
SOME INEQUALITIES FOR ANALYTIC FUNCTIONS IN
BANACH ALGEBRAS

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we prove among others that

kf (y) z � zf (x)k � 1

2�
kyz � zxk

Z


jf (�)j kRy (�)k kRx (�)k jd�j

� 1

2�
kyz � zxk

Z



jf (�)j jd�j
(j�j � kyk) (j�j � kxk)

;

where f : D � C! C is an analytic function on the domain D; x; y; z 2 B with
� (x) ; � (y) � D; Ry (�) ; Rx (�) are the resolvent functions for the elements
y and x; and 
 is a closed recti�able path in D and such that � (x) ; � (y) �
ins (
) : Applications for the exponential function on the Banach algebra B are
also given.

1. Introduction

Let B be an algebra over C. An algebra norm on B is a map k�k : B![0;1) such
that (B; k�k) is a normed space, and, further:

kabk � kak kbk
for any a; b 2 B: The normed algebra (B; k�k) is a Banach algebra if k�k is a
complete norm. We assume that the Banach algebra is unital, this means that B
has an identity 1 and that k1k = 1:
Let B be a unital algebra. An element a 2 B is invertible if there exists an

element b 2 B with ab = ba = 1: The element b is unique; it is called the inverse of
a and written a�1 or 1

a : The set of invertible elements of B is denoted by Inv (B).
If a; b 2 Inv (B) then ab 2 Inv (B) and (ab)�1 = b�1a�1:
For a unital Banach algebra we also have:

(i) If a 2 B and limn!1 kank1=n < 1; then 1� a 2 Inv (B);
(ii) fb 2 B: k1� bk < 1g � Inv (B);
(iii) InvB is an open subset of B;
(iv) The map InvB 3 a 7�! a�1 2 Inv (B) is continuous.
For simplicity, we denote �1; where � 2 C and 1 is the identity of B, by �: The

resolvent set of a 2 B is de�ned by
� (a) := f� 2 C : �� a 2 Inv (B)g ;

the spectrum of a is � (a) ; the complement of � (a) in C, and the resolvent function
of a is Ra : � (a)! Inv (B),

Ra (�) := (�� a)�1 :
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For each �; 
 2 � (a) we have the identity
Ra (
)�Ra (�) = (�� 
)Ra (�)Ra (
) :

We also have that
� (a) � f� 2 C : j�j � kakg :

The spectral radius of a is de�ned as

� (a) = sup fj�j : � 2 � (a)g :
Let B a unital Banach algebra and a 2 B. Then
(i) The resolvent set � (a) is open in C;
(ii) For any bounded linear functional � : B !C, the function ��Ra is analytic

on � (a) ;
(iii) The spectrum � (a) is compact and nonempty in C;
(iv) We have

� (a) = lim
n!1

kank1=n :

Let f be an analytic functions on the open disk D (0; R) given by the power
series

f (�) :=
1X
j=0

�j�
j (j�j < R) :

If � (a) < R; then the series
P1

j=0 �ja
j converges in the Banach algebra B becauseP1

j=0 j�j j


aj

 < 1; and we can de�ne f (a) to be its sum. Clearly f (a) is well

de�ned and there are many examples of important functions on a Banach algebra
B that can be constructed in this way. For instance, the exponential map on B
denoted exp and de�ned as

exp a :=
1X
j=0

1

j!
aj for each a 2 B.

If B is not commutative, then many of the familiar properties of the exponential
function from the scalar case do not hold. The following key formula is valid,
however with the additional hypothesis of commutativity for a and b from B

exp (a+ b) = exp (a) exp (b) :

Concerning other basic de�nitions and facts in the theory of Banach algebras,
the reader can consult the classical books [15] and [18].
Let B be a unital Banach algebra, a 2 B and G be a domain of C with � (a) � G:

If f : G! C is analytic on G, we de�ne an element f (a) in B by

(1.1) f (a) :=
1

2�i

Z
�

f (�) (� � a)�1 d�;

where � � G is taken to be close recti�able curve in G and such that � (a) � ins (�) ;
the inside of �:
It is well known (see for instance [6, pp. 201-204]) that f (a) does not depend

on the choice of � and the Spectral Mapping Theorem (SMT)

(1.2) � (f (a)) = f (� (a))

holds.
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Let Hol (a) be the set of all the functions that are analytic in a neighborhood
of � (a) : Note that Hol (a) is an algebra where if f; g 2 Hol (a) and f and g have
domains D (f) and D (g), then fg and f + g have domain D (f)\D (g). Hol (a) is
not, however a Banach algebra.
The following result is known as the Riesz Functional Calculus Theorem [6, p.

