TWO POINTS AND »n-TH DERIVATIVES NORM INEQUALITIES
FOR ANALYTIC FUNCTIONS IN BANACH ALGEBRAS

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. Let B be a unital Banach algebra, a € B, G be a convex domain
of C with o (a) C G, a, B € G and f: G — C is analytic on G. By using the
analytic functional calculus we obtain among others the following result

F@) =530 2 1P (@) (@ - @) + (-1F 59 (8) (5 - 0)]

1
< — _ n+1 _ n+1
< gorgy el s = el

Xmax{ sup Hf(’”rl [(175)a+sa]H sup Hf(”Jrl) (1 s)a+s,3}H}.
s€[0,1] s€l0,1]

Some examples for the exponential function on Banach algebras are also given.

1. INTRODUCTION

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0,c0) such that
(B,|]]]) is a normed space, and, further: |ab| < |a| ||b]| for any a,b € B. The
normed algebra (B, ||-||) is a Banach algebra if ||-|| is a complete norm. We assume
that the Banach algebra is wnital, this means that B has an identity 1 and that
1] = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an
element b € B with ab = ba = 1. The element b is unique; it is called the inverse of
a and written a=! or 1. The set of invertible elements of B is denoted by Inv (B).
If a,b € Inv (B) then ab € Inv (B) and (ab) ' =b~ta"L.

For a unital Banach algebra we also have:

(i) If a € B and lim, o [|a”||"/™ < 1, then 1 — a € Inv (B);
(ii) {a € B: |1 =b| <1} C Inv (B);
(iii) Inv (B) is an open subset of B;
v)

(i

For simplicity, we denote z1, where z € C and 1 is the identity of B, by z. The
resolvent set of a € B is defined by
pla):={2€C: z—aelu (B)};
the spectrum of a is o (a) , the complement of p (a) in C, and the resolvent function
of ais Ry : p(a) — Inv (B), Ry (2) := (z —a)~". For each z, w € p (a) we have the
identity

The map Inv (B) 3 a — a~! € Inv (B) is continuous.

Ry (w) — Ry (2) = (2 — w) Ry (2) Ry (w) .
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We also have that
oa) C{zeC: |z|<|al}.
The spectral radius of a is defined as

v(a) =sup{|z|: z€0(a)}.

Let B a unital Banach algebra and a € B. Then

(i) The resolvent set p (a) is open in C;

(ii) For any bounded linear functionals A : B —C, the function Ao R, is analytic

on p(a);

(iii) The spectrum o (a) is compact and nonempty in G;

(iv) For each n € N and r > v (a), we have a" = 5= fl&\ LET(E - )"t de;

(v) We have v (a) = lim,_.o [|a™]"/" .

Let B be a unital Banach algebra, a € B and G be a domain of C with ¢ (a) C G.
If f: G — C is analytic on G, we define an element f (a) in B by

(1.1) =57 [ HO €0 i

where 6 C G is taken to be close rectifiable curve in G and such that o (a) C ins (J),
the inside of ¢.

It is well known (see for instance [6, pp. 201-204]) that f (a) does not depend
on the choice of § and the Spectral Mapping Theorem (SMT)

(1.2) o (f(a)) = f(o(a))
holds.

Let $ol(a) be the set of all the functions that are analytic in a neighborhood
of o (a). Note that $ol(a) is an algebra where if f, g € $ol(a) and f and g have
domains D (f) and D (g), then fg and f + g have domain D (f) N D (g). $Hol(a) is
not, however a Banach algebra.

The following result is known as the Riesz Functional Calculus Theorem [6, .
201-203]:

Theorem 1. Let B a unital Banach algebra and a € B.

