SOME INTEGRAL INEQUALITIES FOR CONVEX FUNCTIONS
DEFINED ON LINEAR SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we provide some new integral inequalities related to
the Hermite-Hadamard result for convex functions defined on convex subsets
in a linear space. Applications for norms and multivariate real functions are
also given.

1. INTRODUCTION

Let X be areal linear space, a,b € X, a # band let [a,b] := {(1 — X) a+ Xb, XA € [0,1]}
be the segment generated by a and b. We consider the function f : [a,b] — R and
the attached function g (a,b) : [0,1] = R, g (a,b) (t) := f[(1 —t)a+tb], t € [0, 1].

It is well known that f is convex on [a, b] iff g (a,b) is convex on [0,1], and the
following lateral derivatives exist and satisfy

() g2 (a,0) (s) = (V£ [(1 = 5)a+ sb]) (b —a), s € [0,1)
(i) g% (a,0) (0) = (V+f( ) (b—a)

(iif) g~ (a,0) (1) = (V-1 (b)) (b —a)
) (y)

where (V1 f (2)) (y) are the Géteaux lateral derivatives, we recall that

(V+f (1‘)) (y) - = hli%lJr {f(fﬂ-l-h?;l’) - f(x)] ,

The following inequality is the well-known Hermite-Hadamard integral inequality
for convex functions defined on a segment [a,b] C X :

(HH) f<a+b> /f [(1—t a+tb]dt<w

2 i
which easily follows by the classical Hermite-Hadamard inequality for the convex
function g (a,b) : [0,1] = R

1 a a
9(a,b) (;) g/o g (oot) @t < @D O Lo @O M)

For other related results see the monograph on line [4].
We have the following result [2] related to the first Hermite-Hadamard inequality
n (HH):
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Theorem 1. Let X be a linear space, a, b€ X, a#b and [ :[a,b] C X - R be a
convex function on the segment [a,b]. Then for any s € (0,1) one has the inequality

(11) 5 [1= 9 (Tl =s)a+sb) (b a) = (V£ [(1 = $)a+ sb]) (b~ a)
g/1f[(1—t)a—i—tb]dt—f[(l—s)a—i—sb]
<02 @) -0~ (T f @) b-a).

The constant % is sharp in both inequalities. The second inequality also holds for
s=0o0rs=1.

If f: [a,b] — R is as in Theorem 1 and Gateaux differentiable in ¢ := (1 — A\) a+
Ab, A € (0,1) along the direction b — a, then we have the inequality:

1 (G-N) @@ o-as [ fla-nesaa- .

(13) o< 5|t (F) om0 -vor () 6-a)

</01f[(1—t)a+tb}dt—f<a;b>

< U5 B) 6= a) = (74 @) (b-a).

If f is as in Theorem 1, then

The constant % is sharp in both inequalities.

Also we have the following result [3] related to the second Hermite-Hadamard
inequality in (HH):

Theorem 2. Let X be a linear space, a, b€ X, a#b and f : [a,b] C X — R be a
convez function on the segment [a,b]. Then for any s € (0,1) one has the inequality

(1.4) % [(1 =) (Vafl(L=s)a+st]) (b—a) = (V-f (1 = s)a+sb]) (b—a)

<(1-=3s)f(a)+sf(b /f (1—t)a+tbdt

IN

; [(1 =5 (V-F (1) (b= a) = 5* (v (@) (b= )]

The constant % is sharp in both inequalities. The second inequality also holds for
s=0o0rs=1.

If f:[a,b] — Ris as in Theorem 2 and Gateaux differentiable in ¢ := (1 — X\) a+
Ab, A € (0,1) along the direction b — a, then we have the inequality:

(1.5) <;)\)(vf(c))(ba)§(1>\)f )+ Af(b /f (1—t)a+tb]dt.
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(16) 0< ;[+f( ”)(b—a) ()00

RACRSIU] / FlL=t)a+th]dt

(V- (8) (b= a) = (V4] (a) (b= a)].

If f is as in Theorem 2, then

IN
0| =

The constant é is sharp in both inequalities.

Motivated by the above facts, in this paper we provide some new integral in-
equalities related to the Hermite-Hadamard result for convex functions defined on
convex subsets in a linear space. Applications for norms and multivariate real
functions are also given.

2. THE RESULTS

Let f: C C X — R be a convex function on C. We define the function F} :
CxC —Rby

(2.1) Fy (z,y) ::/0 (1 =t)z+ty)dt.

Theorem 3. If f : C' C X — R is a convex function on C, then the function Fy
is conver on C x C.

