ON QUADRATIC NORM INTEGRAL INEQUALITIES FOR
ANALYTIC FUNCTIONS IN BANACH ALGEBRAS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let B be a unital Banach algebra, a € B, G be a convex domain
of C with o (a) C G and p, A € C with p # X. If f: G — C is analytic on G,
then by using the analytic functional calculus, we obtain amongst other the
following quadratic inequality

))\+ta)dt7Z%Z/Olf((lft)ath,u)dtH
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lla =X sup || (1 — ) A+ ta)
[ — Al t€[0,1]

+lla—pl® sup [ ((1—t)a+tw]||.
t€[0,1]

Some example for the exponential function of elements in Banach algebras are
also provided.

1. INTRODUCTION

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0,00) such that
(B, |I]l) is a normed space, and, further: |lab|| < ||a|]|b| for any a,b € B. The
normed algebra (B, ||-||) is a Banach algebra if ||-|| is a complete norm. We assume
that the Banach algebra is unital, this means that B has an identity 1 and that
1] = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an
element b € B with ab = ba = 1. The element b is unique; it is called the inverse of
a and written ! or <. The set of invertible elements of B is denoted by Inv (B).
If a,b € Inv (B) then ab € Inv (B) and (ab)~' =b~ta~L.

For a unital Banach algebra we also have:

(i) If a € B and lim,, ||a”|\1/n <1, then 1 — a € Inv (B);
(ii) {a € B: |1 =b|| <1} C Inv (B);
(iii) Inv (B) is an open subset of B;

(iv) The map Inv (B) > a — a~! € Inv (B) is continuous.

For simplicity, we denote z1, where z € C and 1 is the identity of B, by z. The
resolvent set of a € B is defined by

pla):={z€C: z—aeluv(B)};
the spectrum of a is o (a) , the complement of p (a) in C, and the resolvent function
of ais Ry : p(a) — Inv(B), Ry (2) := (z —a)~". For each z,w € p(a) we have the
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identity

We also have that
o(a) C{zeC: |z| <a|}.

The spectral radius of a is defined as

v(a) =sup{|z|:z€0(a)}.
Let B a unital Banach algebra and a € B. Then

(i) The resolvent set p (a) is open in C;
(ii) For any bounded linear functionals X : B —C, the function Ao R, is analytic
on p(a);
(iii) The spectrum o (a) is compact and nonempty in C;
(iv) For each n € N and r > v (a), we have a" = 3= fIE\:r £ (€ —a) " de;

(v) We have v (a) = lim,, . ||an||1/n'

Let B be a unital Banach algebra, a € B and G be a domain of C with ¢ (a) C G.
If f: G — C is analytic on G, we define an element f (a) in B by

where § C G is taken to be close rectifiable curve in G and such that o (a) C ins (),
the inside of 6.

It is well known (see for instance [3, pp. 201-204]) that f (a) does not depend
on the choice of § and the Spectral Mapping Theorem (SMT)

(1.2) o (f(a)) = f(o(a))
holds.

Let $ol(a) be the set of all the functions that are analytic in a neighborhood
of o (a). Note that $ol(a) is an algebra where if f, g € $Hol(a) and f and g have
domains D (f) and D (g), then fg and f + ¢ have domain D (f) N D (g). $Hol(a) is
not, however a Banach algebra.

The following result is known as the Riesz Functional Calculus Theorem [1, p.
201-203]:

Theorem 1. Let B a unital Banach algebra and a € B.

(a) The map f — f(a) of Hol(a) — B is an algebra homomorphism.

(b) If f(2) = Y pey ax2”® has radius of convergence r > v (a), then f € $Hol(a)
and f(a) = Y7o aa®.

(¢) If f(2) =1, then f(a) = 1.

(@) 1/ £ (z) = = for all 2, f (a) =

(e) If f, f1,-y fr-.. are analytic on G, o (a) C G and f,, (z) — f (z) uniformly
on compact subsets of G, then || f, (a) — f (a)]] = 0 as n — oo.

