TWO POINTS NORM INEQUALITIES FOR ANALYTIC
FUNCTIONS IN BANACH ALGEBRAS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let B be a unital Banach algebra, a € B, G be a convex domain of
Cwith o (a) CG, a, € G, A€ Cand f:G — Cis analytic on G. By using
the analytic functional calculus we obtain among others the following result

IAF (@) + (L= X) £ (8) = £ (@) ~ Pt (L= X) 8~ a] £ @)
< 2 [Pl al? Laa + 11— N1 18— al? Lﬁ,a]

1
< g max{Laa Lg.a} [IAlla = al® + 1= /18 — al°]
provided that the derivative f’ satisfies the Lipschitz conditions
#e Lipr, , (Gaa) N Eing, (Gr,a)

for some Ly o, Lg,, > 0. In particular, we have the trapezoid type inequality

[HOEIE - (220

1
< ¢ [lo—al Laa+ 18— al Ls,o]

1
< gmax{Laa Lpa} [l —al® + 8 - al’].

Some examples for the exponential function are also given.

1. INTRODUCTION

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0,c0) such that
(B,|I-]) is a normed space, and, further: ||abl| < |la| ||b|| for any a,b € B. The
normed algebra (B, ||-||) is a Banach algebra if ||-|| is a complete norm. We assume
that the Banach algebra is unital, this means that B has an identity 1 and that
1] = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an
element b € B with ab = ba = 1. The element b is unique; it is called the inverse of
a and written a=! or 1. The set of invertible elements of B is denoted by Inv (B).
If a,b € Inv (B) then ab € Inv (B) and (ab) ™' = b~ta"!.

For a unital Banach algebra we also have:

(i) If a € B and lim, o [|a”||"/™ < 1, then 1 — a € Inv (B);
(ii) {a € B: |1 =] <1} C Inv(B);
(ili) Inv (B) is an open subset of B;
(iv) The map Inv (B) 3 a — a~! € Inv (B) is continuous.
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For simplicity, we denote z1, where z € C and 1 is the identity of B, by z. The
resolvent set of a € B is defined by

pla):={z2€C: z—a€Inv(B)};

the spectrum of a is o (a) , the complement of p (a) in C, and the resolvent function
of ais Ry : p(a) — Inv (B), Ry (2) := (2 — a)”". We also have that
oa) C{zeC: |z|<|al}.
The spectral radius of a is defined as
v(a) =sup{|z|:z€0(a)}.
Let B a unital Banach algebra and a € B. Then
(i) The resolvent set p (a) is open in C;
(ii) For any bounded linear functionals X : B —C, the function Ao R, is analytic
on p(a):
(iii) The spectrum o (a) is compact and nonempty in C;
(iv) For each n € N and r > v (a), we have a" = 5= flf\—v £" (& —a)~ " de;

(v) We have v (a) = lim,, ||a”||1/n .

Let B be a unital Banach algebra, a € B and G be a domain of C with ¢ (a) C G.
If f: G — C is analytic on G, we define an element f (a) in B by

(1.1) = /f 3

where 6 C G is taken to be close rectifiable curve in G and such that o (a) C ins (J),
the inside of 6.

It is well known (see for instance [3, pp. 201-204]) that f (a) does not depend
on the choice of § and the Spectral Mapping Theorem (SMT)

(1.2) o (f(a)) = f(o(a))

holds.

Let $ol(a) be the set of all the functions that are analytic in a neighborhood
of o (a). Note that $ol(a) is an algebra where if f, g € $ol(a) and f and g have
domains D (f) and D (g), then fg and f + ¢ have domain D (f) N D (g). $Hol(a) is
not, however a Banach algebra.

The following result is known as the Riesz Functional Calculus Theorem [3, p.
201-203]:

Theorem 1. Let B a unital Banach algebra and a € B.

(a) The map f — f(a) of Hol(a) — B is an algebra homomorphism.
(b) If f(2) = Ypep awz® has radius of convergence r > v (a), then f € $Hol(a)
and f (a) =Y pey crak.
c) If f(z) =1, then f (a) =
(d) If f(z) =z for all z, f(a) =a
Y If f, f1,-ees froeer are analytic on G, o (a) C G and f, (z2) — f(2) uniformly
on compact subsets of G, then || fn (a) — f (a)|]] — 0 as n — oco.
(f) The Riesz Functional Calculus is unique and if a, b are commuting elements

in B and f € $Hol(a), then f(a)b=>bf (a).
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For some recent norm inequalities for functions on Banach algebras, see [1]-[2]
and [5]-[11].

