and nonempty in C;
(iv) We have
v(a)= lim [a"|"".

Let f be an analytic functions on the open disk D (0, R) given by the power

series

o0
FO) =D aN (A <R).
j=0
If v (a) < R, then the series Z;io aja’ converges in the Banach algebra B because
Z;io loj HajH < 00, and we can define f (a) to be its sum. Clearly f (a) is well
defined and there are many examples of important functions on a Banach algebra
B that can be constructed in this way. For instance, the exponential map on B
denoted exp and defined as
=1
expa := Z f'aj for each a € B.
=07’
If B is not commutative, then many of the familiar properties of the exponential
function from the scalar case do not hold. The following key formula is valid,
however with the additional hypothesis of commutativity for a and b from B

exp (a4 b) = exp (a) exp (b) .

In a general Banach algebra B it is difficult to determine the elements in the range of
the exponential map exp (B), i.e. the element which have a "logarithm". However,
it is easy to see that if @ is an element in B such that |1 —al < 1, then a is in
exp (B) . That follows from the fact that if we set

Zi 1—a)",

3

then the series converges absolutely and, as in the scalar case, substituting this
series into the series expansion for exp (b) yields exp (b) = a.

Concerning other basic definitions and facts in the theory of Banach algebras,
the reader can consult the classical books [13] and [16].

Let B be a unital Banach algebra, a € B and G be a domain of C with ¢ (a) C G.
If f: G — C is analytic on G, we define an element f (a) in B by

(1) W)= 5 [FOE—0) " ds

where 6 C G is taken to be close rectifiable curve in G and such that o (a) C ins (J),
the inside of 4.
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It is well known (see for instance [6, pp. 201-204]) that f (a) does not depend
on the choice of § and the Spectral Mapping Theorem (SMT)

(1.2) o (f(a)) = f(o(a))

holds.

Let $ol(a) be the set of all the functions that are analytic in a neighborhood
of o (a). Note that $ol(a) is an algebra where if f, g € $Hol(a) and f and g have
domains D (f) and D (g), then fg and f + ¢ have domain D (f) N D (g). $Hol(a) is
not, however a Banach algebra.

The following result is known as the Riesz Functional Calculus Theorem [6, p.
201-203]:

Theorem 1. Let B a unital Banach algebra and a € B.

(a) The map f+— f(a) of Hol(a) — B is an algebra homomorphism.

(b) If f(2) = Yoy ar2® has radius of convergence r > v (a), then f € $Hol (a)
and f(a) = Y7o, aa®.

(c¢) If f(2) =1, then [ (a) = 1.

(d) If f(2) = z for all z, f (a) = a.

(e) If f, f1, e fn--. are analytic on G, o (a) C G and f, (z) — f (2) uniformly
on compact subsets of G, then ||f, (a) — f (a)|| — 0 as n — oo.

(f) The Riesz Functional Calculus is unique and if a, b are commuting elements

in B and f € $Hol(a), then f(a)b=>bf (a).

For some recent norm inequalities for functions on Banach algebras, see [3]-[5]
and [7]-[12].
One of the central problems in perturbation theory is to find bounds for

1 (A) = F (B

in terms of ||A — B|| for different classes of measurable functions f for which the
function of operators A and B can be defined. For some results on this topic, see
[4], [14] and the references therein.

In [2] the author obtained the following Lipschitz type inequality

(1.3) 1 (A) = f (Bl < f'(a) | A - B

where f is an operator monotone function on (0,00) and A, B are bounded linear
operators on an Hilbert space with A, B > algyg > 0.

In this paper we provide some bounds for the quantity ||f (y) — f («)|| where
f: D C C — C is an analytic function on the domain D and z, y € B with o (z),
o (y) C D. Applications for the exponential and logarithmic function on the Banach
algebra B are also given.