(f) The Riesz Functional Calculus is unique and if a, b are commuting elements

in B and f € $Hol(a), then f(a)b=>bf (a).

Let B be a unital Banach algebra, a € B, G be a convex domain of C with
o(a) C G and v C G is a piecewise smooth path parametrized by A (¢), t € [0, 1]
from A(0) = a to A(1) = B, with 8 # «. If f : G — C is analytic on G, then
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by using the analytic functional calculus we obtained in the recent paper [7] the
following norm integral inequality of Ostrowski type

1 1
1.3 fa—/f)\d)\HgK/ a— M| |dA],
wy - 1o oy e =l
provided

K:= sup |f'(1=t)A+ta)]| < oo.
(A, t)evx[0,1]

In paper [8] we establish some other similar norm integral inequalities, out of
which we state here one of the simplest, namely

1 1
(1.4) Hf(a)/o f((lt)AHa)dt‘ <lla= [ tlf a0 -x)]ar

38U 1) I (ta + (L= 1) M),

1 1/p
<la=AIY s (o 1F tat (1=t N7 dt)

Jo If" (ta+ (1 =) N)|| dt,

for all A € G. Some example for the exponential function of elements in Banach
algebras were also provided, see [8].

For some recent norm inequalities for functions on Banach algebras, see [1]-[2]
and [4]-[12].

2. SOME IDENTITIES

We start with the following integral identity:

Theorem 2. Let B be a unital Banach algebra, a € B and G be a convexr domain
of C with o (a) C G. If f : G — C is analytic on G, then for all \, p € G with
1w # X we have

a—X (! p—a !
(2.1) f(a)—ﬂd/o f((1—t)x+m)dt—ud/of((1—t)a+tu)dt
2 1
:(CL—A/\) /0 tf (1 —t) X+ ta) dt

2 1
_(‘LJ__/“;)/O (1= (1—t)a+tu)dt.

Proof. We have

/0t(f((l—t)A—l—tf))’dt:(5—)\)/ L (1 — ) A+ 1€) dt

0

and
1

/0<1—t><f<<1—t>f+tu>>’dt=<u—s>/0 (1= 1) f/ (1~ )€ + tya) e

for all A\, £ € G.
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Integrating by parts, we also have

1 1
/0t(f((l—t)AH&))’dt:tf((l—t)AHﬁ)lé—/o F(L— )N+ t€)dt
—/1f((1—t))\+t§)dt
0
and
/0(1—t><f<<1—t>s+w>>’dt=<1—t>f<<1—t>s+m>|é
+/0 f((l—t)£+tu)dt=/0 S t)E+tp)dt— £ (€).
Then we get
(2.2) f(£)=/ f((l—t>A+t£>dt+<§—A>/ HF (1 — ) A+ t6) dt
0 0
and
@3) 1©O=[ F@-nermdr€-m [ Q-0F@-nErd
0 0

forall A\, &, p € G.
If we multiply (2.2) by o and (2.3) by 1 — o and we add the obtained equalities,
we get

(2.4) f(€)=a/0 f<<1—t>A+ts>dt+<1—a)/0 (L= )€ + tyr) e
1
+a(5—/\)/0 tf' (L—t) A+ té)dt
+(1—a)(€—u)/o (1= 1) F (1= t) € + tpr)

forall A\, ¢, p € G and o € C.
- —A
From the equality (2.4) we get for a = ﬁf/\ that

(2.5) M /\/f 1—t) A+ 1t8) dt+—/f 1—t)&+tp)dt
(€ —N)? o
LY /Otf (1 —t) X+ t)dt

0k
= A

1
| a-ora-nerma

for all A, &, p € G and X\ # p.
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Now, by using the equality (1.1), we have

26 1@ =on [ ([ ra-0rrea)c-oa

% 7/’jj§(/01f<<1—t>5+w>dt)<£—a)1ds

1 2
NERVE(EPY
2mi w—A

: </oltf’(<1—m+t§> ) (- o)t de

1 [ (€=w?