In this paper, by using the analytic functional calculus, we establish some error
bounds for the trapezoid and perturbed trapezoid type approximations, namely
upper bounds for the quantities

IAf (@) + (L =X) f(B) = f ()], — f(a)
IAf (@) + (1 =X £ (B) = f(a) =P+ (1= X) B —a] [ (a)]

[HAEIO - (52 -a) r @

‘f(a)+f(,6’)
2

)

and

2
provided that f : G — C is analytic on G, a convex domain, «, 8 € G and A € C.
Some examples for the exponential function are also given.

2. SOME IDENTITIES
‘We have:

Theorem 2. Let B be a unital Banach algebra, a € B and G be a convex domain
of C with o (a) C G. If f : G — C is analytic on G, then for all o, § € G and
A € C we have

(2.1) Af<a>+<1—A>f<ﬁ>—f<a>=A<a—a>/0 F1((1 = 1) a + ta) dt

1
+(1—/\)(ﬂ—a)/0 (1 —t)a+1tp)dt.

In particular, we have

(2.2) M_f(a)
Z;[(a—a)/o f’((l—t)a+ta)dt+(ﬂ—a)/0 FA=tya+tp)dt|.

Proof. Due to the convexity of D, for any £, v € D we can define the function
0e, [0,1] = R by @, (t) := f((1 —t)§ +tv). The function ¢, , is differentiable
on (0,1) and

d‘pﬁTI;(t) =w-8f(1-t)¢+tv) fort e (0,1).
We have
1d
F@0)=£©) = pe (D= ve, 0 = [ T
_ (l,,g)/o F((1 =) €+ tv)de
namely
23) 0 =1O+ =9 [ ra-nesma

for any &, v € D.
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Therefore, by (2.3) we get

(2.4) f(a)=f(f)+(a—€)/01f’((1—t)£+ta)dt
and

(2.5) f(ﬂ)=f(£)+(6—£)/01f’((1—t)£+tﬁ)dt
for any £ € D.

If we multiply (2.4) and (2.5) by A and 1 — A and add, we get the following
identity that is of interest in itself

(2.6) A (@) + (1 =A)f(8)=F(&)

=A<a—e>/ f’((l—t)£+toz)dt+(1—A)(6—§)/ P = t)E+tp) di
0 0
for any £ € D and A € C.

From (2.6) and by analytic functional calculus (1.1) we get

= [ @+ -0 re)E-o ds—h/f

2i
2t [a-g (/ P (1=t +ta) dt)<§ a) " de
+(1—A)271m./5(6—£)</0 P D€ r ) (€~ ) de
namely,
@0 D) +0-NI @5 [E-a - 1

= /01 (2;/5(0[—5)1”((1—t)§+ta)(£—a) dé) dt

+<1—A>/01( ! /(ﬁ 6 f ((1—t)§+t6)(£—a)1d£)dt

27
for all a, 5 € G and A\ € C, where for the last equality we used Fubini’s theorem.
Since the functions
Go (a=& f (1-t)E+ta)eC
and
Go= (B-Of(1-t)¢+tB)eC

are analytic on G for all o, 8 € G and t € [0,1], then by the analytic functional
calculus we have

37 [ (@= 97 (=D& +10) (€~ ) de = (=) /(1= D)+ 1)
and
3 [0 F (= DE+ )€ -0 = (B=a) S (1= DatB)

and by (2.7) we get the desired result (2.1). O
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Corollary 1. With the assumptions of Theorem 2 and for any b, ¢ € B we have
the perturbed identity

(2.8) Alf(e) =(a=a)b]+ (1 =N [f(B) = (B8—a)c]—f(a)
:)\(afa)/o [f (1 —t)a+ta)—b]dt

+<1—A><ﬂ—a>/0 (1= t)att6) — ) dt

and

(@)~ (@)l + 5 [F(5) ~ (5~ )] — [ (a)
igchA%fﬂlﬂa+kwﬂﬁ

(2.9)

1

+§(6—a)/0 [ (1= ) a+t8) — o] dt.