(a) The map f — f(a) of Hol(a) — B is an algebra homomorphism.
(b) If f(2) = Ypep awz® has radius of convergence r > v (a), then f € Hol(a)
and f (a) =Y oo aa®.
c) If f(2) =1, then f(a) = 1.
(d) If f(z) =z for dll z, f(a)=
) If f, f1, ey froeer are analytic on G, o (a) C G and f, (z) — f(2) uniformly
on compact subsets of G, then || fn (a) — f (a)]] — 0 as n — oco.
(f) The Riesz Functional Calculus is unique and if a, b are commuting elements

in B and f € $Hol(a), then f(a)b=>bf (a).
For some recent norm inequalities for functions on Banach algebras, see [4]-[5]
and [9]-[15].
By using the analytic functional calculus in Banach algebra B and function
f € $Hol(a) we establish in this paper some norm error estimates in approximation
the element f (a) by some simpler expressions such as

(L=X) f (@)+Af (8 +Zk,[ NP (@) (@) + (DA (8) (5 - )|
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1 D ) 4 (4 o (6—a)(a—-a)
5o B-afl@)+le—a) fB)]+—F—

n

X Z% {(a — ) T O (@) + (~D)F (B —a) T R (6)}
=1

and
1
B —a

[(a =) f(a)+ (B —a) f(B)]

1 Z % {(a B a)k+1 f(k) (a) + (_1)k (ﬁ — a)k+1 f(k) (ﬁ)}

ﬁiakﬂ

where a, 5 € D and \ € C.

+

2. SCALAR IDENTITIES

Let f : D C C — C be an analytic function on the convex domain D and &,
a € D, then we have the following Taylor’s expansion with integral remainder

21) F©=3 5/ (@) €
k=0

1 n+1 ! (n+1) 1 1 "4
+ope=ayt [ - assg (1 o) ds

for n > 0, see for instance [24].

Consider the function f(§) = Log(§) where Log(§) = In|¢] + i Arg(£) and
Arg (§) is such that —7 < Arg(§) < w. Log is called the "principal branch" of
the complex logarithmic function. The function f is analytic on all of C, :=
C\{a+if:a <0, =0} and

k—1

Using the representation (2.1) we then have

7kzla£€C€

n k-1 k
(22) Log(¢) =Log(a)+ ) (_1; <£ ;04>
k=0
(1 — s)n ds
1—s)a+ 55]n+1

1
(1) (€ - ) / g

for all £, o € Cp with (1 —s)a+ s € Cy for s € [0,1].
Consider the complex exponential function f (§) = exp (£), then by (2.1) we get

n

for all £, a € C.
For various inequalities related to Taylor’s expansions for real functions see [1]-
[3], [16]-]22] and [23].
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‘We have:

Lemma 1. Let f: D C C — C be an analytic function on the conver domain D
and &, a, B € D, then for all A € C and n > 1 we have

(24) () ==X f(a)+Af(B)
. % (=279 (@) (¢ = @) + (-1)F Ar® (8) (8- ©)*]
k=1

+ Sn,A (57 «, B) )
where the remainder Sy x (§, «, B) is given by

(25) Sn,)\ (530475)
— S lamne-ar [emia s gatsga- o as

+(=)"IA (B -t /0 1 FOFV[(1 — 5) € + sp] s™ds| .

Proof. If we replace in (2.1) « by 3, then we get

Zk,f ) (&= B)"

1
L A Al (EPERSTES

1
(6 — &)+ / f("“) (1 5)f + €] (1 — 5)" ds

)(B-&)"

8- 5"“/ SO (1= s)€ + 58] snds.

Assume that A # 1,0. If we multlply (2.1) by 1—X and (2.6) by A we get the desired
representation (2.4) with the remainder Sy, x (¢, o, 8) given by (2.5).

If either A = 1 or A = 0, then the theorem also holds by the use of Taylor’s usual
expansion. (Il

Remark 1. We observe that for n = 0 the representation from Lemma 1 becomes

where the remainder Sy (€, a, 8) is given by

(2.8) Sy(&a,B):=(1—-A —a/f s)a+ s€)ds

A(B - s/f $)€+ 58) ds
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Corollary 1. With the assumptions in Lemma 1 we have for each distinct &, «,
B €D with f # «

29 JO= 7= (6-95@+¢-a) )+ LLEZD
30 L= 19 (@) + (-1 (-6 £ (8)
L€,
where
Inead)= CIE e o [0 (- gt (- o as

)™ (5o / SO (1 0) €+ 58) d]

and
210) £(©) =5 [€~a) f(@)+(B -8 £(9)
1 "1 1 1
P {E= " 9 @)+ 0F - 1P (9)]
+ Py (§,a,8),
where
P (& 8) = m [(5 —a)"* / SO (1= )+ 5€) (1 — 5)" ds
FED™ B2 [ (5 ¢ 4 s8) 5|
0
respectively.