2. THE RESULTS

We start with the following lemma that is of interest in itself:

Lemma 1. For any z, y € B with ||z||, ||yl <1 we have

(2.1) Ja-w7 -0 s ||”yy><f . )
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Proof. We use the identity (see for instance [3, p. 254])
n—1

(2.2) a" = b= "a"" " (a—b)V
7=0

that holds for any a, b € B and n > 1.
For z, y € B we consider the function ¢ : [0,1] — B defined by ¢ (t) =
[(1—t)x+ty]". Fort € (0,1) and € # 0 with ¢+ € (0,1) we have from (2.2) that

plt+e)—pt)=[1-t—c)z+(t+e)y]" - [1-t)z+ty]"
=eY [(I—t—ea+t+e)y" T y-2)[(1-t)z+ty) .
j=0

Dividing with ¢ # 0 and taking the limit over ¢ — 0 we have in the norm
topology of B that

(2.3) o (1) =i

n

[p(t+e)—p(t)

M | =

H
L

[(1—t)z+ty]" " (y—2) [(1- ) o +ty) .

-
Il
=)

Integrating on [0,1] we get from (2.3) that

[ewa=3 [1a-0e+u " w-o0-o+ ) a

and since )
/0 o (1) dt = p(1) — p(0) =y — 2"

then we get the following equality of interest
n—1

y"— " = z_:o/o (-t +ty]" " (y—2) [(1—t)z+ty) dt

for any z, y € Band n > 1.
Taking the norm and utilizing the properties of Bochner integral for vector valued
functions (see for instance [15, p. 21]) we have
n—1

ey Wiy f [(1—t>x+ty]”‘1‘j<y—x>[<1—t>x+ty]fdtH
j=0 170

dt

: g/o1 R e A

< jz(j/ol H[(l —t)x +ty]”*17jH ly — | H[(l )z + ty]jH dt
n—1 .1 . A

<3 [ M=ot -l 0 -0+ o

1 n—1
:nny—xn/ 10—ttty de
0
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for any z, y € Band n > 1.
Now, for any m > 1, by making use of the inequality (2.4) we have

Zm

(2.5)

M§

(y" —a")

1

3
Il

Iy = o
-1
<||y—x||§j [ra-nerul

—||y—x||/< ACEDER )dt.

Moreover, since [|z|, [Jy|| < 1, then the series > ° (y™, > 7 2" and

&MS

oo

donll-tz+uy|
n=1
are convergent and
) 00
n —1 n —1
Zy =(1-y) ,Zx =(1—=x)
n=0 n=0
while
> n—1 92
donlt—ta+tyl  =0—-[l(1-t)z+ty)
n=1

Therefore, by taking the limit over m — oo in the inequality (2.5) we deduce the
following inequality that is of interest in itself

2o Ja-p-a-07 <py-al | -0+l

for all ||z||, |ly|l < 1.
Now, by the triangle inequality and the fact that ||z||, ||y|| < 1 we have

1—[(I=t)z+tyl| 21— 1 =t)[lzl| =]yl >0
for all t € [0,1].
This implies that
(2.7) (L=l =ta+tyl) < (1= —t) 2] — ¢y~

for all t € [0,1].
Integrating (2.7) over ¢ € [0, 1], we get

1

(2.8) / (- (1= 6+ tyl) 2 dt < / (1= (1= 1) ]l — ty]) 2
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Observe that for ||z|| # |ly|| we have

1
/ (L= (1=t 2] — ¢ )2
0

B |x|| ||y||/ L= e + ¢ (el — 1)~
TRl Tl || (1= 107" = (=)™
1
S TR
Therefore
- x -2 ot
- A e e

We also observe that, by (2.8) for ||y|| = ||z|| the inequality (2.9) also holds.
By employing (2.6), (2.8) and (2.9) we obtain the desired result (2.1). O

Our main result is as follows:

Theorem 2. Let f : D C C — C be an analytic function on the domain D and
x,y € B with o(x), o(y) C D and vy a rectifiable path in D and such that o (x),
o (y) Cins(0). Then we have

£ (©)1]d¢]
(2.10) 17 )~ F @) < 5 ”y‘x”/ EENGEEED)

Proof. Using the Riesz functional calculus, we have

f(y)—f(m):%/f(f)(&—y)‘ldﬁ—/f(&)(ﬁ—x)‘ldﬁ

v

=g [ F@ v -

By taking the norm in this equality and using the integral’s properties we get

I e e Al | [ N [
]|de|.