For ¢ = b, we have
(2.10) Af(@)+ (A=A f(B)—f(a)—[Aa+(1-A)B—a]b
:)\(a—a)/ol[f’((l—t)a—i—ﬁa)—b]dt

+(1—A)(6—a)/01[f’((l—t)a+t5)—b}dt

and in particular

(2.11) w—f@— (a;ﬁ—a>b

=;(a—a)/ol[f’((l—t)a+ta)—b}dt
1
+306-a) [ [Fa-Hatin)-ta

foralla, € G and A € C.

Remark 1. If we choose in Corollary 1 b= f'(a) and ¢ = f'(B8), then we get

(212) A[f (@)~ (@—a) f (@) + (L - N[ (B)— (B—a) ' (B)] - /(@)
=A<a—a>/0 (1= t)a+ta) — f ()] dt

+(1*A)(Bfa)/0 P (1= t)a+18) — 1 (B)] dt
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and, in particular,

(213) 3 1f(0) ~(a—a)f @]+ 5 [F(5)~ (8- a) ' (5)] -  (a)
=3la=a) [ [F(=0a+te) - /@)
+306-a) [ (@ -Hari) - @

Also, if we choose in Corollary 1 b=c = f'(a), then we get
(2.14) Af(a)+ (A =Nf(B)—f(a)—Pa+(1-N)B—dlf (a)
1
=Ma—a) [ 1 (1 =a+ta) - f @] d:
HA-NE-a) [ F (1 -ta+9) - f (@)
0

and, in partz'cular

o5 LOHI0) (am >

(a—a) | [f (1=t a+ta)— f (a)]dt
0

1
+306=a) [ (@ -Ha+s)-f @)
3. NORM INEQUALITIES

We have:

Theorem 3. Let B be a unital Banach algebra, a € B and G be a convexr domain
of C with o (a) C G. If f : G — C is analytic on G, then for all o, 8 € G and
A € C we have

B A (@) + A=) f(B) = f(al

< Al =all sup (I ((1 = t)a+te)][+[1 = A3 —all sup [[f"((1—1)a+1tB)

t€[0,1] t€0,1]

<max{|A],|1 = A}

x [a—all sup [|f" (L =t)a+ta)l| + (|8 —all sup [[f' (1 —t)a+tB)]].
t€[0,1] t€(0,1]

In particular, we have

f(a)+ £ (B)

(32) S RGN (“)H

1
<3 laall sup [If'((1—t)a+ta)|+ 8 —all sup |f' (1 —t)a+tB)]|.
t€[0,1] te[0,1]
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Moreover, if

1 oo = sup [If' (1 =t)a+ta)]| < oo,
te[0,1],aed

then
(3.3) [Af(@)+ (@ =X)Ff(B)—f(a)

< [IAller = all + 11 = A8 = alll [1£llq.¢,00
< max {[A[, [1 = Al} [l = all + 18 = all] 1]l a0

and, in particular,

g |HLO o) < Flaall+ 18- all 17 e

Proof. By taking the norm in the identity (2.1) we get
[IAf (@) + (1 =) f(B) = f(a)]

<A (aa)/olf’((lt)a+toz)dtH+|1A H(ﬂa)/olf’((lt)wtﬁ)dtH

< A/l —al \/Olf’«lt)aﬂa)dtﬂﬂA|||/3a|| '/Ulf’«lt)am)dtH

1 1
< |A|||afa||/0 1 (1= t)at to)]| de+]1 — A ||6—a||/0 1 (L= tya+ t6)] de

[+ = A[IB = all sup [[f'((1—=t)a+tB)],
t€[0,1]

< |Allle—al| sup [[f((1 —t)a+ta)
te[0,1]

which proves (3.1).
The rest follows from (3.1). O

Let a € B and G be a convex domain of C with ¢ (a) C G and A € G. We define
Gro :={(1—t) XA+ ta | with t € [0,1]}. We observe that G , is a convex subset
in B for every A € G.

For two distinct elements u, v in the Banach algebra B we say that the func-
tion g : G5, — B belongs to the class Ay, (Ga,q) if it satisfies the boundedness
condition

u—+v

5) o= 0r s -5 < ol

for allt € [0,1]. We write g € Ay, (Ga,q) - This definition is an extension to Banach
algebras valued functions of the scalar case, see [4].