The proof is obvious, by choosing A = (§ —a) /(B —«a)and A= (6 —-¢&) /(6 — «),
respectively, in Lemma 1. The details are omitted.

The case n = 0 produces the following simple identities for each distinct &, «,
seD

QL) F© =5 (B0 1)+ (€~ a) B+ ().
where
(212) L& a.0)

SO0 [ gassgas— [ 7ia-9e+sm i
and
(213)  f©O=g—[E-a)f(@+(E-OFB]+P(Eab),
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where

(2.14) P (&, )

1 s [t . (1
- o [ Fa-9arsas-6-97 [ Fa-sersnas

3. IDENTITIES IN BANACH ALGEBRAS

‘We have the following two point representation of an analytic function on Banach
algebras:

Theorem 2. Let B be a unital Banach algebra, a € B, G be a convexr domain of
C with o (a) C G and o, B € D. If f : G — C is analytic on G, then for all A € C
and n > 1 we have

(B f@=0-N @)+ ()
+Z L0259 (@) (a0 + (1) AFD () (5~ )]
+S7E,A(a7avﬁ)a

where the remainder Sy x (a,a, ) is given by

(3.2) Spa (a,a, B)

7; {(1 — ) (a— "“/ (1 =) a+sa (1—s)" ds
+(=1)"T A (B - n—H/ FO(1 = s)a+ sp] s"ds} .
In particular, for A\ = %, we have the trapezoid type identity
5y L@ ; £ (6)
3 Z [f(’“ )+ (1 £ (8) (8~ )
+Tn ( B)
where the remainder T,, (a, o, B) is given by
(3.4) T (a, o, B)
- {(a — )"t /1 FOI(1 = s)a+sa) (1 —s)"ds
2n! 0

1
(=)™ (B — ) / FOHD (1 8)a+ 58] sds| -
0

Proof. Assume that 6 C G is taken to be close rectifiable curve in G and such that
o (a) C ins(J). By using the analytic functional calculus (1.1) and Lemma 1, we
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get
35 3= [£© dE=[1-X) £ @)+ 3 B g [ (€—a) " ae
+k§_jlk!<1—A>f’“><a>21m/6<g—a>’“<g—a>ldg
+§;(1>’“ DB g (B0 (€ -0t ae
P 5 /6 (€ ) ( / FO [ - et s (1 s)”ds) (6—a) ™ de
o0 [a-g (/ PR € slsnds) € )
=;!<1—A>/01 (;m/(g_a>"+1f<n+l> (1-s)a+s(€—a)”" df) (1—s)"ds
1

Y| 1 (Qi ARG R GRS <5—a>1d§) snds,

where for the last equality we used Fubini’s theorem

By using the functional calculus for the analytic functions

G3&m (E—a)" T D1 —s)a+sf] €
and

G3¢m (B— " D1

—s5)é+spleC
we get
zim- (=)™ O (1= s)a+ s€] (€ —a) ' dE
= (a— a)nJr1 FrH (1 = s) a + sa)
and
zjm B=)" I [(1— )€+ 58] (€ —a) " dE
(B—a)" T f (1= s)a+sB].
Therefore

/1 1
0o \2m

/5 (=) fO [ = s)a+ s (€ —a)” dé) (1= )" ds
/01 (a—a)" T D (1= s) a4 sa] (1 — s)" ds

