OSTROWSKI TYPE INTEGRAL INEQUALITIES FOR DOUBLE
INTEGRAL ON GENERAL DOMAINS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Ostrowski type inequalities for
functions of two independent variables defined on closed and bounded con-
vex subsets of the plane R2. Some examples for rectangles and disks are also
provided.

1. INTRODUCTION

In paper [1], the authors obtained among others the following results concerning
the difference between the double integral on the disk and the values in the center
or the path integral on the circle:

Theorem 1. If f : D(C,R) — R has continuous partial derivatives on D (C, R),
the disk centered in the point C = (a,b) with the radius R > 0, and

0
H L= sup fém,y)’ < 00,
D(C,R),00 (z,y)€D(C,R) x
0
H — s f(%y)’ <
Y llpc,r @wen@.r) | 9y
then
(1.1) 5 // z,y) dx dy
mR* JJp(c,R)
S| I
~ 3 97| picryoe 10 1Dc,Ry00]
The constant % is sharp.
We also have
1
(1.2) Ydedy — —— dl
LRy B OE TG0
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9z || p(c, Ry 00 Y llpc, Ry 00 ’
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2 S.S. DRAGOMIR
where o (C, R) is the circle centered in C = (a,b) with the radius R > 0 and

1

— dl
2R o f(y)dl(y)

(1.3) ‘f(C) -

|5
9 D(C,R),00 '

In the same paper [1] the authors also established the following Ostrowski type
inequality:

D(C,R),00 H oy

Theorem 2. If f has bounded partial derivatives on D(0,1), then
1
™ D(0,1)
of
ox

for any (u,v) € D (0,1).

2
<=z
'/T

1
(u arcsinu + -1 —u? (24 u2)>
D(0,1),00 3

For other Ostrowski type integral inequalities for double integrals see [2]-[13].
In the following, consider G a closed and bounded convex subset of R?. Define

Ag ::// dxdy

the area of G and (TG, Yq) the centre of mass for G, where

// zdzdy, yg = // ydzdy.

Consider the function of two variables f = f (z,y) and denote by the partial

1
<v arcsinv + 3 1—0v2(2+ v%)]

D(0,1),00

derivative with respect to the variable x and Lc the partial derlvatlve Wlth respect
to the variable y.

Motivated by the above results, in this paper we establish some bounds for the
absolute value of Ostrowski difference

Aic/cf(:c,wdwdy—f(u,v)

and, in particular, for centre of mass difference

ALG//Gf(w,y) dedy — | (%5, 76)

in the general case of closed and bounded convex subset of R? and differentiable
functions f defined on G with complex values whose partial derivatives gf and %
satisfy some natural conditions. Some examples for rectangles and disks are also
provided.
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2. THE MAIN RESULTS
We have:

Lemma 1. If f : G — C is differentiable on G, then for all (z,y), (u,v) € G and
A, € C we have the equality

21) f@y)=fwv)+@-—u)r+(y—v)p
1
+ (z —u)/o (gi [t(x,y)+ (1 —1t) (u,v)] — )\> dt
of
to-0 [ (Ziww+a-nwo-u)a
Proof. By Taylor’s multivariate theorem with integral remainder, we have
1
22 S =Fwo)+@-v [ Fewnra-nwola

+<y—v>/o g—g[ux,ywu—w(u,v)mt

for all (z,y), (u,v) € G.
If A\, p € C, then

(x —u) (8f +(1—1)(u, )])\>dt
x—u/ a—f +(1—=1) (u,v)]dt — (x —u) A
and
Lrof
=) [ (Gt + -0l
~ =0 [ Gl + -0 woldt - o)
and by (2.2) we get the desired result (2.1). O

Suppose that G C R? is a convex subset in R2. Now, for ¢, ® € C, define the
sets of complex-valued functions

Uc (¢, ®)
= {f:G—>(C|Re [(@—f(x,y)) (W—@)] >0 for each (x,7) EG}

and

G<¢,<I>>:—{f:GHC| ik

f(x’y)fT S%

The following representation result may be stated.

|® — ¢| for each (z,y) € G}.

