SOME NORM INTEGRAL INEQUALITIES FOR ANALYTIC
FUNCTIONS IN BANACH ALGEBRAS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let B be a unital Banach algebra, a € B, G be a convex domain
of C with o (a) C G and v C G is a piecewise smooth path parametrized by
A(t), t € [0,1] from A(0) = a to A(1) = B, with 8 # a. If f : G — C is
analytic on G, then by using the analytic functional calculus we obtain among
others the following result

Hf(a)—/olf((l—t)wrm)dt’ g||a—>\|\/01t{|f’(ta+(1—t)A)||dt

3 supepo,] I (ta+ (1 =) NI,

1/p
<lla=NI{ Giyre (o I tat (=) 0P de) ",

S lIF (ta+ (1 =) N dt,

for all A € G. Some example for the exponential function of elements in Banach
algebras are also provided.

1. INTRODUCTION

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0,00) such that
(B,|]]l) is a normed space, and, further: |ab| < |a| ||b]| for any a,b € B. The
normed algebra (B, ||-||) is a Banach algebra if ||-|| is a complete norm. We assume
that the Banach algebra is unital, this means that B has an identity 1 and that
] = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an
element b € B with ab = ba = 1. The element b is unique; it is called the inverse of
a and written ™! or . The set of invertible elements of B is denoted by Inv (B).
If a,b € Inv (B) then ab € Inv (B) and (ab)”" =b~ta~ L.

For a unital Banach algebra we also have:

(i) If a € B and lim, o [|a”||*/™ < 1, then 1 — a € Inv (B);
(ii) {a € B: |1 =b| <1} C Inv (B);
(iii) Inv (B) is an open subset of B;
(iv) The map Inv (B) 3 a — a~! € Inv (B) is continuous.

For simplicity, we denote z1, where z € C and 1 is the identity of B, by z. The
resolvent set of a € B is defined by

pla):={z2€C: z—a€Inv(B)};
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the spectrum of a is o (a), the complement of p (a) in C, and the resolvent function
of ais Ry : p(a) — Inv (B), Ry (2) := (2 —a) " . For each z,w € p(a) we have the
identity
Ry (w) — Ry (2) = (2 —w) Ry (2) Ry (w) .
We also have that
o(a) C{zeC: |z[<|lall}.
The spectral radius of a is defined as

v(a) =sup{|z|:z€0(a)}.

Let B a unital Banach algebra and a € B. Then

(i) The resolvent set p (a) is open in C;

(ii) For any bounded linear functionals X : B —C, the function Ao R, is analytic

on p(a);

(iii) The spectrum o (a) is compact and nonempty in C;

(iv) For each n € N and r > v (a), we have a" = 5= flf\:r " (& —a)~ " de;

(v) We have v (a) = limy o0 [la™]|"/" .

Let B be a unital Banach algebra, a € B and G be a domain of C with o (a) C G.
If f: G — C is analytic on G, we define an element f (a) in B by

(1.1) =57 [ HO €0 e

where § C G is taken to be close rectifiable curve in G and such that o (a) C ins (J),
the inside of 6.

It is well known (see for instance [3, pp. 201-204]) that f (a) does not depend
on the choice of § and the Spectral Mapping Theorem (SMT)

(1.2) a(f(a)) = f(o(a))
holds.

Let $ol(a) be the set of all the functions that are analytic in a neighborhood
of o (a). Note that 9ol (a) is an algebra where if f, g € $Hol(a) and f and g have
domains D (f) and D (g), then fg and f + ¢ have domain D (f) N D (g). $Hol(a) is
not, however a Banach algebra.

The following result is known as the Riesz Functional Calculus Theorem [1, p.
201-203]:

Theorem 1. Let B a unital Banach algebra and a € B.

(a) The map f+— f(a) of Hol(a) — B is an algebra homomorphism.

(b) If [ (2) = Y pey ar2”® has radius of convergence r > v (a), then f € $Hol (a)
and f (a) =Y ey cxak.

(c) If f(2) =1, then [ (a) = 1.

() If f(2) =z for all z, f(a) =a

(e) If f, f1, -y frn-.. are analytic on G, o (a) C G and f,, (2) — f (2) uniformly
on compact subsets of G, then || fn (a) — f (a)]] = 0 as n — oo.