201-203]:

Theorem 1. Let B a unital Banach algebra and a 2 B.
(a) The map f 7! f (a) of Hol (a)! B is an algebra homomorphism.
(b) If f (z) =

P1
k=0 �kz

k has radius of convergence r > � (a) ; then f 2 Hol (a)
and f (a) =

P1
k=0 �ka

k:
(c) If f (z) � 1; then f (a) = 1:
(d) If f (z) = z for all z; f (a) = a:
(e) If f , f1; :::; fn::: are analytic on G; � (a) � G and fn (z)! f (z) uniformly

on compact subsets of G; then kfn (a)� f (a)k ! 0 as n!1:
(f) The Riesz Functional Calculus is unique and if a; b are commuting elements

in B and f 2 Hol (a) ; then f (a) b = bf (a) :

For some recent norm inequalities for functions on Banach algebras, see [3]-[5]
and [7]-[14].

2. Some Inequalities for Generalised Commutator

We start with the following identity for the resolvent that is of interest in itself
as well:

Lemma 1. Let � 2 C and a; b; c 2 B such that � 2 � (a) \ � (b) ; then
(2.1) Ra (�) c� cRb (�) = Ra (�) (ac� cb)Rb (�) :
In particular, we have the second resolvent identity

(2.2) Ra (�)�Rb (�) = Ra (�) (a� b)Rb (�)
and the commutator identity for the resolvent

(2.3) Ra (�) c� cRa (�) = Ra (�) (ac� ca)Ra (�) :

Proof. We have the following simple identity

(2.4) x�1 (cy � xc) y�1 = x�1cyy�1 � x�1xcy�1 = x�1c� cy�1;
that holds for any invertible x; y 2 B and c 2 B:
If � 2 � (a) \ � (b) ; then by taking x = �� a and y = �� b we get

Ra (�) c� cRb (�) = (�� a)�1 c� c (�� b)�1

= (�� a)�1 (c (�� b)� (�� a) c) (�� b)�1

= (�� a)�1 (�c� cb� �c+ ac) (�� b)�1

= (�� a)�1 (ac� cb) (�� b)�1

= Ra (�) (ac� cb)Rb (�) ;

namely the identity (2.1). �

Our �rst main result is as follows:
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Theorem 2. Let f : D � C ! C be an analytic function on the domain D, x;
y; z 2 B with � (x) ; � (y) � D and 
 be a closed recti�able path in D such that
� (x) ; � (y) � ins (
) : Then we have

kf (y) z � zf (x)k � 1

2�
kyz � zxk

Z



jf (�)j kRy (�)k kRx (�)k jd�j(2.5)

� 1

2�
kyz � zxk

Z



jf (�)j jd�j
(j�j � kyk) (j�j � kxk) :

In particular,

kf (x) z � zf (x)k � 1

2�
kxz � zxk

Z



jf (�)j kRx (�)k2 jd�j(2.6)

� 1

2�
kxz � zxk

Z



jf (�)j jd�j
(j�j � kxk)2

and

kf (y)� f (x)k � 1

2�
ky � xk

Z



jf (�)j kRy (�)k kRx (�)k jd�j(2.7)

� 1

2�
ky � xk

Z



jf (�)j jd�j
(j�j � kyk) (j�j � kxk) :

Proof. Using the Riesz functional calculus we have

f (y) z � zf (x) = 1

2�i

Z



f (�) (� � y)�1 zd� �
Z



f (�) z (� � x)�1 d�

=
1

2�i

Z



f (�)
h
(� � y)�1 z � z (� � x)�1

i
d�

=
1

2�i

Z



f (�) [Ry (�) z � zRx (�)] d�:

By taking the norm in this equality and using the properties of Bochner�s integral
[17] we get

(2.8) kf (y) z � zf (x)k � 1

2�

Z



jf (�)j kRy (�) z � zRx (�)k jd�j :

By taking the norm in the equality (2.1) and using the properties of the norm,
we get

kRy (�) z � zRx (�)k = kRy (�) (yz � zx)Rx (�)k
� kRy (�)k kyz � zxk kRx (�)k

and by (2.8) we get

(2.9) kf (y) z � zf (x)k � 1

2�
kyz � zxk

Z



jf (�)j kRy (�)k kRx (�)k jd�j ;

which proves the �rst inequality in (2.5).
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For � 2 
 we get

kRy (�)k =
1

j�j







�
1� y

�

��1




 = 1

j�j







1X
n=0

�
y

�

�n





� 1

j�j

1X
n=0





y�




n = 1

j�j
1

1�



y�


 =

1

j�j � kyk

and, similarly

kRx (�)k �
1

j�j � kxk :

By making use of (2.9), we deduce the second inequality in (2.5). �

Remark 1. The inequality between the �rst and last term in (2.6) has been obtained
in [10] while the inequality between the �rst and last term in (2.7), in [9].

Corollary 1. With the assumptions of Theorem 2 and if

kfk
;1 := sup
�2


jf (�)j <1;

then

kf (y) z � zf (x)k � 1

2�
kyz � zxk kfk
;1

Z



kRy (�)k kRx (�)k jd�j(2.10)

� 1

2�
kyz � zxk kfk
;1

Z



jd�j
(j�j � kyk) (j�j � kxk) :

In particular,

kf (x) z � zf (x)k � 1

2�
kxz � zxk kfk
;1

Z



kRx (�)k2 jd�j(2.11)

� 1

2�
kxz � zxk kfk
;1

Z



jd�j
(j�j � kxk)2

and

kf (y)� f (x)k � 1

2�
ky � xk kfk
;1

Z



kRy (�)k kRx (�)k jd�j(2.12)

� 1

2�
ky � xk kfk
;1

Z



jd�j
(j�j � kyk) (j�j � kxk) :

Remark 2. If we assume that f : D � C ! C is an analytic function on the
domain D and x; y 2 B with � (x) ; � (y) � D (0; R) � D where D (0; R) is an open
disk centered in 0 and of radius R; then by taking 
 parametrized by � (t) = Re2�it

where t 2 [0; 1] ; then d� (t) = 2�iRe2�itdt; jd� (t)j = 2�Rdt; j�j = R and by (2.10)
we get

kf (y) z � zf (x)k(2.13)

� R kyz � zxk
Z 1

0

��f �Re2�it��� 

Ry �Re2�it�

 

Rx �Re2�it�

 dt
� R

(R� kyk) (R� kxk) kyz � zxk
Z 1

0

��f �Re2�it��� dt:
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In particular,

kf (x) z � zf (x)k � R kxz � zxk
Z 1

0

��f �Re2�it��� 

Rx �Re2�it�

2 dt(2.14)

� R

(R� kxk)2
kxz � zxk

Z 1

0

��f �Re2�it��� dt
and

kf (y)� f (x)k(2.15)

� R ky � xk
Z 1

0

��f �Re2�it��� 

Ry �Re2�it�

 

Rx �Re2�it�

 dt
� R

(R� kyk) (R� kxk) ky � xk
Z 1

0

��f �Re2�it��� dt:
Moreover, if

kfkR;1 := sup
t2[0;1]

��f �Re2�it��� <1;
then we have the simpler inequality

kf (y) z � zf (x)k(2.16)

� R kyz � zxk kfkR;1
Z 1

0



Ry �Re2�it�

 

Rx �Re2�it�

 dt
�

R kfkR;1
(R� kyk) (R� kxk) kyz � zxk

and in particular

kf (x) z � zf (x)k � R kxz � zxk kfkR;1
Z 1

0



Rx �Re2�it�

2 dt(2.17)