Proposition 1. For any ¢, ® € C, ¢ # ®, we have that Ug (¢, ®) and Ag (¢, ®)
are nonempty, convexr and closed sets and

(2.3) UG (¢7 (I)) = AG <¢’ CI)) .
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Proof. We observe that for any w € C we have the equivalence
o+ P 1
_ T P <2 e —
=32 <Gl o
if and only if
Re [(® —w) (w-9)] >0
This follows by the equality

2

1 o+ S—
4<I>—q52—’w 5| =Re[(@-w)(@-9)]
that holds for any w € C.
The equality (2.3) is thus a simple consequence of this fact. |

On making use of the complex numbers field properties we can also state that:

Corollary 1. For any ¢, ® € C, ¢ # ®,we have that

(2.4)
Uc(¢,®) ={f:G—C| (Re®—Ref(z,y)) (Re f (z,y) — Reg)
+(Im® —Im f (z,y)) (Im f (z,y) — Im ¢) > 0 for each (z,y) € G}.

Now, if we assume that Re () > Re (¢) and Im (®) > Im (¢) , then we can define
the following set of functions as well:

(2.5) S (¢,®):={f:G — C| Re(®)>Ref(z,y) > Re(¢)
and Tm () > Im f (z,y) > Tm (¢) for cach (z,y) € G} .
One can easily observe that S (¢, ®) is closed, convex and
(2.6) 0 # S (¢,®) C U (4,9).
We have:

Theorem 3. Assume that f : G — C z's diﬁerentiable on G and (u,v) € G. Let
(¢1,P1), (¢g,P2) € C and assume that € Ag (¢, ®1) and 8f € Ag (¢y, @2),
then

%G/Gf(x,y)dxdy—f(u,v)—(%_u) ¢1—|2-(I>1 G —v)

1 1 1
< Z _ _ _ — _
<3 |®1 — ¢ e //G\x u| dedy + 5 |P2 — / ly — v| dzdy.

In particular,

¢2+(I)2

(2.7)

(28) \f(:m,m)—j [ 1) s

1
<510 —aul 5 [[ o —maldody+ 5 102~ sl 5= [ 1ol doa



OSTROWSKI TYPE INTEGRAL INEQUALITIES

Proof. From Lemma 1 we have

(2.9) f(x,y) =f(u,v)+(¢_u)@+(y_v) ¢2-;®2

—|—(a:—u)/01 (gi it (2,9) + (1 — 1) (u, 0)] — ¢1;‘D1) dt

ro-0) [ (Zrwn+a-nwo- 252 a

for all (z,y), (u,v) € G.
By taking the integral mean Ai [/ over (z,y) we get

(2.10) AG/ f (ayy) dady = f (u,0) < //zdxdyu>¢1+<1>1
(e
+141G//<x—u>(/0 o O e e P

// v ([ (Zra+ 0w - 252 i) asay

for all (u,v) €
By using the equahty (2.10) we get
by + P2

(2.11) ‘//f L) dady — f (u,v) — (TG — u) :
—u< ( (1= 1) (u,0)] ¢1—|2—(I)1)dt)dxdy‘

Y — ) (/( (1= 1) (u,0)] ¢2;@2)dt>dxdy‘
I (3

[0}
%—(Ta—v)

+(1—1) (u,0)] — ¢1—;¢1>dt‘dxdy

8—f +(1—1t) (u,v)] - ¢2—£¢2>dt’dxdy
—AG /' - |< %f + (1 =t) (u,v)] = Wdt)dxdy
+Afg//G|y— I( +(1—1) (u,v)] — %;% dt)dxdy::[

By the fact that ﬂ € Ag (q’)l, ®;) and f € Ag (¢q, o), it follows that

0 ) 1
[ L e+ a-nwol- 252w Lo -
and
0 P 1
[ 2w+ a-nwol- 252 as Lo - o,
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Therefore

1< 519 =6l 5 [[ o —uldedy+ 5192 =6l 5= [ ly = vl dad

=5 I%1 1AG G$Ul‘y22 QAG Gyvxy
and by (2.11) we obtain the desired result (2.7). O