-2 fuone 699"

< 1 for £ € v then we can apply Lemma 1 to get

AN AT J¢-:
(=8 ) = mmpe
(¢l —ﬁ%usﬂ [EDE

Since H%H,

x
3

IN

z
¢
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which gives by integration that

(2.12) —/|f el [(1)(12) ]|ds|

1 S ey -l
/'“5)' €l |£| - ||y||> GRS

ol [ | gl
(¢l = ||y|| |€| 1)
By making use of (2.11) and (2.12) we get (2.10). O

Corollary 1. With the assumptions of Theorem 2 and if
1f1l,00 = sup | f (§)] < o0,
ey

then

1 g
@13 W0~ < g b=l 17l |

lyll) (€] = llzl)”
Remark 1. If we assume that f : D C C — C is an analytic function on the
domain D and x, y € B with o (z), o (y) C D (0,R) C D where D (0, R) is an open
disk centered in 0 and of radius R, then by taking v parametrized by & (t) = Re?™
where t € [0,1], then d€ (t) = 2miRe*™dt, |d¢ (t)| = 2nRdt, |£| = R and by (2.10)
we get

_ T R”y—.’l)” 271'Lt
Q1) W) - @IS G T / | (R di.

Moreover, if
1£ll 700 == sup_[f (Re*™)[ < oo,
t€[0,1]

then we have the simpler inequality

(2.15) If (y) = f (@) <

ly — ||

R =yl (R = [l)’

3. SOME EXAMPLES

Consider the exponential function f (a) = expa, a € B. Assume that z, y € B
and ||z|, |ly|| < R for some R > 0. Observe that

lexp (Re®™)| = |exp [R (cos (27t) + isin (2t))]| = exp [R cos (2t)]
and then by (2.14) we get

exply — exp T Ry — | lex cos (27
(31)  [lexpy — exp ”§<R—||y><R—||x>/o p R cos (2rt)] dt.

The modified Bessel function of the first kind I,(z) for real number v can be
defined by the power series as [1, p. 376]

L(z) = (i) kvr(jm
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where T is the gamma function. For n = 0 we have Iy(z) given by
= (19"

I(z)=) ~*

= (k)

An integral formula for real number v is

1 [m . ; o '
L,(Z) = */ e® cos 6 COS (1/9) do — s (Vﬂ-) / e % Cosht—ytdt7
T Jo = o
which simplifies for v an integer n to
1 [" ]
In(z) — f/ 0?08 0 (oo (77,9) .
™ Jo
For n = 0 we have .
Io(2) = —/ e* 0 dp.
™ Jo

If we change the variable 8 = 2xt, then dt = id@ and

1 2m
/ exp [Rcos (27t)] dt = L / exp [R cos 6] do
0 21 Jo

1 1 T 1 2w

== </ exp [R cos 6] d@—&—f/ exp [Rcos@]d@)
2 ™ Jo T Jr
L/1 [ I

= </ exp [R cos 6] d9+7/ exp [—R cos 0] dﬁ)
2 ™ Jo ™ Jo
1

=3 ({o(R) + Io(=R)) = Io(R).

From (3.1) we then get
RIo(R) ||y — ||
(B =yl (R = [l=[l)’

(3-2) lexpy —expz| <

for z, y € B with ||z||, |ly|| < R.
By using the power series

= 1
=In(l—2)""'= —z"
fE=m-97 =3
that is convergent on open disk D (0,1), we can define

oo

_ 1
In(1—a) 1:225(1"
n=1

for all elements a in B with |ja|| < 1.
We observe that

- — 1 -
(=27 <3 e =m (1= |2)
=27 < 3 Tl =112
for |z| < 1.
Now if we assume that z, y € B and ||z||, ||y|| < R < 1, then by (2.14) we get

(3.3) ot ) < RIn (1= R)™] Iy~ 2]
(B =yl (B = [l=[)
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