�
R kfkR;1
(R� kxk)2

kyz � zxk

and

kf (y)� f (x)k � R ky � xk kfkR;1
Z 1

0



Ry �Re2�it�

 

Rx �Re2�it�

 dt(2.18)

�
R kfkR;1

(R� kyk) (R� kxk) ky � xk :

Corollary 2. Let f; g : D � C ! C be analytic functions on the domain D and
x; y 2 B with � (x) ; � (y) � D and 
 a closed recti�able path in D and such that
� (x) ; � (y) � ins (
) : Then we have

kf (x) g (y)� g (y) f (x)k � 1

4�2
kxy � yxk(2.19)

�
Z



jf (�)j kRx (�)k2 jd�j
Z



jg (�)j kRy (�)k2 jd�j

� 1

4�2
kxy � yxk

Z



jf (�)j jd�j
(j�j � kxk)2

Z



jg (�)j jd�j
(j�j � kyk)2

:
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Moreover, if

kfk
;1 := sup
�2


jf (�)j <1; kgk
;1 := sup
�2


jg (�)j <1;

then we have

kf (x) g (y)� g (y) f (x)k(2.20)

� 1

4�2
kfk
;1 kgk
;1 kxy � yxk

Z



kRx (�)k2 jd�j
Z



kRy (�)k2 jd�j

� 1

4�2
kfk
;1 kgk
;1 kxy � yxk

Z



jd�j
(j�j � kxk)2

Z



jd�j
(j�j � kyk)2

:

Proof. From the �rst inequality in (2.6) for z = g (y) we get

kf (x) g (y)� g (y) f (x)k � 1

2�
kxg (y)� g (y)xk

Z



jf (�)j kRx (�)k2 jd�j :

From the same inequality we have

kxg (y)� g (y)xk = kg (y)x� xg (y)k � 1

2�
kxy � yxk

Z



jg (�)j kRy (�)k2 jd�j :

From these two inequalities we obtain

kf (x) g (y)� g (y) f (x)k

� 1

2�

�
1

2�
kxy � yxk

Z



jg (�)j kRy (�)k2 jd�j
�Z




jf (�)j kRx (�)k2 jd�j

=
1

4�2
kxy � yxk

Z



jg (�)j kRy (�)k2 jd�j
Z



jf (�)j kRx (�)k2 jd�j ;

which proves the �rst part of (2.19).
The second part is obvious. �

Remark 3. If we assume that f : D � C ! C is an analytic function on the
domain D and x; y 2 B with � (x) ; � (y) � D (0; R) � D where D (0; R) is an open
disk centered in 0 and of radius R; then

kf (x) g (y)� g (y) f (x)k(2.21)

� R2 kxy � yxk

�
Z 1

0

��f �Re2�it��� 

Rx �Re2�it�

2 dt Z 1

0

��g �Re2�it��� 

Ry �Re2�it�

2 dt
� R2

(jRj � kxk)2 (jRj � kyk)2
kxy � yxk

�
Z 1

0

��f �Re2�it��� dt Z 1

0

��g �Re2�it��� dt:
Moreover, if

kfkR;1 := sup
t2[0;1]

��f �Re2�it��� <1; kgkR;1 := sup
t2[0;1]

��g �Re2�it��� <1;
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then we have

kf (x) g (y)� g (y) f (x)k � R2 kfkR;1 kgkR;1 kxy � yxk(2.22)

�
Z 1

0



Rx �Re2�it�

2 dt Z 1

0



Ry �Re2�it�

2 dt
�

R2 kfkR;1 kgkR;1
(jRj � kxk)2 (jRj � kyk)2

kxy � yxk :

When g = f we have

kf (x) f (y)� f (y) f (x)k(2.23)

� R2 kxy � yxk

�
Z 1

0

��f �Re2�it��� 

Rx �Re2�it�

2 dtZ 1

0

��f �Re2�it��� 

Ry �Re2�it�

2 dt
� R2

(jRj � kxk)2 (jRj � kyk)2
kxy � yxk

�Z 1

0

��f �Re2�it��� dt�2
and

kf (x) f (y)� f (y) f (x)k(2.24)