‘We also have:

Theorem 4. Assume that f : G — C is differentiable on G and (u,v) € G. Then

(2.12) ‘f (u,v) — ALG / Gf (x,y) dxdy‘

Ll
el

AG/ |z — u| dedy + H

i ) + (1 1) (0,0

dt) dxdy

f
a*[( y)+ (1 =1) (u,0)]

1
—_— — v|dxdy,
G’OOAG/GIy | dzdy

dt) dxdy

Ox
provided
of = sup of (2, w)‘ < o0 and H = sup 8f(z,w)‘ < 0.
oz G,00 (z,w)eG 63: G,00 (z,w)eG ay
In particular,
o 1
(2.13) ‘f(ffc;,yc;)—A | f(:my)dxdy‘
<o -7 ([ [Z e + (-0 w70 ) doay
a
/ - yG|( o tt(ou) + (1~ 1) (77| d ) dady
0

Proof. We have from (2.1) that

/ |z — Tg| dedy + H

dad
ax GOOAG/ ly — yaG| ddy.

G,00 AG 8y

1
@) ) =fo+e-u [ L +a-owola

0

—|—(y—v)/0 %[t(m,y)—k(l—t) (u,v)] dt.

for all (z,y), (u,v) € G.
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By taking the integral mean i [J over (z,y) in (2.14) we get the following
identity of interest

1) o [ /G f () dady = f (u,v)
+ALG// (:cu)( ; &J;[ t(z,y)+ (1t)(u,v)]dt>dmdy
// —v (/ ch[(x y) + (lt)(u,v)]dt)d:cdy.

for all (u,v) € G.
From (2.15) we get

(2.16) //fa:ydxdy f(u,v)

//G (x — ) (/0 5 L@ y) + (1 =1) (u,0)] dt) d:vdy’

-0 ( / 1 gg o)+ (1= 1) (u, )] dxdy\

<7
_AG

< AG / |x — a—f + (1 —¢) (u,v)] dt| dedy
+7// ly — v + (1 —1) (u,v)] dt| dzedy
< AG / |z — ul ( 8— + (1 —1t) (u,v)] dt) dzdy
_,_7// ly — ( 8—f y)+ (1 —1¢) (u,v)] dt) dzxdy =: J,
which proves the first part of (2.12)
We also have that
of of _|lof
e+ =0l < se |Few)| = L]
and
Frewna-owol< s (S| -]

for all (z,y), (u,v) € G and for all ¢t € [0,1].

Therefore
el 72 ], il ae )
J < x — u|dxdy + —_— — v| dxdy,
92 Ac | — u| dedy oA o |y — v| dwdy
which proves the last part of (2.12). O

Remark 1. If we denote

9t e ([

O ) + (1~ 1) ()]

dt> dxdy
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and

% t(.y) + (1— ) (u,0)]

dt) dxdy

B2<u,v>:=jjg//G|y—v|(/ol

then by Holder’s integral inequalities for the double integral we have

By (u,v)
S0t (@) + (1= ) (u,v)]| dt) dady,

SUP(zy)eq |z — ul ffG (fo

(ffg |z —ul” da:dy)l/p Ufc ( SLt(z,y)+ (1 —1t) (u,v)]‘ dt)qudy] e

1
~ Ag forp,q>1wzthp—|—5—1,

sub(eppec (fo |21 (o y) + (1= 1) (w,v)]| dt) [ |z — ul dudy

= Ml (u7 U)
and
Bs (u,v)
SUP(z,y)eG ly — vl ff(; ( ‘ng )+ (1 —1) (u, v)]‘ dt) dxdy
1 P f q 1/q
< (JSgly =l dmdy ‘[ 0 3* [t(z,y)+ (1 —1) (u,v)]‘ dt) dccdy}
Ac forp, ¢g>1 wzth +.= 1,
sub(eppec (Jo |1 (@ y) + (=) (w o) dt) [fg Iy - vl dudy