1
_ (a . O[)n+l‘/0 f(n+1) [(1

—3s)a+sal(1—s)"ds
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and
t(1 +1 .
/O (27” A (ﬁ - 6)" f(n+1) [(1 —s5)&+ sﬂ] (€ - a) df) s ds
= /1 (5 a)n+1 f(n+1) [(1—s)a+ sf] s"ds
0
1
= (8- a)n+1/ FOA = s) a+ sp] s™ds.
0
Since
271m- 5(‘5‘“)7101'5: L, %/(S(f—a)’“(é‘—a)*ldg: (a—a)
and
i ((B-9"€-a T d=(B-a)

for k = 1,...,n, hence by (3.5) we get the representation (3.1) with the remainder
(3.2). O

Remark 2. Withe the assumptions from Theorem 2 and by using the scalar identity
(2.7) we have, for n =0, that

(3.6) fla) =1 =) f (@) +Af(B)+Sx(a,a,8),

where the remainder Sy (a, o, B) is given by
1
(3.7 Sx(a,a,B):=(1=X)(a— a)/ (1 —s)a+sa)ds
0

1
~A@=a) [ £(1-sar s
In particular, we have
fl)+1(6)

(3.8) fla) = 5

where the remainder T (a, «, §) is given by

+T(a7a’/8)7

(3.9) T (a,a,p)

::é[<a—a>/01f'<<1—s>a+sa>ds—(ﬁ—a>/01f’<<1—s>a+sﬁ>ds .

We also have:

Theorem 3. Let B be a unital Banach algebra, a € B, G be a conver domain of C
with o (a) C G and o, 8 € D with a # B. If f : G — C is analytic on G, then

I » L Bne—a)
G @ B =)+ 1 (8 (a—a)+ T

I O e e LG ICER

+Ln(a'aa,5)>

(3.10) fla) =
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where
Lo (a,0,8) i= W [<a —a) [ F (s o sa) (1= )" ds

n (_1)n+1 (8 - a)n/o f(n+1) (1—s)a+ sB) S”ds:|

and

B.11) f@ =50 [f@(a=a)+f(5)(3-a)

1 "1 1 1

PN {#P (@@= + (1" 19 (8) (8- )}
+ Pn (aa aa 6) ]

where

Pula, e ) := m {w —a)"t /0 SO (1 - )t sa) (1 - 5)" ds

1
+(—1)mH (ﬁ_a)”+2/ FOHD (1= ) a+ 58) s™ds| .
0

The proof follows in a similar way to the one from Theorem 2 by utilising the
functional calculus for analytic functions (1.1) and the scalar identities (2.9) and

(2"1r0}3é case n = 0 produces the following simple identities for each distinct a, 8 € D
312 f@)= 5o @ E -0+ ()@= a)]+ Liad).
where
L(a,a,8)
- (ﬁ_g)_(‘;_o‘) [/Olf’((l—s)a—i—sa)ds—/olf’((l —s)a+sB)ds
and
313) @)= 5 (@) (a=a)+ £ (5) (B0 + Plaa.d).
where
P(a,a,p)
=t [ et s - o-af [ 1@ -9as ).

4. NORM INEQUALITIES

The following result providing norm error estimates, holds:

Theorem 4. Let B be a unital Banach algebra, a € B, G be a conver domain of C
with o (a) CG and o, B € D. If f: G — C is analytic on G, then for all X € C and
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n > 1 we have the representation (2.5) and the remainder Sy x (a, o, B) satisfies the
norm inequalities

(4.1)  [[Spa (a0, B)||

1 1
< = |I1=2 Ha—a”"“/ Hf<n+1> [(1_8)a+sa}H(1—s)”ds
n. 0

I a1 - 5)a+ 58]

T SUPse(0,1] | fFD[(1 = 5) a + sal|

s"ds}

1/p
1 1 (n+1) (1 _ P )
<li-Nla-af™ G (Jo Il [0 = 5)a+ sal | ds
L forp,qg>1, where;—i—f 1

fol ||f(n+1) [(1—s)a+sa]||ds
w11 SWaefo [[fTV (L = 5) a + 5]

E

1/p
1 1 (n+1) _ )
NP B e O R CRERD
n: forp,qg>1, where;—l—f 1,

fol [ F V(1 = s)a+ sf]|| ds.