(f) The Riesz Functional Calculus is unique and if a, b are commuting elements

in B and f € $Hol(a), then f(a)b=>bf (a).

Let B be a unital Banach algebra, a € B, G be a convex domain of C with
o(a) C G and v C G is a piecewise smooth path parametrized by A (¢), t € [0, 1]
from A(0) = a to A(1) = B, with 8 # «. If f : G — C is analytic on G, then
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by using the analytic functional calculus we obtained in the recent paper [8] the
following norm integral inequality of Ostrowski type

1 1
1.3 a—i/ )\d)\HSK/ a— Al |dA],
(13) Hf“ e [ 7y /e Al
provided
K:= sup [[f' (1-1t)X+ta)| < oc.
(A t)eyx[0,1]

For some recent norm inequalities for functions on Banach algebras, see [1]-[2]
and [5]-[12].

Motivated by the above result, in this paper we establish some other similar
norm integral inequalities. Some example for the exponential function of elements
in Banach algebras are also provided.

2. SOME IDENTITIES

‘We have:

Theorem 2. Let B be a unital Banach algebra, a € B and G be a convexr domain
of C with o (a) C G. If f : G — C is analytic on G, then for all \, p € G and

a € C we have
(2.1) f(a)—a/o f((l—t)/\+ta)dt—(1—a)/0 F(L=t)a+tu)dt
za(a—)\)/o tf (ta+(1—t)N)dt
1
—|—(1—a)(a—u)/0 (1=t f (1 —t)a+tu)dt.
In particular, we have for a = % that
17 1
(2.2) f(a)—2[/0 f((l—t)/\+ta)dt+/0 f((l—t)a—&-tu)dt}
1 ! ! ! /
:2[(a—)\)/0 L (ta+(1—t))\)dt+(a—u)/0 (1—1)f ((1—t)a+tu)dt}
and for a =1, the simple equality
1 1
(2.3) f(a)f/0 f((lft))\tha)dt:(af/\)/O tf (1 —t) A+ ta) dt.
Proof. For &£, \ € G we have

/0t(f((l—t))\—l—tf))’dt:(5—)\)/0 LF (1 — ) A+ 1€) dt

and
1

[ a-nu@-nemya=-o [ a-n5@-nema
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Integrating by parts, we also have

1 1
/0t(f((l—t)AHE))’dt:tf((l—t)Athf)lé—/o FUL— )N+ t€) dt
=f(€)—/0 F(L— )N+ 16 dt
and
[ a-ne@-nermya=a-of@-nermi
’ 1 1
+/0 f((lft)é“ﬂu)dt:/o SO =)+ tuydt— f ().
Then we get
1 1
(2.4) f(E):/ f((lft)k+t£)dt+(€fA)/ L (1 — ) A+ t€) e
0 0
and
1 1
(2.5) f(f)z/ f((l—t)€+tu)dt+(£—u)/ (L= 1) f (1= 1) € + tye)
0 0

for all \, &, p € G.
If we multiply (2.4) by o and (2.5) by 1 — « and we add the obtained equalities,
we get

1 1
20 F©@=a [ F@-DAr@+0-a) [ FO-0¢+ta
—|—oz(§—/\)/0 L (1= £) A+ £€) dt

+(1—a)(£—u)/0 (1= 1) F (1= 1) € + tyr)

forall A\, ¢, p € G and o € C.
Now, by using the equality (1.1), we have that

(27) f(a)—aL(/Olf((l—t)A+t£)dt> (6—a) " de

T 2mi

+(1_Q)L</Olf((1—t)§+tu)dt) (€ o) de

211

+% W(g—A) (/Oltf’((l—t))\+t$)dt> (€ —a) " de

(1-a)

+ 21

L(é—u) (/01(1—t)f’((1—t)€+tu)dt) (€ —a) " de
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=a/01 (;Ti/vf((l—t)wrté)(f—a)1d£>dt
+<1—a>/01 (;m/7f<(1—t)£+w><£—a>ldg)dt

+a/01t(271”.A(f—k)f’((l—t)A+tf)(£—a)1d€> dt
A (55 [ €= (@ =0€+ 1) =) de)

where for the last equality we used Fubini’s theorem.
Since, by the analytic functional calculus for composite functions, we have

2m/f (1= A+ 18) (6 —a) L de = F((1— )\ +ta),

3wi | SO0 - € o e = 7 (=)ot ).