21 )y, p— A

(/01(1—t)f’((1_t)£+tu)dt> (€ —a)lde

:,ﬁx/ <271m./(é—A)f((l—t)AthE)(é—a)1d§) dt

ol

L 1<1/(u—é)f((l—t)£+tu)(£—a)1d£>dt

M_A 0 21 ~
1 1 1 . »
T 0f<2m-/7(£—k) Fr(A=t) A+t (€ —a) dg>dt

1
L [aoy (1/(£ﬂ)2f’((1t)£+tu)(§a)1d§) dt

Cu=A 0 27 /),

for all A\, p € G and X\ # pu, where for the last equality we used Fubini’s theorem.
Since, by the analytic functional calculus for composite functions, we have

LN -+ (€E—a) " de=(a—N) F((1— 1) A+ ta),

211 ~

i/(ufﬁ)f((l*t)£+tﬂ)(£fa)’1d£:(u*a)f((lft)aﬂu),

21 N

2%./(5*A)2f’((1ft)AHﬁ)(ﬁfa)_ld&:(afk)2f’((1ft)k+ta)

and

%/(f—u)Qf’((l—t)£+tu)(£—a)71d£=(a—u)2f'((1—t)a+tu),

hence by (2.6) we get the desired result (2.1).

We have the following perturbed identity:
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Corollary 1. With the assumptions of Theorem 2 and for any b € B we have

e @+ (a5

a—)\ L n—a 1
#*/\/0 f((l—t))\—i—ta)dt—ui)\/o F((1=t)a+tu)dt
(a—N)?

= Y /Ot[f’((l—t))\+ta)—b]dt

C(a—p)’°

w—A

/0 1=t)[f (1 —t)a+tp) —b]dt.

In particular, we have

(2.8) f(a)+ (a - “‘2“> ()

a:;\\/o f((l—t))\—kta)dt—'u_a/o F((1—=t)a+tu)dt

2 :U’_>\
(a=N° ' ,
e t[f (L =t) A +ta) — f'(a)] dt
2
—(CL_A)/O Q=0 [f (1 -t)a+tu) — [ (a) dt.
Proof. Observe that
(OL_A/\) /0 L[ (L= t) A+ ta) — bl dt
2 1 _ 2
— (‘L_);\) /0 tf (1 —t) X +ta) — Q(C(l#)\l)b
and
((L__MA)/O (L=t [f (L —=t)a+tp)—bldt
_(a_ )2 ! _ / “HNa _(CL—;},)Q
~E L [a-nr @ -darma - 5
Therefore
2
(CL__):\) /Ot[f/((l—t))\—i-ta)—b]dt

2 1
_(CL__/;) /0 (=) [f (1 —t)a+tu) — b dt
_ (a_)\)Z ! ’ B _ (a—>\)2
) /otf (1 —=t) X+ ta) Q(M—/\)b

(a—p)°
Q(M—)\)b

(a—p)® [! o
*ﬁfo (1=t f (1 —t)a+tu)dt+
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IR PR UV i AR
= /otf (L —=t) A +ta) A /0(1 8 F (1 —t)a+tp)dt

1
+m[(a—u)2—(a—)\)2}b
_ (a’ — )‘)2 ! / (a — M)Q 1 ,
== /Otf ((l—t)A+ta)—ﬁ/0 (1=t f (1 —t)a+tu)dt
At A
+(2—a)b,
O

which proves the desired identity (2.7).