In particular, we have the representation (3.3) and the remainder satisfies the norm
inequalities

(42)  [Tn(a,a,B)|l

< oo [l el /01 [0 = syt sall| - oy as

+8 - a||”+1 /01 Hf(mrl) [(1-s)a+ sﬂ]‘ s"ds}

n%rl SUP4c(0,1] Hf(n+1) [(1—s)a+ sd] H

1/p
< —Jla—af" (nq+11)1/q (fo [FTH[(1 = ) a + sa]||” ds)
2n! forp,qg>1, where};—&—f 1

JHFED (1= 8) a + sa] | ds
i1 SWsepo,1) |FT (1 = 5) a + s0]

E

1/p
n+1
L gt e (o 1500 [0 = ) at s ds)
forp,qg>1, wheref—kf 1,

Sy [ [(1 = 5) a+ 5B ds.
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Proof. Using the representation (2.6) we have

(4.3)  [[Snx (a, a2, B)|

1
(a—a)"t / fO1 = s)a+sa] (1 —s)"ds

|

1
+ A H nH/ FOHY (1 = s)a+ sp] s"ds

/1 fO[(1—s)a+sa] (1 —s)"ds
0

|

1 n 1 n
< o Al [ - sy o sl -7

<o =@

+1M 8- ‘ /0 O (1 syt 58] s™ds

1
+ A8~ af™t / |1 = 9)at 58| s”ds] — A,
0
This proves the first inequality in (4.1).
Using Holder’s integral inequality, we have
1
/ Hf("+1) [(1—s)a+ sa]H (1-3s)"ds
0
SupsGOl] Hf [(1—s)a+sa ||f0 1_8) dS,
1 (n+1) 1/p 1 qn 1/q
< (fo | f (1-s)a+s ]H ) (fo(l—s) ds)

for p,q > 1, Wheref—I—f: ,

supepo.1] (1 f Hf (n+1) 175)a+5a]||ds,

7T SUPse(0,1] ||f(n+1) [(1—s)a+sa]l,

1/p
_ g (o 5 (0~ a4 17 as)

for p,q > 1, where =1,

fol | f (1 = 5) a + sa] || ds.
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Similarly,
1
/ Hf(nﬂ) [(1—s)a+ Sﬁ]‘ s"ds
0
T SUPsg(0,1] Hf D1 —s)a+sp]|,
1/p

)t (R 15010 = )0 sl as)
for p,q > 1, Where§+a:1
S FE*D[(1 = s)a + 8]| ds.

Therefore

1 n
A< —[1=)la—af""
n!

%-H SUD¢[0,1] Hf(m'l) [(1-s)a+ sa]H ,

1/p
o (fo1 £ D1 = 5) o+ sal|” ds)
for p,qg > 1, wheref—kf 1,

fol | £+ [(1 = s) a + sal| ds.

w1 SUPseqo,) [ fUHV (L = ) a+ 5Bl

1/p
—1-% (A8 — a||”Jr1 (nq+1 (ng+1)74 (fo ||f(n+1 [(1—s)a+spf] H dS)

for p,q > 1, Whereg+— 1,

f01 ||f(n+1) [(1-s)a+ smH ds.

By using (4.3) we get the second part of (4.1).

O

Remark 3. In the case n = 0 we have the representations (3.6) and (3.8) and the
remainders Sy (a,c, 8) and T (a,a, B) satisfy the bounds

1
(4.4) [ (a,a, )]l < |1*/\|||a*a||/0 1£1(1 = s) o + sal|| ds

1
I IIB—aH/O 1F (1 - s)a + sB]| ds

sup,eo,q) I/ [(1 = 5) a + sal

<= Allla—af

(7 1a

1/p
—s)a+ sa]||pds)

forp,g>1, where%+%:1

+ AHIB —all

sup,e(o) [/ [(1 = s) a+ sf]|l,

1/p

(J 111~ 5)a+ 5] ds)
for p,q > 1, where %Jr % 1
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and

(45) T @) < 5 [la= ol [ 17105+ sall ds

1
+la—al | ||f/[(1—8)a+56]||ds}
SUPse(o,1] I|f (1 —s)a+ sal
HG,—OéH (fol ”f/ [(1—s)a+sa]||pd8)1/p
forp,q>1, where 5 + ¢ =1

supsepo) 1S/ [(1 = s)a+ s,
1
+ 5118 —all 1 L/p
2 (Jo 17711 = 5) a+ 58] ds)
forp,q > 1, where % + % =1.