ﬁ/(5*A>f'<<1*tMH@(&—a)*df:<afA>f’<m+<1ft>A>
and
217'”[/ 1_tf+tﬂ)(f )71df=(a—,u)f’((1_t)a+t,u)

for any A, u € G and ¢ € [0, 1], then by (2.7) we get the desired result (2.7). O

Remark 1. We observe that by changing the variable s =1—t, t € [0,1] we have
for p € G that

/f((l—t)a+tu)dt:/f(sa—i—(l—s),u)ds
0 0
and

1 1
/ (1—t)f’((1—t)a+tu)dt:/ sf' (sa+ (1 —s)u)ds.
0 0

By taking p= X\ € G in (2.1) we get
1 1
a)fa/o f((lft))\tha)dtf(lfa)/O f(sa+(1—s)A\)ds
:a(a—)\)/o tF (ta+ (1—£) \)dt

—l—(l—a)(a—)\)/o sf' (sa+ (1 —s))\)ds,

which is equivalent to (2.5).
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Corollary 1. With the assumptions of Theorem 2 and if b € B, then we have the
equality

(2.8) f(a)—%(a—/\)b—/o FU(L=1) A+ ta) dt

:(a—)\)/o ELF (1 — ) A+ ta) — b dt.

In particular, we have

(2.9) f(a)—%(a—/\)f'(a)—/o FU =)\ + ta) dt
=<a—A>/ LU (1= ) A+ ta) — f (a))dt,
0
(210) (@)~ 3/ (V) (a /f (1— 1)\ + ta) dt

1
==X [ (@ =r+t0) - 5 W]

f'(a )+f’

(2.11) f(a)— (a—A) /f (1— 1) A+ ta) dt

(aA)/Olt{f ((1t)>\+ta)f();f/(/\)} .

and

1
(2.12) f(a)l(a/\)f’<a;r/\>/0 FUL—t)A+ta)dt

2
_(a/\)/olt{f’((lt)Atha)f’ (a;)\ﬂdt.

Corollary 2. With the assumptions of Theorem 2 and if v C G is a piecewise
smooth path parametrized by A(t), t € [0,1] from A(0) = « to A(1) = S, with
B # «a, then

(2.13) f(a)—l(a—oH_ﬂ)b—ﬁ ! ( Olf((l—t)/\+ta)dt>d)\

2 2
(/ LI (1 —b) )\+ta)—b]dt)d)\
0

-5 a/(/f (1—1) )\—i—ta)dt)d)\

1
( tIf (L —t)\+ta) — )

0
=l

In particular,

(2.14) f(a)—;(a—a; )

The proof follows by the 1dent1ty (2.8) by taking the integral mean
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Corollary 3. With the assumptions of Corollary 2 we have

S TERR ILILENES O Ry

5—04/</ f( 1t))\+ta)dt)d)\

L/(a—x) (/lt[f ((1—t))\+ta)—f’(/\)]dt)d>\.

B—a v 0

Proof. If we take the integral mean B%a f in (2.10), then we get

2[3704/‘70
- ia (/0 f((l—t))\—i—ta)dt)d)\

51QL(G—A) (/Olt[f/((l—t))\—i—ta)—f’()\)}dt)d)\.