We say that the function g : G , — B is Lipschitzian on G , with the constant
Ly, >0, if for all z, y € G, we have

lg (2) =g Wl < Laallz -yl
This is equivalent to
(3.6) lg(L=t)A+ta) —g((1 —s) A+ sa)l| < Laalt —s[fla= Al
for all ¢, s € [0,1]. We write this by g € Lipy,  (Gra)-
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Let h : G — C be an analytic function on G. For ¢t € [0,1] and A € G, the
auxiliary function hy » defined on G by hy » (§) := h ((1 —t) A+ t£) is also analytic
and using the analytic functional calculus (1.1) for the element a € B, we can define

BD) RN+t = (@) = 5 [ ©€- o) de

1 -1
=— [ hR{(1—=t)N+t — d€.
i O =D ) (€~

We say that the scalar function h € A, , (G),) if its extension h: Gxro. — B
satisfies the boundedness condition (3.5). Also, we say that the scalar function
h € SipLML (Ga,q) if its extension h : Gy, — B satisfies the Lipschitz condition
(3.6).

Theorem 4. Let B be a unital Banach algebra, a € B, G be a convexr domain of
C witho(a) CG and a, B € G, A € C. If f : G — C is analytic on G and there
exists u, v € B such that f' € Ay, (Gaa) N Ay (Gga), then we have

u—+v
2

(3.8) HAf(aH(l—A)f(ﬁ)—f(a)—[Aa+(1—A)ﬁ—a]

—_

5 o =ull[IA]la = all + [L = Al[|8 = a]l]

[\)

and, in particular

Hf(a);rf(ﬁ) - ()

1
< 7 llv=ullllla —af + 15~ al].

Proof. From the identity (2.10) and since f' € Ay, (Ga,a) N Ayw (Gsa), hence

HAf(a)Hl—A)f(ﬁ)—f(a)—[Aa+(1—A)ﬁ—a]u+U
<Al (1—t)a+ta) — “;” dt
+|1—A|||ﬁ—a||/ (@ -a+8) - L2 a

< 5 lo = wl[ [Allle = all + [L = A[[I8 = all],
which proves (3.8). O

We also have:

Theorem 5. Let B be a unital Banach algebra, a € B, G be a convex domain
of C with o(a) C G and o, f € G, A € C. If f : G — C 1is analytic on G and
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/e Lipr,. . (Ga)N Lipr, . (Ga,a) for some Lq,q, Lgq > 0, then
(310) [Af (@) + (=N £(8)~ Fla) Dot (1- N5l (@)
< LIl al® Lo + 1 - A 15— al* Ly

< s max{Laa Lpa} [N lla = al* + 1 = A8 — al?]

N | =

1
< 3max{Lxa, Lya} max A, |1 = Al} [l = al* + 18 = alf’
In particular, we have

) Hf(a);f(ﬁ) _

(3.11 (a) — (O‘;B - a> ' (a)

[l = all® Lo + 18 = al* Ly,o

Bl

<
1 2 2
< gmax{Laa Lo} [lo = al* + 16 = af*].
Proof. Using the identity (2.14) we get
IAf (@) + (L=2) £ (8) = f (@) = Pat (1= 2) B = a /' (a)]
1
<Wlla=al [ If (1= t)a+ta) - f @) d

0

1
ST Hﬁ—all/o I (L= t)a+18) - ' (a)] dt
1
<Wla=ollZaa [ 10 -0a+ta—al di
0 1
ST Hﬂ—anLﬁ,a/o I~ t)a+t8 — al|dt

1 1
= |\ ||oz—a||2LA7,,,/ tdt + 1 — \| Hﬁ—a||2L57,l/ tdt
0 0

1 2 2
= 3 [Mla = alP Ly + 11 = A 18 = al* Lo
which proves (3.10). O
4. EXAMPLES FOR EXPONENTIAL FUNCTION
Using the inequality (3.1) for the exponential function we get

(4.1) J[Aexpa+ (1 =N expfS —expall
< [Alller = all sup lexp (1 —t) a + ta)|
t

)

+[1=A[I8 —all sup [lexp((1—t)a+tB)|
t€[0,1]

<max{[A,|1— A}

X |l —all sup [lexp((1—t)a+ta)|+ |3 —all SEJPH lexp ((1 —t) a+t8)]|
t telo,

)
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forall o, e G, A€ Canda€B.
Observe that

lexp (ta + (1 —t) )| = llexp [(1 — t) p] exp (ta)|| = |exp [(1 — ) p]| lexp (ta)||
=exp[(1 —t)Rep][lexp (ta)|| < exp[(1 —t) Repuexp (t][all)
=exp[(1 —t)Rep+tllal|] < exp{Rep,|al}

forallt €[0,1], p € C and a € B.
Therefore by the first inequality in (4.1) we get

