SOME INEQUALITIES FOR AN INTEGRAL OPERATOR AND
n-TIME DIFFERENTIABLE FUNCTIONS

SILVESTRU S. DRAGOMIRY2 AND STEVEN G. FROM?3

ABSTRACT. In this paper we establish some trapezoid type inequalities for the
operator

Dot p—f(2) = % [

/If(t)dtJrﬁ/:f(t)dt} L 2 € (a,b)

T—a /g,

in the case of functions f : [a,b] — C whose n-derivatives F are absolutely
continuous on [a, b]. Several Hermite-Hadamard type inequalities are also pro-
vided.

1. INTRODUCTION

The following theorem is well known in the literature as Taylor’s formula or
Taylor’s theorem with the integral remainder.

Theorem 1. Let I C R be a closed interval, c € I and let n be a positive integer.
If f: I — C is such that the n-derivative f™) is absolutely continuous on I, then
for each z € T

(1.1) f(2)=Tu(fic,2) + Ru (fic,2),
where T,, (f; ¢, z) is Taylor’s polynomial, i.e.,
n Y
(1.2 T (frez) =3 o 0 (o)
k=0

Note that f©) := f and 0! := 1 and the remainder is given by

1 z
(1.3) Ra(fiez)im o [ (=07 0 ()
A simple proof of this theorem can be achieved by mathematical induction using

the integration by parts formula in the Lebesgue integral.
Assume that the function f : (a b) — C is Lebesgue integrable on (a,b). We

consider the following operator [7]
/ I dt+—/f dt] € (ab).

We observe that if we take z = “—H’ , then we have
a+b
Da+,b7f ( )
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(1.4) Dotp—f (l‘) [
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Moreover, if f (a+) := lim, 4 f (z) exists and is finite, then we have

f(a+)+b_1a/:f(t)dt]

and if f (b—) :=lim,_;_ f (z) exists and is finite, then we have

b
T Dy ()= [f (=) + / 10 dt] .

So, if f : [a,b] — C is Lebesgue integrable on [a, b] and continuous at right in ¢ and
at left in b, then we can extend the operator on the whole interval by putting

Dy f @)= [f @+ [ 10 dt]

b
b)+ﬁ/ f(t)dt}.

We say that the function f : [a,b] — C is of H-r-Hélder type if

If@) = fs)<H[t—s|"

for any t, s € [a,b], where H > 0 and r € (0,1]. If » = 1 and we put H = L, then
we call the function of L-Lipschitz type.

In the recent paper [7] we obtained amongst other the following trapezoid type
inequalities:

xlgng Dap-f (@) = 2

and

Duvof (b) =

1
2

Theorem 2. If f is of H-r-Holder type on [a,b] with H > 0 and r € (0,1], then
for any = € (a,b) we have

b \ \
(15) \Dw,b_f(x) - Mg )\ < srpla-ar+ e-ol.
In particular, if f is of L-Lipschitz type, then
(16) D f (@) - W’ <lLp-a)

for any x € (a,b).

If we take in Theorem 2 = = “'QH’, then we get the following trapezoid type
inequality
(a) + Q) 1 r
1.7 t)dt — < H (- .
(1.7) b_a/f — 27 (r+41) (b—a)

In particular, if f is of L-Lipschitz type, then we get the result from [16]:

/f )-;f()

1L(b—a)

(1.8) i

b—a

Motivated by the above results, by the use of Taylor’s formula with integral re-
mainder (1.1), in this paper we establish a trapezoid type representation for the
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operator Dqy p— f (x), © € (a,b) in the case of functions f : [a,b] — C whose n-
derivatives f(™ are absolutely continuous on [a,b] . As applications, several trape-
zoid type inequalities are also provided. Moreover, several Hermite-Hadamard type
inequalities are also established.

2. SOME TRAPEZOID TYPE IDENTITIES

We have the following representation:

Theorem 3. Let I C R be an interval, [a,b] C I and f : I — C is such that the
n-derivative f) is absolutely continuous on [a,b]. Then for any = € (a,b) we have
the representation

n

@1 Dewsf@)=3

k=0

1
k+1)!

f® (@) (@ —a)* + (=1)" f® ) (b - 2)"
2

1 1
n % (« — a)n+1 / / un+lsnf(n+1) (sa+ (1 —s) [(1 —u)a+ um]) dsdu
n! 0o Jo

(_1)n+1

e
+ “onl (b— :E)n+ /0 /0 utlgn p(ntl) (1 — 8) [uz + (1 — u) b] + sb) dsdu.