(2.16) f (a)

hence by (2.16) we get

)dA\ — — f(a)(a—«a
fy LRI OB S GG -0) -~ f (@) (- a)

2 8-«
1—t A+ ta dt) d\
6 al( )
/(a—/\ (/ (1= t) A+ ta) — f(/\)]dt)d)\,
.
which is equivalent to (2 15). O
3. NORM INTEGRAL INEQUALITIES
We have:

Theorem 3. Let B be a unital Banach algebra, a € B, G be a convexr domain of
C with o (a) C G and v C G is a piecewise smooth path parametrized by A (t),
t € [0,1] from A(0) = « to A(1) = B, with 8 # «. If f : G — C is analytic on G,
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then for all A\, p € G and o € C we have

(3.1) Hf(a)—a/olf((l—t)/\+ta)dt—(1—a)/01f((1—t)a+tu)dtH
<o ||a—)\||/01t|f’(ta+(1—t)/\)”dt

+|1—a|||a—u||/0 A=) (1~ t)a -+t dt

Lsupyeio I (b0 + (1= ) V)|
1 1y pr P p
<loflla =AY s (fo I1F tat+ (1=t V)| dt)

JEIF (ta+ (1 =) Nl dt
3 supsepo, I/ (L=t a+tu)]

/
tl—alfla—ul§ L (fy 1 (1= t)a+ tu)||pdt)1 ’
Sy I (L —t) a+ )| dt.

In particular, we have

(3.2) Hf(a)—;/Olf((l—t))\—kta)dt—;/Olf((l—t)a—kt/i)dtH

<

1
Ha—AII/O EIF (ta+ (1— 6 )| dt

N =

1
tgla=ul [ =017 (= Datun)a

3 SUPepo 1) I (ta + (1 =) M|

1 1/p
<5 la= XIS o (Jo 1 (ta+ (=) N1 dt)

N |

ol (ta+ (1 = ¢) N)|| dt
Lsupyepon I (1 —8) a+ i)

1 1 ) 1/p
o la=nl b (Jo 1 (L=t a+ )] di)

T (1 =ty a+ )| dt
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and

(33) Hf(a)—/olf((l—t)kﬂa)dt‘ < IIG—AII/OltIf’(ta+(1—t)A)Idt

3 5oy [IF' (ta + (1 =) A)|

1/p
<la=AlY s (o IF (tat (1= ) N1 dt)
Jo I (ta+ (1 =) 2] dt.
Proof. From the identity (2.1) we get
1 1
(3.4) Hf(a)—a/ f((l—t)/\+ta)dt—(1—a)/ f((l—t)a+tu)dtH
0 0

< |ef

(a—/\)/oltf’(ta+(l—t)/\)dtH

11— ol (a—u)/ol(l—t)f’((l—t)athu)dtH

1
< la|fla=A| H/ LF (ta+ (1— 1) \) dtH
+|1—oza—u||H/ (1—1)f 1—ta+tu)dt”
< lof ||a—A||/0 EIf (b (1= )\ dt
1
H=allle=pl [ (=017 (1= a+ )] de
0

that proves the first inequality in (3.4).
By Holder’s inequality we get

/ EIF (ta+ (1 — 1) N)| dt

0
1
SUP¢¢(o,1] [f" (ta+ (1 —t) N fo tdt

1/q

IN

(F0f (a1 =0 a) " (i toae)

1
Jo If" (ta + (1 = ) || dt sup,epo 1) {t}
38U 1) | (ta + (L =) V)|

1/
=1 e (1 et =P ar)

JEIF (ta+ (1 =) Nl dt
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and
1
[ a=oir@-oat )
0
Lsupeio 1/ (1=t a+tp)]
< (@ -nasmra)”
] @nt/eJo R
Jo I/ (1 =1) a+ tw)| dt,
which proves the last part of (3.1). O

Let a € B and G be a convex domain of C with o (a) C G and A € G. We define
Gra:={(1—t) X+ ta | with t € [0,1]}. We observe that G, is a convex subset
in B for every A\ € G.

For two distinct elements u, v in the Banach algebra B we say that the func-
tion g : G, — B belongs to the class A, , (Gx,q) if it satisfies the boundedness
condition

(3.5) ‘

for all ¢ € [0,1]. We write g € Ay, (Ga,q) - This definition is an extension to Banach
algebras valued functions of the scalar case, see [4].