=: My (u,v)

for all (u,v) € G.
Therefore, by the first inequality in (2.12) we obtain

(2.17) ‘f(u v / f(z,y dxdy‘ < M (u,v) + M, (u,v)

for all (u,v) € G.
In particular, we have

(2.18) \fw,yc;)—jg | f(w)dmdy\ < M, (75,78) + M: (75, 75)

When the partial derivatives are convex in absolute value, we have:
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Corollary 2. With the assumptions of Theorem 4 and if ‘%‘ and )%‘ are conver
on G, then we have

(2.19) ‘f (u,v) — ALG //Gf (z,9) d:vdy‘

Sube gy v = ul [ [| 3] @r9) + | 32| (w,0)] dady,
1] ot~ o) [ [|3] )+ |38 0] daa]
T 24¢ forp,q>1wzthp+af1,
SUD (. y)ec ({ % (z,y) ‘a ‘ ]) ffG T — u| dzdy
SUP(z,y)eG ly — v ffG [‘%‘ )+ ‘ U)} dxdy,
2 gl o) [ [[88] -+ 3] o))" ]
2 Ac forp,q>1wzthp—|—g—1,
SUP(z,4)eG Haf’ (z,y) + )85‘ (u,v } ffc ly — v| dzdy

for all (u,v) € G.
In particular,

220 |7 @@ - o [[ 1w d

(z,y) + |4

(TG, yc)} dxdy,

SUP(z,y)eG |‘T - 1‘(;| ffG [ dx

) et ) [, ]| "

for p, q>1wzthp+azl,

(z,y) + ‘af‘ (JJG,yG)} dzdy

IA
N =
N
Q

G (2,y) + 8L

SUD (1) eG ({ (Ta.va ]) [ |z — Ta| dedy

Sup(m,y)EG |y - %| ffG’ H%’ (:va) + ’% (@,%)] dxdy7
}1/11

q
Jr}i ([Je 1y — yal” dady) 1/p [ffG H ‘ T,y +‘ 960797;)} dxdy
2 Ag forp,q>1wzthp+a—1

Sy || 5| (29) + | 5| (7.50)] [ Iy — TGl dady.
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Remark 2. From (2.20) we have
_ 1
(2.21) |f(za,9a) — T// fz,y) dmdy‘
G G
a2
— sup |z—7Zg||— -
T2 (Ly)I;G “Nag ) |ox

1 1
L e[ ]
2 zy)ea Ag JJa
and

(2.22) \fm,yc;)—jg /I f(x,y)dxdy‘

0
(z,y) dzdy + ’8f

or
of
dy

(TG, ya>] :

(x,y) dedy + ‘gz

(7. 75|

1 of af 1 //
<= == - —_— — dzd
=5 L;;l)lég Oz (x’y)+’3:n (T, ¥a) A G\x TG | dzdy
1 af '8]‘ |1 // __
+ -] su = (x,y) + TG, U —_— Yy — Yg| dxdy.
2.5 oy (z,y) By (Za,va) e G| al

3. EXAMPLES FOR RECTANGLES

If G = [a,b] X [c,d] is a rectangle from R?, then

+b c+d
and Yjg p)x[c,d] = 5
Assume that f : [a,b] X [¢,d] — C is differentiable on [a,b] x [¢,d] and (u,v) €
[a, b] X e, c@ . Let (¢y, @), (¢, P2) € C and assume that % € A p)x[e,d] (01, P1)
and % € Algp)x[c.d] (P2, P2), then by Theorem 3

a
Al p)x[e,d) = (b—a)(d—=c), Tgpxjed =

1 b d
60 |y L [ @ ey f o)

_(etb _  N&t® fetd NSt P
2 2 2 2

1 1 _agb )’
§§|‘I)1—¢1\ L‘F(H) ] (b—a)

2
1 1 v— <d
+§|‘I’2—¢2| [4+< d—fz ) ] (d—c).
In particular,

. 'f (55) =g | [ S

<

11 = ¢4 (b—a) + P2 — @[ (d — )] -

| =
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Assume that f : [a,b] X [¢,d] — C is differentiable on G and (u,v) € [a,b] X [¢,d] .
Then by Theorem 4