� R2 kfk2R;1 kxy � yxk
Z 1

0



Rx �Re2�it�

2 dt Z 1

0



Ry �Re2�it�

2 dt
�

R2 kfk2R;1
(jRj � kxk)2 (jRj � kyk)2

kxy � yxk :

3. Some Related Results

We also have the following fact [6, p. 199]:

Lemma 2. Let � 2 C, � 6= 0 and a; b 2 B. If � 2 � (ab) ; then � 2 � (ba) and we
have the equality

(3.1) �Rba (�) = 1 + bRab (�) a:

Also � (ab) [ f0g = � (ba) [ f0g :

We have the following identity for the generalized commutator:

Lemma 3. For any elements a; b; c in the Banach algebra B and for any n � 1
we have

(3.2) anc� cbn =
n�1X
i=0

an�i�1 (ac� cb) bi:

In particular, we have

(3.3) anc� can =
n�1X
i=0

an�i�1 (ac� ca) ai

and

(3.4) an � bn =
n�1X
i=0

an�i�1 (a� b) bi:
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Proof. We prove it by induction over n. For n = 1 we obtain in both sides of (3.2)
the same quantity ac� cb: Assume that for k � 2 we have that

akc� cbk =
k�1X
i=0

ak�i�1 (ac� cb) bi

and let us prove that

ak+1c� cbk+1 =
kX
i=0

ak�i (ac� cb) bi:

We have
kX
i=0

ak�i (ac� cb) bi =
k�1X
i=0

ak�i (ac� cb) bi + ak�k (ac� cb) bk

= a
k�1X
i=0

ak�i�1 (ac� cb) bi + (ac� cb) bk

= a
�
akc� cbk

�
+ (ac� cb) bk (by induction hypothesis)

= ak+1c� acbk + acbk � cbk+1 = ak+1c� cbk+1

and the proof is completed. �

Corollary 3. The following simple equality also holds

(3.5) (xy)
n
x = x (yx)

n

for all n � 0 and x; y in the Banach algebra B.

Proof. If we take a = xy, b = yx and c = x in (3.2), then we get

(xy)
n
x� x (yx)n =

n�1X
i=0

(xy)
n�i�1

(xyx� xyx) (yx)i = 0;

which proves (3.5). �

Lemma 4. Let � 2 C, � 6= 0 and a; b 2 B. If � 2 � (ab) ; then � 2 � (ba) and
(3.6) aRba (�) = Rab (�) a:

Proof. We have for � 2 � (ab) ; � 6= 0 that

Rab (�) a =
1

�

�
1� ab

�

��1
a =

1

�

 1X
n=0

�
ab

�

�n!
a =

1

�

1X
n=0

(ab)
n
a

�n
:

By using (3.5) we have (ab)n a = a (ba)
n for all n � 0 and since, by Lemma 2,

� 2 � (ba) ; then

1

�

1X
n=0

(ab)
n
a

�n
=
1

�

1X
n=0

a (ba)
n

�n
=
1

�
a

 1X
n=0

(ba)
n

�n

!

=
1

�
a

1X
n=0

�
ba

�

�n
=
1

�
a

�
1� ba

�

��1
= aRba (�) ;

and the equality (3.6) is proved. �
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Theorem 3. Let f : D � C! C be an analytic function on the domain D and a;
b 2 B with � (ab) [ f0g � D. Then we have

(3.7) af (ba) = f (ab) a

and

(3.8) bf (ab) = f (ba) b:

Proof. Let 
 be a closed recti�able path in D and such that � (ab)[f0g = � (ba)[
f0g � ins (
) : By using the identity (3.6) and the Riesz functional calculus, we
have

af (ba) =
1

2�i
a

Z



f (�) (� � ba)�1 d� = 1

2�i

Z



f (�) aRba (�) d� =

=
1

2�i

Z



f (�)Rab (�) ad� =

�
1

2�i

Z



f (�)Rab (�) d�

�
a =

= f (ab) a;

and the identity (3.7) is proved. The identity (3.8) follows by (3.7). �

Corollary 4. Let f : D � C ! C be an analytic function on the domain D and
a; b 2 B with � (ab) [ f0g � D. If 
 is a closed recti�able path in D and such that
� (ab) [ f0g � ins (
) ; then

kf (ab) a� af (ab)k(3.9)