We say that the function g : G, — B is Lipschitzian on G , with the constant
Ly, >0, if for all z, y € Gy, we have

lg (@) =g W) < Laallz =yl

u—+v

1
g((L=t) A +ta) - < 5 llv—ul

This is equivalent to
(3.6) lg (L =t)A+ta) =g ((L=s)A+sa)l| < Laalt —sllla— Al

for all ¢, s € [0,1]. We write this by g € Lipg, (Gra)-

Assume that h : G — C is an analytic function on G. For t € [0,1] and A € G, the
auxiliary function hy » defined on G by hy » (§) := h ((1 — ) A+ t£) is also analytic
and using the analytic functional calculus (1.1) for the element a € B, we can define

(3.7) B (1= ) A+ ta) i= hox (a) = % / hox (€) (€ — a) L de

:;mLh((l—t)A+t§)(£—a)_ldf~

We say that the scalar function h € A, , (Gi,) if its extension h: Gro. — B
satisfies the boundedness condition (3.5). Also, we say that the scalar function
h € Lipp,  (Grq) if its extension h : Gy, — B satisfies the Lipschitz condition
(3.6).

Theorem 4. Let B be a unital Banach algebra, a € B and G be a convexr domain
of C with o (a) C G. Assume also that f : G — C is analytic on G and \ € G. If
there exists u, v € B with w # v such that f' € Ay, (Grq), then

u+v

(3.9) Hf(a)—;(a—)\) : —/Olf((l—t))\+ta)dt

1
< Jla= -l
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Proof. Since f' € Ay, (Gxq), then from (2.8)

Hf(a);(ax\)u;rv/Olf((lt)A+ta)dtH

(a)\)/olt :f’((lt)/\+ta)ugv}dtH

<la=A| H/Olt[f’((lt)/\ﬂa)u;rv]dtH

1
<fla=al [ ¢

u+v dt

"(I=t) X+ ta) —

1
<5 lla=Al HU*UII/ tdt = *Ha*/\II [ —ull,

[\

which gives (3.8).

We also have:

11

O

Theorem 5. Let B be a unital Banach algebra, a € B and G be a convexr domain

of C with o (a) C G. Assume also that [ : G — C is analytic on G and X € G.
/e Lipy, (Ga,a), then

1

89 [r@-je-nr@- [ r-oxtma] < flo- A L,

810 |r@-3r@@-n- [ 7=+ @l < §la- AP L

and

(3.11) Hf@)-é@-»f’(““) /f (1—1) /\+ta)dtH

< 2 lla= A Ly

Proof. From the (2.9) and since f" € £ipy,  (Gx.a), hence we have

(3.12) Hf(a) - % (@a—N) f (a) — /lf((l t))\tha)dtH

<lla= Al H/ (1= ) A+ ta) — f (a)] dtH
< HafAII/ ENF (L= ) A+ ta) — f ()] dt
0
1 1 )
< Jla— Al Ly fla— A / (1= 1) tdt = ¢ o~ AI* L,
0

which proves (3.9).

If
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From the identity (2.10) and since f" € €ip;,,  (Gx.q), hence we have
(3.13) Hf fff()a— /f (1—1) >\+ta)dtH
<lla—A| H/ (1= t)A+ta) — f' (\)] dtH
a2 [ 217 (-0 A @)~ ol

1
1
<=M Zaalla= Al [ £t =Zlla = ALy
0

which proves (3.10).
From (2.12) we have

(3.14) Hf(a)—;(a_)\)f/<a+)\)_/1f((1_t)>\+m) t
<ta= | [ e 7 - onsm - (45

S— ~—— QU
QU
=

2
A
<Ha—)\||/ ‘ (1—=t) A +ta) — f’(a; ‘dt
1
1 1 )
< ||a—)\||L>\,a||a—)\H/ t|t— 2‘dt: §||a—)\|| Ly.a,
0
which proves (3.11). O

4. NORM DOUBLE INTEGRAL INEQUALITIES
Let a € B and G be a convex domain of C with o(a) C G and v C G is a
piecewise smooth path parametrized by A (t), ¢t € [0,1] from A (0) = a to A (1) = S,
with 8 # «. We define the following subset of the Banach algebra
G%a = U)\G’YG)\,G = Uxey {(1 — t) A+ ta ‘ with t € [0, 1]}

For two distinct elements u, v in the Banach algebra B we say that the func-
tion g : G-, — B belongs to the class A, , (G,,,) if it satisfies the boundedness
condition