3. NORM INEQUALITIES

We have the norm inequalities:

Theorem 3. Let B be a unital Banach algebra, a € B and G be a convexr domain
of C with o(a) C G. If f : G — C is analytic on G, then for all \, p € G with

1 # X we have the norm inequality

(3.1) Hf(a)—Z:;\\/Olf((l—t)A+ta)dt—Z:i/;f((l-tﬂ%—m)dt”

1 2/1 ,
<— Jla=\ LI (1=t XN +ta)| dt
TSN I | | £ (( ) )i

+ \\a—uIIQ/O L= 6) 1 (1 - )+t dt

I — Al

3 5upepo ) [/ (1 —1) A+ ta)|

1 1y pr _ P p
< L jaoapd G (B =0 A+ ) dr)

T p = Al wherep,q>1and%+%:1,
1
Jo IF (=) A+ ta)|| dt
3 5upepo,y 1 (1 —t)a+tp)]|
L e (f1 If (1—t)a+t )||pdt)1/p
= e U p
p=Al wherep,q>1and1%+%:1’

JEIF (=t a+ tp)]) dt.

Proof. By taking the norm in the identity (2.1) we get

B 1
s [ nas i

a— A
mw—A

/1f((1—t)/\+ta)dt—
0

(a*A)Q ! ! o a
e /Otf((l ) A+ ta) dt

(32) Hf (a) -
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(a—p)°

st

/0 (1=t) f (1 —t)a+tu)dt

1
= Al

T s |

<

H(a— Ay” /01 (1 —t))\+ta)dtH

/01 (1—t)f’((1—t)a+tu)dtH

1 2/1 /
<—Ja=A?{ tIf (1=t +ta)| dt

+ IIa—qu/0 A=t [f (A =t)a+tp)dt=: A

L
= Al

Using Holder’s integral inequality, we have

1
[ el a=na+t)

supyepo.y I1F (1 — ) X+ ta)|| [ tdt

| dt

1/p 1/q
(o 17 (=) A+ ey ae) " (fy eoae)
where p,¢ > 1 and %4—% =1,

IN

maxyefo) {8} fy |/ (1= t) A+ ta)| dt
Lsupyepoy I (1= ) A+ ta)|

1 1y pr p 1/p
_ W(fo 1" (1 =) A+ ta)] dt)
Wherep,q>1and%—|—%:1,

JEIF (=) A + ta)| dt

and

/0(l—t)llf’((l—t)a+tu)lldt

35WPeo 1) I (L —t)a+tp)

1 1y e P 1/p
e (Jo I (1=t a+ ty) P dt)
where p,q > 1 and %—i—%: 1,

IA

Jo IF (1 =) a+tp)|| dt,
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which implies that

38upeo 1) I (1= 1) A+ ta)

1 1/p
fa— P e (o 17 (=0 A+ )] az)

(3.3) A<
= Al wherep,q>1and%+%:l,
1
Jo If (L= t) A+ ta)] dt
35y [/ (1= t)a+ )
1 1/p
bt a2 G (B Q= at )P dr)
= Al Wherep,q>1and%+%:1,
1

Jo I (L= t)a+tp)] dt.

On utilising (3.2) and (3.3) we get the desired result (3.1). O

Theorem 4. With the assumptions of Theorem & and if there exists Ly o, Ly,q >0
such that

(3.4) 1 (A=) A +ta) = f ()] < (1 —t) Laalla— A
and
(3.5) If (1—=t)a+tp) — f (a)|| < tLyalla—pl

for allt €10,1], then

(36) Hf(a) o) 1@

Z_i/olf((lt)/\er)dtZi/olf((lt)ath/i)dtH

1

1
S,
6[p—Al

[Lralla = AP+ Lya lla = pll’]

Proof. Using the identity (2.8) we have

(37) Hf @+ (o= 252) 1@

Z_i\\/olf((l_t))\+ta)dt_Z_i/olf((l_t>a+w)dtH
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| o @ or s - s @l
¥ ﬁj@fﬂfu—ow%u—wa+no—fmnﬁ
gwiMHm—A nf%aﬂA+m)jw@w%
+*%}ﬂWa (=01 (= a0 - ' (@]
< |a7M|/tH (1= t) A +ta) — ' (a)]|| dt
*WM—AN“‘MFA A=l (L=t a+tw) - F (@]l dt =

Since by (3.4) and (3.5) we have

IN

1
LMHM—AH/‘Hl—ﬂdt
0

1
Laalla= Al

Atnu%u—wx+uw—f%@Mﬁ

and

1 1
| 0=l @ =darim-r@ld < Lula=ul [ 0=t
1
= gLu,a ||a - MH )
hence
1 1 3 3
B<-> Inalla=AP +Lyalla—
< 5T [Prela = A+ Lia llo = wlf

and by (3.7) we get the desired result (3.6).