Proof. Using Taylor’s representation with the integral remainder (1.1) we can write
the following two identities

22 W= Y @u-a o [ Q-0

k=0
and
n _ k . n+1 b
ey s =Y S e e-v+ S0 [ @ e-ya
2 —J,

for any vy, a, b € I.
For any integrable function h on an interval and any distinct numbers ¢, d in
that interval, we have, by the change of variable t = (1 — s) ¢ + sd, s € [0,1] that

d 1
/h(t)dt:(d—c)/ h((1—s)c+ sd) ds.
c 0

Therefore,

/yf("“) (t)(y—t)"dtZ(y—a)/ FO (1= s)a+sy) (y— (1—s)a—sy)"ds

a 0
1
=(y—a"" / FU((1—s)a+sy) (1—s)" ds
0

and

b 1
/ £ (1) (t—y)”dt:(b—y)/o SO (L= 8)y +sb) (1= )y + sb—y)" ds

1
=(b—y)" / FOFD (1 = 5) y + sb) s"ds.
0
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The identities (2.2) and (2.3) can then be written as

n

24) fly)=), o/ (a) (v - a)t
k=0
L [ a9
and
n k
23 F =3 S 06—
k=0

+ (- 1)n+1(by”+/ FOHD (1= 5) y + sb) s™ds.

Now, for z € (a,b), if we integrate (2.4) on [a, z] over y, then we get

/awf(y zn:

k=

(k +
0
n ni/ n+1 </01 f(n+1) ((1 . s) a+ sy) (1 . S)n ds) dy,

(a) (@ — a)"*!

which gives

[ rwa=Y

k=0

/ax (y—a)™ </0 FO((1=s)a+sy) (1—s)" ds> dy.

Also, if we integrate (2.5) on [z, b] over y, then we get

(k +1 o/ @ @)

nlz —a

- (*1)16 (k) kE+1
Fly)dy=">" ([ (0) (b — =)

which gives

/f =3 ()f(’“>()( o)

-t ’ +1 ! (n+1)
—_— — n n+ _ n
+ n b_x /x (b—y) (/0 f (1=s)y+sb)s ds) dy.

Now, if we make the change of variable y = (1 — u) a + ux, u € [0, 1], then

/: (y —a)"*! (/01 FOD (1 —s)a+sy) (1 —s)" ds> dy

— (- o) /01 w1 (/01 FOD (1= s)at s [(1— w)a+ ua]) (1 —s)" ds> du
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and by (2.6) we get

zia/;f(y En:

k=0
1 e
+= (.f _ a)n-i- un+1
n! 0

ol @@

N

/O FO (1 =s)a+s[(1—u)a+uz]) (1—s)" ds) du
SN |
_ ;} i 1)!f<k> (a) (z — a)*

+ l' (z —a)"™! /01 u" /1 FOF (sa+ (1 —s)[(1 — u) a + uzl) s"ds) du

n. 0

for z € (a,b), where for the last equality we replaced s by 1 — s.
Also, if we make the change of variable y = (1 — v) x + vb, v € [0,1], then

/: (b—y)"* </01 FOD (1= 8)y + sb) s"d5> dy
= (b—a)"" /01 (1—v)" </01 FOED((1 = 8) [(1 - v) 2 + vb] + sb) Snd5> dv

and by changing again the variable u =1 — v, v € [0,1], we have

/ RO (f O (1 s) g+ sb) stds) dy
(b /0 s ( /0 LD (1 ) [+ (1 — )b + sb) s"ds) du.

From (2.7) we get

29 7 [ e (,i+>1)f<k><>< ~a)f
Jr(—ln)!n+1 (b x)”“/ nt1 </ FO (1 = ) [uz + (1 — u) b] + sb) Snds> du
for « € (a,b).