� 1

2�
kak kba� abk

�min
�Z




jf (�)j kRab (�)k2 jd�j ;
Z



jf (�)j kRba (�)k kRab (�)k jd�j
�

� 1

2�
kak kba� abk

�min
(Z




jf (�)j jd�j
(j�j � kabk)2

;

Z



jf (�)j jd�j
(j�j � kbak) (j�j � kabk)

)
:

Proof. Using the inequality (2.6) we get

kf (ab) a� af (ab)k � 1

2�



aba� a2b

Z



jf (�)j kRab (�)k2 jd�j(3.10)

� 1

2�
kak kba� abk

Z



jf (�)j kRab (�)k2 jd�j

� 1

2�
kak kba� abk

Z



jf (�)j jd�j
(j�j � kabk)2

:

From (3.7) we get

a (f (ba)� f (ab)) = af (ba)� af (ab) = f (ab) a� af (ab) :
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Taking the norm and using the inequality (2.5) we also have

kf (ab) a� af (ab)k = ka (f (ba)� f (ab))k � kak kf (ba)� f (ab)k(3.11)

� 1

2�
kak kba� abk

Z



jf (�)j kRba (�)k kRab (�)k jd�j

� 1

2�
kak kba� abk

Z



jf (�)j jd�j
(j�j � kbak) (j�j � kabk) :

On making use of (3.10) and (3.11) we get the desired inequality (3.9). �

Remark 4. If we assume that f : D � C ! C is an analytic function on the
domain D and a; b 2 B with � (ab)[ f0g � D � D (0; R) � D where D (0; R) is an
open disk centered in 0 and of radius R; then

(3.12) kf (ab) a� af (ab)k � R kak kba� abk
(R� kabk)max fR� kabk ; R� kbakg kfkR;1

provided that
kfkR;1 := sup

t2[0;1]

��f �Re2�it��� <1:
Corollary 5. Let f : D � C ! C be an analytic function on the domain D and
a; b 2 B with � (ab) [ f0g � D. If 
 is a closed recti�able path in D and such that
� (ab) [ f0g � ins (
) ; then

kaf (ba)� f (ba) a+ bf (ab)� f (ab) bk(3.13)

� 1

2�
ka� bk kab� bak

Z



jf (�)j kRab (�)k kRba (�)k jd�j

� 1

2�
ka� bk kab� bak

Z



jf (�)j jd�j
(j�j � kbak) (j�j � kabk) :

Proof. From (3.7) we have

af (ba)� f (ab) b = f (ab) a� f (ab) b = f (ab) (a� b)
while from (3.8) we get

f (ba) a� bf (ab) = f (ba) a� f (ba) b = f (ba) (a� b) ;
which implies

af (ba)� f (ab) b� f (ba) a+ bf (ab) = f (ab) (a� b)� f (ba) (a� b)
namely

(3.14) af (ba)� f (ba) a+ bf (ab)� f (ab) b = [f (ab)� f (ba)] (a� b) :
By taking the norm in (3.14), we get

kaf (ba)� f (ba) a+ bf (ab)� f (ab) bk = k[f (ab)� f (ba)] (a� b)k(3.15)

� kf (ab)� f (ba)k ka� bk :
From the inequality (2.7) we have

kf (ab)� f (ba)k � 1

2�
kab� bak

Z



jf (�)j kRab (�)k kRba (�)k jd�j

� 1

2�
kab� bak

Z



jf (�)j jd�j
(j�j � kbak) (j�j � kabk)
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and by (3.15) we deduce the desired result (3.13). �
Remark 5. If we assume that f : D � C ! C is an analytic function on the
domain D and a; b 2 B with � (ab)[ f0g � D � D (0; R) � D where D (0; R) is an
open disk centered in 0 and of radius R; then