Corollary 2. With the assumptions of Theorem 4 we have

1
(n+1)!

(4.6) [Sux (a0, )] < (11 = Allla = al™** + 21118 - "+

X max{ sup Hf("“) [(1-s)a+ sa]‘
s€[0,1]

, sup Hf<n+1) [(1—s)a+sB}H}

s€0,1]

and, in particular,

(@) T (@A) < gt [l — o™ 4 16— "]

S ICE))

X max{ sup Hf(”ﬂ) [(1—s)a+ sa
s€[0,1]

s [ £ s>a+smH}.

s€[0,1]
We have the following

Theorem 5. Let B be a unital Banach algebra, a € B, G be a conver domain of C
with o (a) C G and a, B € D with o # B. If f : G — C is analytic on G, then for
n > 1 we have the representations (3.10) and (3.11) and the remainders Ly, (a, o, )



14

S.S. DRAGOMIR

and P, (a,«, 8) satisfy the norm inequalities

[ Ln (@, B)||
1

< -
~nl|f—q|

(4.8)

n

x |lla =«
for p,q > 1, where + 5 + ==1
I S IF D11 = s) @ + sa]|| ds
7T SUWPse(o,1] Hf(nH) [(1—5)a+sf]
1/p
+8—al” (nq+1)1/q (fo Hf("H) (1= s)a+sp][" ds)
for p,q > 1, where + 5 +7 1,
fol ||f(”+1) [(1—s)a+ sB]| ds.
and
(4.9)  ||P (a, a,B)H

< a—a« "+2/ Hf(nH)
o [l =l

#lg =l [

1
< -
!B —q
+ (18—

16— ) (@
Flg=al” [ 7 (@ - syat )] s

—a) [|a—a||" / 1 |79 (1= ) o+ sa)|| (1 - )" ds

ds]
1
< B —al (B —

%H SUP,e(o,1] | £ FD[(1 = 5) a + sal|

a)(a—a)

1/
W (fo Hf("H) (1—S)Oé+sa ¢ ds) ?

la —

—s)a+ sa)H (1-3s)"ds

s”ds]

—s)a—i—sﬂ)‘

%H SUDs¢[0,1] Hf(n—i-l) [(1—s)a+ sal

1/p
(nq+1 (nat0)i/7 (fo Hf "D [(1 - s) a + sal || ds)

OLHn+2 (

forp,q > 1, where 5 + 1 =1,

S [(1 = 5) a + sa] | ds

a1 SWDse o, [[fTV (1 = ) a+ 5]

1/p

a2 ) s (P01 )+ s8] ds)

for p,q > 1, where %4-% 1,

Ja £ [(1 = 5) a+ 55| ds.
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Proof. From Theorem 3 we have

ILn (0. 8)]
< a6 @@= Jla-ar [[ 7 @ - sas s 0o i
u o [ omsm]
<l { am "l [ 10 (-t 1 -0 s
+1(8 $)a+ sf) s"ds ]
S EEr iG] [m—an"/o |0 ((1 = 5 e+ sa)|| (1= )" ds

1
g =al* [ s @ - 9 s)
0
which proves the first inequality in (4.8). The second part follows by Holder’s
integral inequality.
The inequality (4.9) can be proved in a similar way. O

s"ds} =: B,

Remark 4. In the case n =0 we get

(@10)  flo)= g [F@)(B=a)+ /() (a= )]+ L(aa,f).