4. EXAMPLES FOR EXPONENTIAL FUNCTION

Let B be a unital Banach algebra, b € B and the exponential of b defined by

oo

1
expb:= Z ﬁb".

n=0

We observe that, if b is invertible, then

1 o0 =) 1
/emuwﬁ _b/<§:ﬂﬂw>ﬁ_§:a</twom
0 =0 n=0 """ \Jo
1

— b =b b—1).
i ! (exp )

8

n=0
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Therefore for any A € C and for a € B such that a — A is invertible, then we have

/1exp((1—t))\—l—ta)dt:exp/\/lexp[t(a—)\)}dt

0 0
= (expA) (a—N) " (exp(a—A) —1)
=(a—))""(expa—exp).

and if @ — p is invertible, then

1 1
/ f((l—t)a—i—tu)dt:/ fta+ (1 —t)p)dt = (a—p)~ " (expa —exppu).
0 0
Since
lexp (ta+ (1 =) A)[| = [lexp [(1 = t) A exp (ta)|| = [exp [(1 — ) All [lexp (ta)
=exp[(1 —t)Re )] |lexp (ta)|| < exp[(1 —t)ReAlexp (¢ al|)
=exp[(1 —t)ReX +t]all]
hence, for ||a|| # Re A

1 1
/tHexp(ta—i—(l—t))\)Hdtg/ texp[(1— t)Re A+ ¢ ||af] dt
0 0

1
:/ texp[t(||la]] —ReA) +Re ] dt
0

1 1
- W/o td (exp [t (J|lal| — ReX) + Re A])
ST
= —_— < _ Eapjja] — ReA
o =Rex [ZPH ™ Tal -~ Re
(lla]] — Re X — 1) exp ||a|| + Re A
= lla—=All : _
(lall = ReA)

Similarly,

! 1
/ (I—t)|lexp((1 —t)a+tu)|dt < / (1—t)exp[(1—1)[la]| + tRe A dt
0 0

al| —Rep —1)exp f|af| + Rep
< lapl l(u n )expllal
(lall = Rep)

provided ||a|| # Re p.

Then from (3.1) we get
A1) |lexpa— SPAZ DA

. -

- -1
< o — A | el =ReA—1)expaf + Re
= A (lall = Re )

1 al| —Rep —1)exp|lal| + Re p
N la— (el ) ||2 I
= Al (lall = Re )
for a — A, a — p invertible, ||a|| # Re A, ||a]] # Rep and p # A.

3
|
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‘We observe also that

(1—t)ReA +t |la|| < max {Re A, |al|}

giving that

exp (1 —t)Re A+t ]lafl] < exp [max {Re A, [|a|}]

implying

1
1
/ texp[(1 —t)ReA+t|lal]]dt < 2 exp [max {Re A, ||a||}]
0

and, similarly

/0 (1 =) exp (1 =) [laf| + ¢t Reu] dt < %exp (max {Re p, [[a[[}].

Therefore by (3.1) we get the simpler inequality

(.

for

(1]
2]

exp,u—exp)\H
2) expa — ————
w—A
<+ o {lla— AP exp [max {Re A, Jaf}]
< ——1lla— Xp [max , [|la
2|p—Al
+lla = pll® exp [max {Re s, |lal]}] }
1 1 2 9
< 5o exp [max {Re X\, Re, all}] {la = AJI* + fla — u)]*}
2[p—Al
a — A, a — p invertible and p # A.
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