(4.2) |[Nexpa+ (1 — XN expf —expall
< |Allla — allexp {Rea, [la]|} + [1 = A[[|8 — al|exp {Re 5, [|al|}
< exp {Rea,Re 3, [lal} [[Al [l — af + [1 = A[]|8 — all]

and, in particular,

expa +exp 3

(4.3) 5

—expa

1
< 5 llle —allexp {Rea, [|a][} + |8 — af| exp {Re 5, [la]}}]

_1
< gexp{Rea,Ref, |lall} [lle — af + 1|8 ~ al].

Using the identity (2.13) we get

(4.4) %exp(a) (1—a+a)+%exp(ﬁ) (1-p+a)—expa
=§<a—a>exp<a% fexp ((1— 1) (a — a)) — 1] dt

3= e @) [ e ((1-1)a=p) -t

forall a, € C, A€ Cand a € B.
If we take the norm in (4.4), then we get

(4.5) H; [exp (o) (1—a+a)+exp(8)(1—B+a)]—expa

< 3l allop (@] [ Josp (1~ 1))~ 1 a

+ 5 18 — all |exp (5)|/0 llexp ((1 —¢) (a — B)) — 1] dt,
forall o, 5 € C, A€ C and a € B.

In the recent paper [6] we obtained the following norm inequality for the expo-
nential function

1
@6)  llexpy—expal <fly sl [ exp(I(1-5)o+syl)ds
0
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Therefore
(4.7)  lexp((1 = 1) (a — ) — 1|

1
<@ —1)(a- a>>||/0 exp (Is (1~ ) (a — ) ds
— (1~ 1)l a||/0 exp (s (1~ £) la — o) ds

fort €1]0,1], « € C and a € B.
Ift #1 and a # «, then

exp((I -t fla—al) -1

| e a0 apas = S —E—0

and by (4.7) we get

1
lexp (1 =) (@ — @) = 1| < [[(1 =) (a — @) /O exp (||s (1 =) (a — a))l]) ds
=exp((1 =) fla—al) -1,
which implies that
/ lexp (1 =) (a —a)) = 1| dt < / [exp (1 = 1) [la —all) — 1] dt
0 0

exp (fla—ef) —fla —af -1

la — o
and, similarly,

exp (fla—Bf) —lla—Bll -1
la — Bl

Since |exp («)] = exp (Rea) and |exp (8)| = exp (Re 8) , hence by (4.5) we get

/OHeXp((l—t)(a—B))—lHdtS

(4.8) H; [exp (@) (1—a+a)+exp(8)(1—B+a)]—expa

< 5 exp (Rea) [exp (la — afl) = [la —af 1]

N —

1
+ 5 exp (Re ) [exp (fla — B) — lla - Bl = 1],

for all o, 5 € C and a € B.
If we use the identity (2.15) for the exponential function, we get

(4.9) exp (a) —;—exp (ﬂ) _ (1 + L—;ﬂ — a,) exp (a)

1

=3 (o — a) exp (a)/o [exp (t (a —a)) — 1] dt

+3 (6= [ few(t(5-a) -1

for all &, 5 € C and a € B.
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By taking the norm in (4.9) we get

exp (a) +exp () <1+ atp —a> exp (a)

(4.10) 5 :

< HOé—allllexp(a)ll/O llexp (¢ (o — a)) — 1| dt

N | =

1 1
g1 =alllesp (@) [ flexp (18 = a)) = 1] .
From the first inequality in (4.6) we get for ¢t # 0
1
llexp (t (o — a)) — 1| < t]la —al| / exp (st [l —al|) ds = exp (t|la —al|) — 1,
0
which gives

/Hexp(t(a—a))—llldtS/ fexp (¢l — al]) — 1] dt
0 0

_exp(la—al) —fla—al -1

lev = all

and, similarly

1
/0 lexp (¢ (5 — ) — 1] dt <

Therefore, by (4.10), we have

exp (|8 —af) B ~all -1
18 —all

(4.11)

el ton(d) (), 248

. - a> exp (a)

1
< 5 llexp (a)ll fexp (|l — all) + exp ([|5 — al}) ~ [l — af| = |8 — al| - 2]
for all , 8 € C and a € B.
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