1 b pd
(3.3)  |f (u,v) — m/a /C f (z,y) dzdy
_ atb 2
‘ % (=) [0-0
oz (a8 x[e.d),00 | 4 b—a
2
L (o
- d—
H [a,b] x[c,d],00 [4+< d—c >]( C),
provided
‘ of ES sup 2 (z,w)‘ < oo and
Ox [a,b] x [e,d], 00 (z,w)€E[a,b] x [c,d] Ox
‘ of D= sup of (z, w)‘ < 0.
Y [l {a,)x [esd), 00 (zw)elab]x[c.d] | OY

In particular,

(550 ooy /ab/jf(””’y)dxdy

<5 |12

We start with the following identity that was stated in [1] without a proof:

(3.4)

(d— c)} .

O [a,b] % [¢,d], 00 H Ay

[a,b] X [c,d],0c0

4. EXAMPLES FOR DISKS

Lemma 2. For any u € [—1,1] we have

2 2
(4.1) / / |z — u| dxdy = 2 [u arcsin (u) + —gu 1- uz} .

Proof. We have for any continuous function f defined on the disk D (0,1) that

// f(x,y)dl”dy=/11 (/Tf(x,y)d;;)dx.

D(0,1)
Therefore

1 V1—z?
// |x—u|dzdy:/ </ |zudy>dm
D(0.1) -1 —Vi-z
1
:2/ |z —u| V1 —22dx
-1
u 1
:2[/ (u—x)\/l—xde—&—/ (r —u)V1—a2dx
-1 u

for any u € [-1,1].
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Put

I (u) :/ <u_x>mdx:u/“lmdx_/“lxmdx.

—1 —

Using the change of variable z =sins, s € [—%, arcsin (u)] we have
u

V1 —22dx

—

-1

arcsin(u) 1 arcsin(u)
= cos? sds = 3 /

I —
2

<s + % sin (2s)>

(arcsin (u) + sin [arcsin (u)] cos [arcsin (u)]) +

[1+ cos(2s)]ds

z

arcsin(u)

ar?rsin(u)

=3 (s +sinscoss)|

s
2

N

N =N = N =

(arcsin (u) +uy/1—u?+ g)

and

u arcsin(u) arcsin(u)
/ V1 — a?dx = / cos? ssin sds = — / cos? sd (cos s)
~1

s —
2

_ 0083 S
- 3
1

P
2
arcsin(u) 1

=3 cos® [arcsin (u)]

for all w € [-1,1].
Therefore

1 1
Il(u):§u(arcsin(u)—|—u 1—u2+%)+§(1—u2)\/1—u2
1 1 1 1
= 5uarcsin (u) + §u2\/1 —u? 4 iug + 3 (1—u?)V1-—u?
1 1 1
= %u + §uarcsin (u) + 3 (1 + 2u2> V1—u?,

for all w € [-1,1].
Further, put

w);:/:(x_u)mdx:/ulxmdx_u/:mdx

for u € [-1,1].
As above, we have

1 3 Bl
/ m\/l—x2dx:—<cos 8)‘ =

3 arcsin(u)

(1—u2) V1—1u?

W =
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and

us
2

arcsin(u)

1
1
/ V1—22de = - (s+sinscoss)

2
1 /7 .
=3 (5 — arcsin (u) — uy/1 — u2>

for all w € [-1,1].

Therefore
1 1
Iy(u) = 3 (1-u?)V1—u?— U (g —arcsin (u) —uy/1 — u2)
1 1 1
= 3 (1-u?)V1—u?— gu—i— §uarcsin(u) + §u2\/ 1—u?
1 1 1
= —%u + iuarcsin (u) + 3 <1 + 2u2) V1—u?

for all w € [-1,1].
We then have

1 1 1
I (u)+ I (u) = %u + U arcsin (u) + 3 (1 + 2u2> V1—u?

1 1 1
- %u +gu arcsin (u) + 3 (1 + 2u2> 1—wu?

1
<1+ 2u2> 1—u?

(24 u?) V1—u2

= yarcsin (u) +

= yarcsin (u) +

W= WK

which gives the desired result (4.1).