Proof. Let (z,y), (u,v) € C x C and @, 8 > 0 with a + 8 = 1. Then
Fy(a(z,y) + B (u,v)) = Fy (ax + Bu, ay + Po)
/Olf((lt)(aw+ﬂU)+t(ay+6v))dt
= [ @i w s+ s10 - u
é/01[af((l—t)rc+ty)+ﬁf((1—t)u+tv)]dt

1 1
f(A-tz+ty)dt+B [ f((L—t)u+tv)dt
) 0

= aFy (z,y) + BF (u,v),

which proves the joint convexity of the function F. O

We also have the double integral Hermite-Hadamard type inequalities:
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Theorem 4. Let f: C C X — R be a convex function on C. Then for all (z,y),
(u,v) € C x C we have

1 T u v
(2.2) f<+4+y+>§/0f((lt) ; +ty; >dt

1o
S[)[)f((l7t)(17T)l‘+(17t)TU+t(lfT)y+tT’U)dth

g/lf(<1—t>$+ty)+f((1—t)u+tv)

dt
2

<T@+ @+ )+ ).

Proof. We write the Hermite-Hadamard inequality for the convex function Fy :
C x C — R to get

1
(2.3) Fy (W) g/o Fy [(1=7) (@) + 7 (u,0)] dr

< Fr (@ y) + Fy (u,0)

- 2
Since
(,y) + (u,v)\ _ z+u y+o\ [ TH+u Y+
() (2525500025252
| Bla=-n @@l
:/0 Frll—7)z+7u,(1—7)y+70]dr
1 1
:/0 </0 f((lt)[(l'r)erTu]th[(lT)y+7v])dt>d7
1,1
://f((l7t)(177')$+(1*t)7'u+t(17T)y+t7’0)dtd7'
o Jo
and
PP FPAM Y o { (EY EEE Y [CEL TR

hence by (2.3) we get the second and third inequalities in (2.2).
The first and last inequality in (2.2) are obvious by Hermite-Hadamard inequality
for the single integral. ]

Remark 1. By taking uw =y and v =z in (2.2), we have

Tty ot
f( 5 )S/O/Of([(lt)(lT)+t7]z+[(1t)Tth(lT)]y)dth

</1f((1t)$+ty)+f((1t)y+tz)
“Jo

dt
2
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namely, the following refinement of the first Hermite-Hadamard inequality:

(2.4) f(x“’) //f (1 =7 —t+2t7)x + (1 +t — 2tr)y) dtdr

g/f (1 —t)z + ty) dt.
0

We have the following reverse inequalities:

Theorem 5. With the assumptions of Theorem 4 we have

<5

<V+f( (1—1t) x+u+ty;v>)((lt)(u:r)th(vy))dt

[
( <1t x+u+ty;v)>((1t)(u:c)+t(vy))dt
< [

(I-t)l=-7m)z+ (1 —=t)Tu+t(l —7)y+trv)dtdr

f<(1_t)a:—|—u y—gv)dt
[/ T F (=t ut ) (1= ) (w—2) + (v — 1)) dt

O\Oo\»—*\\\oo\»—*

(T f (1= )+ 1)) (1 — 1) (u— ) + ¢ (v — y))dt}

and

0< [/01(w(u—tﬁguﬂgv))<<1—t><u-x>+t<v-y>>dt

(vf((l—t)x;quty;U))((1—t)(u—x)+t(v—y))dt
/

(I-t)z+ty)+ f((1—t)u+tv)
2

dt

f(A-vd-mz+A—-t)Tu+t(l—7)y+trv)dtdr
[/ T F (=t ut t0) (1= ) (w—z) + (v — 1)) dt

(V4 (A =tz +ty)) (1 —t) (uw—2) +t(v—y))dt]|.
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Proof. Now, observe that, by utilising the properties of the integral and limits under
the sign of integral, we have succesively that

1) (94 (e9) () o= i |FHEDERC) =5 ()]

h—0+ h
~ lim [Ff(:lc—l—hu,y—i—hv)—Ff(a?,y)}
h—0+ h
1 1
:hlir&fll[/o f((l—t)(x—i—hu)—l—t(y—i—hv))dt—/of((l—t)x—kty)dt}

) 1 1 1
:hlg&h{/o f((l—t)x+ty+h((1—t)u—l—tv))dt—/of((l—t)x—kty)dt}

:/O (Ve f (L=t + 1) (1 — )u+ tv) dt
and, similarly
@8)  (V-Frap) )= [ (G-f(1- Do+ t) (- ut )t