Therefore, by (2.8) and (2.9) we get

T b
Do f @)= [i/ foa [ f(t)dt]

zn: 1 f(k) (a) (z — a)k + Z (—1)k f(k)
pre (k+1)! (k+1)!

k=0

1
T2

(b) (b— x)’f]

+ 2%1' (z —a)" /01 un Tt (/01 FOH (sa+ (1 — ) [(1 — w) a + ux)) s”ds> du

(_1>n+1 n+1 ' n+1 ' (n+1) n
+72n' (b—uz) u f (1 —s)[uz + (1 —u)b] + sb) s"ds | du,
: 0 0
which proves the desired result (2.1). d

a+

The case when z = 2t is of interest.
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Corollary 1. With the assumption of Theorem 8 we have

b n ) (@) + (—1)* £k
210) b%/ Ftd—3 k+11 F® (@) + (=1)F f (b)](b_a)k
@ k:O

ok+1
Ry S n+l n | p(n+1) B B a+b
+2”+2n! (b—a) /0 /0 u" s [f sa+(1—=s)|(1—uw)a+u 5 dsdu

+ (=) ) ((1 — ) [ua ;r b - b} + sbﬂ dsdu.

: _ atb
The proof follows by Theorem 3 on taking x = %

Remark 1. For n =0, we get from (2.1) that

(211) Day e f(z):w
1 1 rl ,
+§(xfa)/0 /0 wf' (sa+ (1 —s)[(1 —u)a+ ux]) dsdu

1 1 1 ,
—5(5—33)/0 /0 wf (1= 8) fuz + (1 — w) b] + sb) dsdu

for x € (a,b) and, in particular

/ Ry AGELU)

b_a// [ <sa+1—s)[(1—u)a+u“;rbD
—f <(1 ) {ua—;b + (1 —u) b} +sb>} dsdu.

Forn =1, we get from (2.1) that

fla)+ )  fla)(@—a)—[(B)0b-)

(2.12)
b—a

(213) Dayof(2) =

2 4
1 2 e 2,1 _ _
—|—§(x—a)/0/0usf (sa+ (1= 9)[(1 —u)a+ uzx])dsdu
1 2 [ [N s - —u sb) dsdu
b /0 /0 s f" (1= ) [uz + (1 — u)b] + sb) dsd

for x € (a,b) and, in particular

(2.14) 7/f t)dt = +f() é(f’(b)—f’(a))(b—a)

+8(ba)/0/0us{f“<sa+(1s){(lu)am;bb

+f <(1 _s) {ua;b +(1—u) b} +sb>} dsdu.

In [7] the first author obtained the following equality:
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Lemma 1. Assume that the function f : (a,b) — C is Lebesgue integrable on (a,b)
and f (a+), f(b—) exists and are finite. Then we have

b b —a
(2.15) / Dyt p—f (z)dz = / In ( G —ba) = x)) f(z)dx.

Using this equality we can state the following corollary as well:

Corollary 2. With the assumption of Theorem 3 we have

1 b b—a
. _— In z)dr
(2.16) bfa/a ( (m—a)(b—x))f()

" 1 F® (@) + (=1)F f® (b
= T o (2 ! ()](b‘“)k

k=0
11 nt1
+271!b—a/a (z—a)

X </01 /01 st (504 (1 — 8) [(1 — ) a + uz)) dsdu) dz
G /b b 2y

2n! b—a

X </01 /01 u" s F D) (1= §) [ua + (1 — u) b] + sb) dsdu) d.

Remark 2. For n =0 we obtain

R b—a _ @+
(2.17) b_@/(}ln( (ax—a)(b—x))f(z)dx 5

*;bia/ab(f”“) (/01u< Olf'(sa+(1s)[(lu)aJrux])ds)du) do
—;bia/ab(b—x) (/01u< Olf’((l—s)[um—f—(l—u)b]+sb)ds>du>dx

while for n = 1, we get

1 b b—a
. —_— In z)dr
(2.18) b—a/a ( (xa)(ba:))f()

fla)+f(b)  f(b) = f"(a)
2 8

+;b_1a/ab(:ca)2 </01/01u25f"(5a+(15) [(1u)a+uz])d5du> dx
1

;ba/ab(b_xf (/Ol/olqﬂsf”((l—s)[u:c—i—(l—u)b]+sb)dsdu>dat.

(b—a)
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3. SOME TRAPEZOID TYPE INEQUALITIES

The following integral inequality

(3.1) f(““’)s ! /abf(t)dtﬁw,

2 b—a 2

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the monograph [9], the recent survey paper [6], the research papers [1]-[2], [12]-[23]
and the references therein.

The following result provides an inequality related to the second Hermite-Hadamard
inequality in (3.1).