(4.1) Hg(u—t)“m)—“;”

< sl —ul

for all t € [0,1] and A € . We write g € Ay, (G4,q) -
We say that the function ¢ : G, , — B is Lipschitzian on G, with the constant
Ly, >0, if for all z, y € G, we have

g (z) —g @ < L,

allz =yl

This is equivalent to

(4.2) lg (1 —t)A+ta) =g ((L—s) A+ sa)|| < Lyalt —slfla—Al
for all ¢, s € [0,1] and A € 7. We write this by g € £ip,  (G.a)-

We say that the scalar function h € A, , (G,,) if its extension h Gya —
B defined by (3.7) satisfies the boundedness condition (4.1). Also, we say that
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the scalar function h € Lip;_  (G,,q) if its extension h G, — B satisfies the
Lipschitz condition (4.2).

Theorem 6. Let B be a unital Banach algebra, a € B, G be a convexr domain of
C with o(a) C G and v C G is a piecewise smooth path parametrized by A(t),
t €10,1] from A(0) = « to A(1) = B, with 8 # «. If f : G — C is analytic on G
and there exists u, v € B with u # v such that f' € Ay, (G,q), then

(4.3) Hﬂ@—;(a—“;5>“;“—ﬂ /(/Lfl—ﬂA+mMde

1o uu/
— Al |[dA
< glr—ap [ la= AL

Proof. Using the identity (2.13) and the fact that f’ € A, (G4,qa), we have

Hﬂ@—;(a—“;ﬁ>b 5o /(/Lfl—tA+medw
~ e | [ n ([ a-oarw-na) |
ot ffes( oo
‘/na Al H/ (1= ) A+ ta) — ] dtH |
_—/na—xn ([ o1 @ =nrs =) o
_;|||; u||/|| BRVIP (/Oltdt)=i|'giz|Lla—A|||dA,

which proves the desired inequality (4.3). d

‘We also have:

Theorem 7. Let B be a unital Banach algebra, a € B, G be a convexr domain of
C with o(a) C G and v C G is a piecewise smooth path parametrized by A(t),
t € [0,1] from A(0) = a to A(1) = B, with 8 # «. If f : G — C is analytic on G
and there exists L, > 0 so that f' € Lipy_ (Gy.a), then

(4.4) Hﬂ@—;(a—a;6>f@w—ﬁiaL<A{ﬂﬂ—ﬂA+mMQd%

L
<4—lif/‘a—A2dA
_GW*Q|WH 7 1Al
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and

45) |1+ LEE=ZART@0EZD Ll pyan

—B1a/y(/olf((l—t)A—kta)dt)d)\H
< gyt [ e AR

Proof. Using the identity (2.14) and the fact that f’ € Lip;_ (G,.4), we get

Hf(a)—;(a_a_;'B)f’(a)—ﬂ_a/(/ f( 1—t))\+ta)dt)d/\H

:ﬁ e (/Olt[f’((l—t)/\+ta)—f’(a)]dt)d)\H

v [ P DA+ ta) — f (a) dtH ax|

< -
- |ﬂ
/||a Al H/ (1= ) A+ ta) — f’(a)]dtH BN

_MLIIa—AII (/0 tIf (A=) A+ta) - f (a)|dt> |d\|
Lya 2 ! _ _& T
< gy [y [ e na= gz [l aPia,

which proves the desired inequality (4.4).
The proof of (4.5) follows in a similar way from the identity (2.15). O

5. EXAMPLES FOR EXPONENTIAL FUNCTION

Let B be a unital Banach algebra, b € B and the exponential of b defined by

oo

expb:= Z %b”.

n=0

We observe that, if b is invertible, then

1 1 o] o) 1
1 1
th)ydt = E —t"b" | dt = E — t"dt | b"
J oo / ( n! ) 2l </0 )

n=0
= i ﬁb” =b"'(expb—1).
n=0 ’

Therefore for any A € C and for a € B such that a — A is invertible, then we have

/0 exp (1 —t) A +ta)dt = exp)\/o exp[t (a— N)]dt = (expA) (a— AN (exp(a—A) —1)