where

(4.11)  [IL (@, e, B) |

1 L )
Smll(ﬁ—a)(a—a)ll/o If (1 —s)a+sa)ds — f" (sa+ (1 —s)B)| ds

and
@12 @)= 5o [ (0) (a—a)+ £ (9) (B—a)) + Pla.a.d).
where

1

(4.13) | P(a,a,B)|| <

18— «a
1 1
<=l [C17 (= 9at salds-+ 18 - al? [ 171 = a+ sl
0 0
Moreover, if there exist L, > 0 such that
If' (1 —s)a+sa)ds— f' (sa+(1—s)B)| <(1—a)Ls|a—p
for all s € [0,1], then by (4.11) we get

(114) 12 (a0 8)] < 5L (5 - a) (0~ )]
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5. EXAMPLES FOR EXPONENTIAL FUNCTION

Let B be a unital Banach algebra, a € B. Consider the exponential function
f(z) =exp(z), z € C and put

E, .= sup |lexp[(1—s)a+ sz]|| < o0, n>0.
s€[0,1]

Observe that
exp (1 —t) A+ ta) = exp[(1 —¢t) ] exp (ta),
which gives
lexp ((1 —£) A+ ta)]|
= lexp [(1 — ) A]| [lexp (ta)|| = exp [(1 — ) Re A] [lexp (ta)|

<exp[(1—t)ReA]exp (tlal]) = exp [(1 —t) Re A+t |a]]
< exp (max {Re A, [la[[})

for any t € [0,1], A € C.
Therefore

E, . < exp(max{Rez,|al}).

Let B be a unital Banach algebra, a € B, G be a convex domain of C with o (a) C G
and a, 8 € D. If f: G — C is analytic on G, then by the inequality (4.1) we get

1 n+1 1
5.1 To(a,a,B)|| < ——— |la — « sup Hf(’”) 1-—s a—l—saH
1) T @ O < gy o —al™ sup (704711 9)a+ sa
1 n+1 (n+1)
S — ] - 1— .
DTSy 18— al e Hf [( 8)a+sﬁ]H

If we apply the inequality (5.1) for the exponential function, then we get the fol-
lowing norm inequality

(5.2) expa — SPaTEXPP ; exp
I1~1 k K k
=32 5 [ (@) (@ =) + (1) exp (8) (8 - o)
k=1
< 1
~2(n+1)!
« [la = ™ exp (max {Rea ] }) + 18 — all ™ exp (maxx {Re 3, ]
1

< 2+ la— ol + 118 — a||""" | exp (max {Re o, Re B, ||al|}) -
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Using the inequality (4.8) we have for « # § that
o
(n+1)!B—al

x [a—an" sup [ 7741~ )+ sa]
s€[0,1]

(5.3)  |Ln (a, 0, B)| < (6 = a) (a —

+18-al" sup || (1= s)at 55|
s€[0,1]

If we apply the inequality (5.3) for the exponential function, we get

e (0) (8 — ) + exp (8) (a — )]

(5.4) |lexpa — 5
(s —g)(c;— a) ’; ;' {exp( ) (a—a) (1) exp (B) (B - a)“} ‘

1
< F 1B —al 18 —a) (a—a)
% [lla = af|" exp (max {Re a, [lal|}) + || — al|" exp (max {Re 3, [|al|})]

1
< (‘quYT““T|K5'—a)(@—‘a)ﬂ

x [lla =™ + I8 — al|"] exp (max {Rea, Re 8, ||a|}) -
Using the inequality (4.9) we get
1
CEIEET

x la = af"? sup |[FHD[(1 = s)a+ sal|
s€[0,1]

(5.5)  [|Pa(a,a,B)| <

8= al™™? sup |[£D (1= s)a+ s8]
s€10,1]

for a # 5.

By writing this inequality (5.5) for the exponential function, we obtain

(5.6) 5

exp () — i Z kl' {eXp( ) (a— )t 4 (—1)k exp (B) (8 — a)k'H}H

1
CERVIEE
% [lla = a"* exp (max {Rea, la][}) + |18 = al"** exp (max {Re 3, |al|})]
1

< CESIEET la—af" "+ 8 - a||"+2} exp (max {Rea,Re 3, ||a]|}) -
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