Theorem 4. Let I C R be an interval, [a,b] C I and f : I — C is such that
the 2m + 2-derivative f™*2) is nonnegative on [a,b] , where m > 0, then for any
x € (a,b) we have the trapezoid type inequality

1 [P (@)@ -a)f (=D P @) (b - 2)
(3'2) Da+,bff<m) > kgo (k+1)' 2 :
In particular, we have
L L M@ P )
(3.3) b—aZ;“““EiZ%w+¢ﬂ ST (b—a).

Proof. By the representation (2.1) we have

2m—+1

1 ®) (@) (z — a)* + (=1)" f®) (b) (b — 2)"
Dura ()= 3 b [ L@ e e+ C IO 0)¢ >1
k=0
1 2m—+2
T sEmr O

1
X / / wrmt2gIml pGm2) (5 4 (1 — ) [(1 — u) a + ux]) dsdu
0o Jo

1 2m—+2
T emry Y
11
X / / w2 g2mAL pCmE2) (1 _ g) [uz + (1 — u) b] + sb) dsdu
o Jo
2m—+1

1
;EZ;(k+D!

since the last two integrals are nonnegative due to the fact that f(2”*2) is nonneg-
ative on [a,b] . O

f* (@) (@ = a)* + (=) P (b) b~ )"
2

Remark 3. For m = 0 we obtain from Theorem 4 that

fla+f®)  f(a)(@—a) = f(0) (-2
2 * 4

(3.4) Dayp-f(2) =
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for any © € (a,b) and, see also [5] for a slightly more general version,

(3.5)

b
-0 0@z O rgazo,

where f is differentiable and convez on [a,b].

Corollary 3. With the assumptions of Theorem 4, we have

1 b b—a
(3.6) m/a ln( (x—a)(b—x))f(x)dx

2m+1 f(k) (a) + (_1)k f(k) (b)] (b _ a)k .

1
= 2o e+ DI (k+1)

2

Remark 4. If the function f is differentiable and convex on [a,b], then for m =0
in (3.6) we get

B7) - B - @)

fla)+ f(b) I b—a
=T _b—a/aln< (x—a)(b—x)>f(x)d$>0'

We use the oco-norm of an essentially bounded function f on the interval [c, d]
defined by

1 lljeap,00 = essup [ f (1) < 00, f € Lo [c,d].
tee,d]

Theorem 5. Let I C R be an interval, [a,b] C I and f : I — C is such that the
n-derivative ) is absolutely continuous on [a,b] and f"+V) € L [a,b]. Then for
any z € (a,b) we have the inequality

n

1L [ fW(@@ -0+ D) P o) (b - )
(38) Da+,b7f($) - ’;O (k+ 1)| 9
# _ n+1 (n+1) _ n+1 (n+1)
- 2(77,-1—2)' l:(x G,) Hf " la,z],00 * (b 3?) Hf " [w,b],ooil
1 _\n+l o oyntl (n+1)
= 2(7L+2)' [(33 a) + (b .Z‘) ] H'f " la,b],00
In particular,
1 ®) (a) + (=1)* £®) (b
/f > @+ CU ()] - )
1 n+1) (n n+1
< 5y 2l Mf ey, *Hf i [ b],OJ (b-a)
(n - n+1
- 2n+1 (n + 2 Hf . [a,b],00 (b a) ’
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Proof. By taking the modulus in the equality (2.1) we get

2

(MWHw—®k+v4fﬂ“@Mb—@w

(3.10) | atn-f (@)= k+1
:O

1 +1 ! +1
gﬁ(a:—a) //Ou
1

+—(b— z)nH/ / utls"
2n' 0 0

Observe that (1 — u) atuz € [a,z] for any v € [0, 1] and sa+(1 — s) [(1 — u) a + uz] €
[a, z] for any u, s € [0, 1]. Therefore

FO) (sa4+ (1 — ) [(1 —u)a+ um])‘ dsdu

fln+D) (1 —5)[uz+ (1 —u)b] + sb)‘ dsdu

=: B (z,n).