0
for all (z,y), (u,v) € C x C.
If we use the inequality (1.3) for the function Fy, then we have

1 z+u y+o
. < - - —
29) 0= g|very (T wesno-)
r+u y+ov
V—Ff< 9 9 )(USL‘,’UZJ)]
1
< [ Frlu- 0+ woa-r (T3 1)
0

=/01 (ver (-0 552+ )@= @w-0) + 0 -p)a

:/0 (T F (1= u+t0) (1= 8) (u— )+ (0 — ) dt

and
(erFf (JJ, y)) (u — T,V = y)

:/U (Vo f (L= t)z+ 1)) (L= b) (u— ) + £ (0 — ) dt,
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hence by (2.9) we get (2.5).
The inequality (2.6) follows in a similar way from (1.6).

Remark 2. If we take in Theorem 5 u =1y and v =z, then we get

o 0<3[f (25 () o)

A (V-f(x?’)) ((it) =) a]
g/;/;m(lt)(lv (0=t 7+t(1—7)]y) didr
_f(:c+y>
<i[[ @ra-vurm ((3-0)w-n)a

—/01 @eta=nerm) ((5-1)w-o)

Observe that by the change of variablet =1—s, s € [0,1] we have

/01 -1 -0+ ((5-1) w-o))
:/ol(vf((1—t)x+ty)) ((t—;> (y—x)) dt.

(V£ (@) (=y) = = (V+ ] (2) (9),

/01 et a=ne+m) ((5-1) w-o)

:—/Olwf((l—t>x+ty>>((t—§) (=) a
and by (2.10) we get

a1 o<y [0( )G w=n)
((”””))((i—t) )

//f [(1-1) Y+trlz+[(1—t) 7+t (1 —7)|y)dtdr

forzxz, yeC.
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Similarly, we have

o 053 [ o (3 (3-)o-o)s
L) (o)

Sﬁfﬂhﬂx+mﬁ

1 1
—/0/0f([(l—t)(l—r)+t7‘]x+[(1—t)7’+t(1—r)]y)dtd7‘

<§AWv.ﬂu—wx+w»(Q—§)@—m)m

3. EAMPLES FOR NORMS

Now, assume that (X, ||-||) is a normed linear space. The function f; (s) = 3 [E
x € X is convex and thus the following limits exist

() (@), = (V4 fo (1)) (@) = i [Lertel=lvlZ],

t—0+

(v) (z.y); = (V-fo(y)) (x) = lim [wﬂ}

s—0—
for any z, y € X. They are called the lower and upper semi-inner products
associated to the norm ||-||.
For the sake of completeness we list here some of the main properties of these
mappings that will be used in the sequel (see for example [1] or [5]), assuming that
p; q € {s,i} and p # ¢:

(a) (z,x), = |z|? for all z € X;
(aa) (axﬁy) —@ﬁ(xy) ifa,>0and z, y € X;
(aaa) ‘ (z,y) ‘ < |lz|l lly]| for all z, y € X;
(av) (az +y,2), = a(z,z), + (y,2),ifz,y € X and a € R;
W) (~z,y), = —(2,9), for all x,yeX;
(va) <$+ya 2)p < llzll [zl + (y, 2),, for all z, y, z € X;
(vaa) The mapping (-,-), is continuous and subadditive (superadditive) in the

first variable for p = s (or p = i);
(vaaa) The normed linear space (X, ||-]|) is smooth at the point zg € X\ {0} if and
only if (y, o), = (y, xo), for all y € X in general (y,x), < (y,z), for all z,
y € X;
(ax) If the norm |[|-|| is induced by an inner product (-,-), then (y,z), = (y,z) =
(y,z), for all z, y € X.

Applying inequality (HH) for the convex function fy(x) = %||x||2, one may
deduce the inequality

x+y 2
2

2 2
)™ + Nl

(3.1) .

1
g/ (1 —t)x + ty|* dt <
0
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for any =, y € X. The same (HH) inequality applied for f; () = ||z, will give the
following refinement of the triangle inequality:

1
(3.2) ar2—|—yH§/ ||(1—t)x+ty\|dt§w, x,y € X.
0
If we write the inequality (2.4) for the convex function f (z) = ||z||" with r > 1
we have
T+ y s 1 1 .
(3.3) ' g/ / (L =7 —t+2tr) &+ (7 +t — 2t7) y)|[" dedr
0o Jo

1
< / (1 —t)z+ty||" dt.
0

From (2.11) we get for the convex function fo (z) = % || that

o 053 [ [((-)-9252) {3025

g/ol/o1 (=) (1= ) +tr] a4 [(1 =) 7+t (1 — 7)] || dedr

Tty 2
2

</01<<t—;> (y—:c),(l—t)a:+ty>‘dt,

K2

while from (2.12) we get

w0 053 [ [((E)-9552), ~((3-)w-0-257)

1
g/ (1 = t) & + ty||* dt
0

1 1
—/0/0||[(1—t)(1—r)—|—t7']:1:+[(1—t)7+t(1—7)]y||2dtd7'

§/01<<t—;> <y—x>,<1—t)a:+ty>_dt.