(3.16) kaf (ba)� f (ba) a+ bf (ab)� f (ab) bk �
R ka� bk kab� bak kfkR;1
(R� kbak) (R� kabk)

provided that
kfkR;1 := sup

t2[0;1]

��f �Re2�it��� <1:
4. Some Examples

The modi�ed Bessel function of the �rst kind I�(z) for real number � can be
de�ned by the power series as [1, p. 376]

I�(z) =

�
1

2
z

�� 1X
k=0

�
1
4z
2
�k

k!� (� + k + 1)
;

where � is the gamma function. For n = 0 we have I0(z) given by

(4.1) I0(z) =
1X
k=0

�
1
4z
2
�k

(k!)
2 :

An integral formula for real number � is

I�(z) =
1

�

Z �

0

ez cos � cos (��) d� � sin (��)
�

Z 1

0

e�z cosh t��tdt;

which simpli�es for � an integer n to

In(z) =
1

�

Z �

0

ez cos � cos (n�) d�:

For n = 0 we have

I0(z) =
1

�

Z �

0

ez cos �d�:

Let � 2 R and R > 0: If we change the variable � = 2�t; then dt = 1
2�d� andZ 1

0

exp [�R cos (2�t)] dt =
1

2�

Z 2�

0

exp [�R cos �] d�

=
1

2

�
1

�

Z �

0

exp [�R cos �] d� +
1

�

Z 2�

�

exp [�R cos �] d�

�
=
1

2

�
1

�

Z �

0

exp [�R cos �] d� +
1

�

Z �

0

exp [��R cos �] d�
�

=
1

2
(I0(�R) + I0(��R)) = I0(�R) by (4.1).

Consider the inequality (2.21) in the form

kf (x) g (y)� g (y) f (x)k � R2

(jRj � kxk)2 (jRj � kyk)2
kxy � yxk(4.2)

�
Z 1

0

��f �Re2�it��� dt Z 1

0

��g �Re2�it��� dt;
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where f : D � C! C is an analytic function on the domain D and x; y 2 B with
� (x) ; � (y) � D (0; R) � D where D (0; R) is an open disk centered in 0 and of
radius R:
Consider the exponential function f (a) = exp (�a) ; a 2 B and � 2 R. Assume

that x; y 2 B and kxk ; kyk < R for some R > 0: Observe that��exp ��Re2�it��� = jexp [�R (cos (2�t) + i sin (2�t))]j = exp [�R cos (2�t)] :
Now, if we write the inequality (4.2) for the functions f (x) = exp (�x) ; x 2 B,
� 2 R and g (y) = exp (�y) ; y 2 B, � 2 R then we get

kexp (�x) exp (�y)� exp (�y) exp (�x)k

� R2

(jRj � kxk)2 (jRj � kyk)2
kxy � yxk

�
Z 1

0

exp [�R cos (2�t)] dt

Z 1

0

exp [�R cos (2�t)] dt;

and sinceZ 1

0

exp [�R cos (2�t)] dt = I0(�R) and
Z 1

0

exp [�R cos (2�t)] dt = I0(�R);

hence we get the following inequality of interest for the exponential commutator

kexp (�x) exp (�y)� exp (�y) exp (�x)k(4.3)

� R2

(jRj � kxk)2 (jRj � kyk)2
kxy � yxk I0(�R)I0(�R)

for all x; y 2 B and kxk ; kyk < R for some R > 0:
From the equality (3.7) we also have the equality

(4.4) x exp (yx) = exp (xy)x

for all x; y 2 B.
Moreover, if x is invertible, then we get from (4.4) that

(4.5) exp (yx) = x�1 exp (xy)x

for all y 2 B.
Finally, from the inequality (3.16) written for the exponential function, we get

(4.6) kxf (yx)� f (yx)x+ yf (xy)� f (xy) yk � R exp(R) kx� yk kxy � yxk
(R� kyxk) (R� kxyk)

for x; y 2 B with kxyk ; kyxk < R.
The interested reader may apply some of the above inequalities for other analytic

functions such as sin, cos; sinh; cosh. The details are omitted.
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