O (sa+ (1= 8) [(1 = w)a+ ua])| < || )

sup
(s,u)€[0,1]2

1 1
/ / unJrl Sn
0 Jo

1ol
< Hf("ﬂ) / / u" s dsdu
[a,2],00 0 0

_ 1 Hf(n+1)

C(n+1)(n+2)

la,x],00

and

JOD (sa+ (1= 8)[(1 — ) a + ual) | dsdu

la,z],00

Similarly, we have

1 1
/ / unJrlsn
0 0

fntn) (1 = 8) [ux + (1 — u) b] + sb)| dsdu

< - - H (n+1)
- (n +1 TL + 2 f [z,b],00
Therefore
B (z,n)
1
< L (et ‘ (n+1)
— 2n! (iU a) (TL + 1) (n + 2) f la,z],00
1 - 1
o pgytt ‘ (n+1)
M e sy ey o A |
1 n+1 H ( +1)‘ n+1 1
| R R A
2 (n + 2)' |:(.I‘ CL) f la,x],00 + ( l‘) f [,b],00
1 n+1 n+1 1 n+1
< - _ b— H (n+1) 7H (n+1)
-2 (n + 2)' I:(x a) + ( x) i| max { f la,z],00 f [z,b],00
1 n+1 n+1 1
I
2 (n + 2)' [($ a) + ( :C) :| f la,b],00

and the inequality (3.8) is thus proved. O
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Remark 5. If we take in (3.8) n =0, then we get

(3.11) ‘Dcﬁ—,b—f(z) - f(a);f(b)'
< 1 [@ = D 1 Ny + =) 1 ] < B 17
=4 la,z],00 [z,b],00 | = 4 [a,b],00

for any x € (a,b), and in particular

(312) | / £t dt—M
< 5 (1M )+ 15 o )] 0= @) < 5 6= 0) 1
If we take in (3.8) n =1, then we get
313 [Dues-s @ - LGP Sy @ -0 - £ @) 0

1
< = [@ = 1 a0 + © = 2 1 Ny 100]

12
é[ (b—a)’ +(m—a+b)

"
1 e ),00

for any x € (a,b), and in particular

i A [ roa- TR0 Lpw reie-o

b—a

< 15 (17 W gt s 17 N0 0= )% < o (= ) 10

Corollary 4. With the assumptions of Theorem 5 we have

1 b b—a
—_ In ) dx
b_a’/a ( (m—a)(b—x))f()

f@w@+w—nkﬂ“wﬂ(b

(3.15)

k

& 1
_Z(kJrl)!(k—i—l) —a)

2
k=0

<! ! /$m_aW“HﬂM”
“2n+2)! |b—a/,

=T ACEA

dzx

la,z],00

dx
[z,b],00

‘ FotD)

1
= (n+2)!(n+2)

[a,b],00

(b . a)’n—‘rl )

11
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If we take n = 0 in (3.15), then we get

1 b—a f@ )
b—a/aln< (w—a)(b—x))f(x)dx 5

< 1 1 b ’ d 1 ’ b ! d
<ilv=a) @ D Namoodrtg=s | 0= 2) 1y, do
1

< 717 gy 0 (b= )

while for n = 1 we get

1 b b—a
—_— In z)dx
b_a/a ( (x—a)(b—x))f()

fla)+f@®) 1., /
SHOELD) @ - r 0l -

1 1 b
SlQlHL ( ) ||f”||[aw oodﬂ?—f—i/ ”f//llwb ‘|

1
< 15 17"l 0 (0= ).

4. SOME OTHER INEQUALITIES

(3.16)

(3.17)

To prove some more inequalities involving the operator D,i ;— we need the
following lemmas:

Lemma 2 ([13, p. 21]). Suppose g is a real-valued function on [a,b] that satisfies
9" () >0 on [a,b]. If ¢ is continuous on [a,b] then

bia/abg(x)d”"g(a;b%112(b—a) [g’(b)—g’(“;b)]
and

(4.2) 7/ dx>g<a;b>+112(b—a)[g/(a;b)—g/(a)}.

If ¢ (z) < 0 on [a,b] instead, then (4.1) and (4.2) hold with the inequality signs
reversed.

(4.1)

and

Lemma 3 (Theorem 1.4 of [11]). Let ¢ be continuous on [a,b], twice differentiable
n (a,b). Suppose w and p are continuous on [a,b] and p (z) > 0 with fabp(x) dx >
0.
(a) If m =inf e(qp) " (x) exists, then

Jp(@ >>dx (f p(@ dx)
4.3 G = ca- 22 7 >
(4.3) faP - faP >

where

fp )d:c <fp dx)
fap o
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is the variance of w(X).
(b) If M = sup,c(qp) " () exists, then

1
(4.4) G < ZMV.

The inequalities (4.3) and (4.4) are particular cases of the Jensen’s type inequal-
ities for positive linear functionals obtained in 2002, [3].
We have the following result:

Theorem 6. Suppose f" exists on [a,b] andm = inf,c(ap) [ (2), M = sup,e(qp) ¢ (7)
exist, then

b b
Mﬁ)%m@—aﬁﬁbiaél%ﬁ%fQMM—f<a;:)Siﬂi@—@?