= (a—))""(expa —exp\).
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Now, by using the norm inequality (3.3), we get
1
(5.1) Hexpa —(a— )" (expa — exp A)H <lla—A| / tllexp (ta + (1 — ) \)| dt
0
3 SUPepo,) lexp (ta + (1 — ) V)|
< A 1 ! v ar)”
<la=A1Y e (o llexp (ta+ (1= 1) 2| at)

I llexp (ta + (1 — ) N)]| dt.
Since

lexp (ta + (1 =) A)]|

Jexp [(1 — #) X exp (ta)] = exp [(1 — &) Al lexp (ta)]
— exp[(1 — ) Re A] lexp (ta)]| < exp (1 — £) Re Al exp (¢ [l
—exp[(1—t)Re A+t al]

hence, for ||a|| # Re A
1 1
/ tllexp (ta+ (1 — ) \)| dt g/ texp [(1— ) Re A+ ¢ ||af] dt
0 0

1
:/ texp [t (|la]] —ReA) +Re ] dt
0

1

1
- ey | (e e (lall ~Rex) + Rea)
expllallReA]

|:eXp||a - ||a|| —Re\

B 1
~ la|]| = Re A
Therefore by the first inequality in (5.1) we get
(5.2) Hexpa —(a—N)"" (expa —exp )\)H
(lla]l = ReA —1)exp|lal]| + Re A
(llall = Re A)?

for all A € C and a € B and provided that a — A is invertible and ||a|| # Re .
From (2.14) we get for the exponential function

1
(5.3) expa-— 3 (a— a—;—ﬁ) expa —

<lla—All [

ﬁia / (a—XA)"" (expa — exp\) dA
8!
1

:B_a/v(a—)\) (/Olt[exp((l—t))\—i-ta)—exp(a)]dt)d)\.

By taking the norm, we get

(5.4)

1 Oz—‘rﬁ 1 —1
eXpa—2<a— 5 )expa—ﬁ_a/y(a—)\) (expa—exp/\)dAH

< ey [l (/Oltnexp((l ~ A 1) - oxp (a)] ) 4.
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In the recent paper [6] we obtained the following norm inequality for the expo-
nential function

1
(5.5 llexpy—expal <y —al [ exp(l(1- )+ syl)ds
0
xalh=eplel) it |y £ o
<y

exp ([|lz[[) if [lyll # [l=[l -

Now observe that

(5.6)  lexp ((1 =) A +ta) — exp (a)|| = [lexp (a) [exp [(1 = 1) (A = a)] = 1]|
< llexp (a)[[ llexp [(1 = £) (A — a)] — 1]]

and by (5.5) we also have

lexp [(1 =) (A = a)] = 1]
= llexp [(1 =) (A — a)] —exp 0|

snu—tm—a)u/o exp (I(1 = ) (1— &) (A — a)[) ds

1
=1 =t —d /O exp ((1—s) (1 —1)[[A —all)ds

— (1=t af | Z2ZDRZD] o 1y ap.

Therefore by (5.6) we get
1 1
(5.7) Bal / la — Al </0 tlexp ((1 —t) A+ ta) — exp (a)| dt> |dA|
8!

B @1 103 (e (- o) e
< 3 —al L All </0 texp ((1—1t) (A ||)dt> |dA|.

Now, since

/ texp (1 — 1) |A — al]) dt

0
i e ACCEICEDICE )

1 /1
R b exp((lt)H)\a“)dt}

|A—all [ 0

! [/ (1= 8 |A—afdt — 1
= exp ((1 —¢t) |A —al]) dt — }

A —=all LJo
o [—1+exp||/\—a||_1}

A —a [A—al
_explA—all—[A—all -1

1A= af®
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Therefore by (5.7) we get

|B104j£na—-An(Jﬁltmxp<<1—t>x-+ta>—exp(anuu)|dA

_ lexp(a) /kmwk—d—wk—a—lwA.
5ol =l

Therefore, by (5.4) we get

(5.8)

expa — % (a— a—;—ﬁ) expa — B%a/ (a—XN)"" (expa—exp)\)d)\H

< lexp(a)ll [exp A —af| = [A—af —1
T |B—a A —a
provided a — A is invertible for A € 7.

|dAl,
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