Corollary 3. For any u € [-R,R], R > 0 we have

2R? +u?

2 N
(4.2) / / |z — u|dxdy = 2R [u arcsin (E) + 3R?

D(0,R)

Proof. We have

R VR2—x?
// \x7u|dzdy:/ / |z — u|dy | dz
_r \JovR==

D(0,R)
R
= 2/ |z — u| vV R? — 22dx.
R

R? uz} )

13
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If we change the variable as = Rt, t € [~1,1] we have dz = Rdt and

[ e VI

= [ il VR R

=R? /11 ‘t - %’ V11— t2dt (and by Lemma 2)
=R? -; arcsin (%) + % (2 + (;)2> 1— (%)2
= R? ; arcsin (%) + % <2RQR§“2> \/W}

i 1 /2R2 2
= R? _uarcsin (%) + 3 <RRJQFU ) \/m] ,
which proves (4.2). O

Consider now the disk D (C, R) centered in C = (a,b) € R? and having the
radius R > 0. We have:

Corollary 4. For any u € [a — R,a+ R], R > 0 we have

(4.3) / / |z — u| daxdy

D(C,R)

=92R?

(u — a) arcsin (u — a) 2R? + (u—a)’

R SR R2—(u—a)21 .

Proof. We have

a+R b++/R2—(z—a)?

// |$—U|d$dy=/ / |z — u|dy | dx
a— — 2_(z—a)?

DE.R) R b—+/R2—(z—a)?

a+R
:2/ |z —ul\/R? — (z — a)’dz.
a—R

Using the change of variable p = x — a, « € [a — R, a + R] we have

a+R
/ |z —u|\/R? — (z — a)’da
a—R
R
:/ Ip+a—u|/R? — pdp
-R
R
= / |p — (u—a)| \/de (and by Corollary 3)
R

= R?

(u — a) arcsin (u — a) 2R? + (u — a)?

R 3R2 RZ(ua)2‘| )

which proves the desired result (4.3). O
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Assume that f : D (C, R) — Cis differentiable on D (C, R) and (u,v) € D (C, R).
Let (¢1,P1), (¢y,P2) € C and assume that % € Ap(c,r) (¢1,®1) and % c
AD(QR) (¢q, ®2) , then Zp(c gy = a, Yo = b and by the inequality (2.7) we have

1
a0 |z [[ P dedy =g )

(o) SRy 2

1 . (u—a 2R? 4 (u —a)®
§W<I>1¢1|[(ua)arcsm( 7 ) 3R

1 _(v=b\ 2R*+ (v—b)? 5
+;\(I>2—¢2| [(U—b)arcsm( 7 >—|— SR? RZ—(v—-0)"].

R? — (u— a)Q]

In particular, we have

2

= R®1 — ¢1| + [P2 — #5]] -

(4.5) =

7TR2//D(CR) (z,y)dzdy — f(a,b)| <

Assume that f : D (C, R) — Cis differentiable on D (C, R) and (u,v) € D (C, R) .
Then by (2.12) we have

(4.6 'f ) =g [T dady

T —u )+ (1 —1) (u,v dt)dazdy
< [ el ([ S v oo
f )
- t(z 1—1)(u,v)]|dt | ded
v [ ol (5 e+ 00 o ) asay
< 2 87f (u — a) arcsin (u a) 2R —1—(112 2 RQ—(U—G)2
T 102 || p(c, Ry, R 3R
2 _(v=b\ 2R%*+ (v—b)? 2
—||== v — b) arcsin + R2— (v—-0)",
710y | oo [( ) ( R ) 3R2 (v=0)
provided
= sup o1 (z,w)‘ < oo and
(z.w)eD(C,R) | 0T
H D= sup of (z,w)‘ < 00.
dy D(C,R),00 (z,w)€D(C,R)
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In particular, we have
@n |feh - [ ry)dedy
' ’ mR? J Jpery”

5 L (
Tar //mm - </0

a—f [t (x,y)+ (1 —1)(a, b)]‘ dt> dxdy
of it

(z,y)+ (1 —1) (a,b)}‘ dt) dwdy
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