Proof. A change of variable gives

b b—a b—a [1
/aln< (x—a)(b—w))dz:2/o (—lnu—In(1 —u))du=b—a.

We also have

b b—a
/af(x)ln( (x—a)(b—x))dw
"1
:(b—a)/0 5(—lnu—ln(l—u))f(ua+(1—u)b)du.

It is easy verified that p(u) := 2 (—=Inu—1In(1 —w)), u € [0,1] is a probability
density function with mean

and variance
1
1 1
V= *p(u)du—— ==
AupW)u 1° 9
The inequality (4.5) follows immediately by Lemma 3 upon letting p (u) = 3 (—Inu — In (1 — u)),
w(u) =uand ¢ (u) = f (ua+ (1 —u)b). O

Next, we show how improved bounds for the integrals in Theorem 6 can often
be found if we have functions f satisfying f"’ () > 0 on [a, b].

Theorem 7. Suppose that " is continuous on [a,b]. Let

M= sup f"(t), M= sup f"(t), Ma= sup f"(t)
te[a,b] te[aTHJ)] te[a7a;b]

and

m= inf f"(t), mi= inf f"(t), me= inf f"(¢),
S0, = 0, = )
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then

(4.6) —— (m1+ma) (b—a)® + 7—12m (b— a)?

192
b
| Peeserevie =g 1 (S0) 1 (557)

1
< —(Ml—i—Mg)(b—a)z—i—ﬁM(b—a)z.
Proof. We shall prove only the second inequality in (4.6). The proof of the first
inequality is similar and is omitted.
Let My (7) = supyefq 0 [ (t) , M2 (2) = supyepy ) [ () for z € [a,b] . By Lemma
3 we have

<

(4.7) xla/;f(t)dtéf(a;x>+;M1($> (xI;)z
<f<a;m)+214M(x—a)2

and

48 2 [rwa < () g U
< f(x;b>+214M(b—x)2.

So, addition of (4.7) and (4.8) gives

Doy p—f(x) < % [f (GHC) +f (x+b> Iy [(:c—a)2+(b_x)2H

2 2 24
for z € (a,b).
Integration gives
b b

1 b

(4.9) Doy f (2)da < f/ [f (“”) +f(“ )]dm

; 2/, 2 2
1 ’ 2 2
+4—8M [(w—a) —&-(b—:zc)}dx

By Lemma 3 we also have

(4.10) /abf (;9”) dr < (b—a) [f (3jb) b, (b_a)ﬂ

and
b
T + b a + 3b 1 2
. <(b— — _ .
(4.11) /af< 5 >d:c_(b a)[f< 1 >+96Mg(b a)]
Thus, (4.9)-(4.11) give the upper bound in (4.6). |

The next theorem provides more bounds for the integral ﬁ f; Dot p—f (z) dz
in the case that f is 3-convex:
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Theorem 8. Suppose that "' is continuous and nonnegative on [a,b]. Then
(412) = f" (a) (b~ a)?
' 72
1 y(a+3b\ ., (atb p(3a+0bY
co-a | () - (7)) () @
1P 1 a+3b 3a+b
< — I
<o [ pess @ [ (F0) 0 (5)

<go-alr (B -r () rro-r (2]

P (b) (b - a)?

72

15

Proof. We shall prove only the inequality for the upper bound. The other inequality

is very similar and is omitted.
In the proof of Theorem 7 it was shown that

(4.13) Doy f (2)
() s () oot

for z € (a,b).
Now, apply Lemma 2 to both

/af(a;x>dmand/ (w+b>dx
to get
(4.14) / (‘“Lw)
<

oo (252) oo [ (45) ()
and

(4.15) /abf (”C;Lb> do
<

(b—a)f (“f’b) t o (b a) [f' ®) - f (“ff’bﬂ |

Integrating both sides of (4.13) and using (4.14)-(4.15) we obtain the desired result.

O

Remark 6. [t is easily seen that Theorems 6, 7 and 8 provide bounds which are
exact (zero error) in the case that f is a polynomial of degree 2 or less. Numerical
experiments show that the bounds of Theorem 7 and 8 are better than the bounds
of Theorem 6 in the cases where all three theorems are applicable. Of course, the

bounds of Theorem 6 are more easily computed.
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