K2

By the Schwarz inequality we have

(- navera s
L l-2)o-s

=||y—x||/01
<||y—x||/01

1
[::/
0

(1 —¢t)x+ ty|| dt

1
t—2’||(1—t)x+ty||dt

= 5|10 =0 el + el .

Consider

= 5|10 =0lell+ ol o
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By the change of variable t =1 — s, s € [0, 1], we also have

1 1
1 1
1= [|5-o|etell+ = tular = [ |e= 3| elell+ 0 - o s
0 0
If we add these two equalities, we get
! 1 1
2L = ([l + llyll) [ |t = 5| dt =7 lzll + gl
0
which gives
1
I'= 2 (el + 1yl -

This implies that

/ol<<t_;> (y_x)’(l_t)x+ty>idt
1
§||y—x||/0

Therefore, for any z, y € X we have the simple upper bounds:

1 1
t— 2‘ 10 =t)a +tylldt < o (l=ll + Nyl ly — =]l -

(3.6) og/o /O (=8 (1= )+ tr]a+ (1 =) 7+t (1 — )]y dtdr

o4yl
2

1
<ly-al |
0

1 1
t= 2’ I =)z +tylldt < o (=]l + llyl) lly — =]

and
1

(3.7) og/ (1 —t) @+ ty|° dt
0

—/0 /0 (=) (1= 7) 4tz + (1 =)+ (1 — )] y|]? dtdr
guy—xu/o

4. APLICATIONS FOR FUNCTIONS OF REAL VARIABLES

1 1
t— 2‘ 1L =)z +tylldt < o (2l + llyl) lly — =]

Now, let 2 C R™ be an open and convex set in R™. If F' : 2 — R is a differentiable
convex function on €2, then, obviously, for any ¢ € 2 we have

"\ OF (¢
vE@@ = 2Dy ger
i=1 v

where % are the partial derivatives of F' with respect to the variable z; (i = 1,...,n).
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For any @ = (ay,...,an), b = (b1, ...,b,) € Q we have for (2.11) and (2.12) that

(4.1) 0<// (I—t)(A—7)+tr]a+[(1—t)7+t(1—7)]b)dtdr
(5
%/ (’f‘2

0< /Olf((l—t a+tb) d

<

2
(z": F (1 5;)&—1—755) (bz-—x,-)> »

1=

)

=

and

/1 1f (I-t)(I—7)+trla+[(1—t)7+t(1—7)]b)dtdr
0 0

S;/Ol <t;> (iaF((lggaHb) (bixi)> "

=1

The case of a single variable is as follows. If f is convex on the interval I, then
for all a, b € I, the interior of I, we have

1ol
OS/O /0 FUa=t A =71 +trla+[Q=t)7+t(1—7)]b)dtdr

()

g;/ol <t—;> (1 =t)a+1tb) (b—a)dt

and
og/O FUL—t)a+ th)dt
—/0/0f([(l—t)(l—7')+t7-]a—|—[(l—t)T—i—t(l—T)]b)dth
1
g%/o <t;)f’((1t)a+tb)(ba)dt.

Since

1 10
/O t—2)f (1= t)a+th) (b— a) dt

(
:/01 (t—;)d(f((l—t)a+tb))

(t;)f ((L—=t)a+1td) /f (I—=t)a+tb)d
/

7/ F((1—t)a+th)dt
0
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hence we have the inequalities

(4.3) Og/()/0f([(l—t)(l—r)+t7]a+[(1—t)T+t(1—r)]b)dth

(%)

[f(‘l)‘;f(b)_/olf(u—t)an%b)dt} <

1 ! !
< 16 (®) = f(a)] (b~ a)

[N

and

(4.4) 0</1f((1—t)a+tb)dt
0

1]

2]

3]

[4]

[5]

—/Ol/olf([(l—t)(l—r)+t7']a+[(1—t)r+t(1—7‘)]b)dtd7‘

1
<
-2

[f(“);rf(b)_/o F(Q=t)at ) dt| < = [f (0) ~ f @] (b ).
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